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PREFACE 


Every beginner in the science of geometry knows that the 
circle and the sphere have always played a central r61e, yet 
few people realize that the reasons for this are many and 
various. Attention was first called to these figures' 'by their 
mechanical simplicity and importance, ’ and the fortunate 
position thus won was further strengthened by the Euclidean 
tradition of limiting geometry, on the constructive side, to 
those operations which can be carried out with the aid of 
naught but ruler and compass. Yet these facts are far from 
sufficient to account for the commanding position which the 
circle and the sphere occupy to-day. 

To begin with, there would seem no a priori reason why 
those curves which arc the simplest from the mechanical point 
of view should have the greatest wealth of beautiful properties. 
Had Euclid started, not with the usual parallel postulate, 
but with the diflferent assumption cither of Lobachevski or 
Riemann, he would have been unable to prove that all angles 
inscribed in the same circular arc are equal, and a laige 
proportion of our best elementary theorems about the circle 
would have been lacking. Again, there is no a priori reason 
why a curve with attractive geometric properties should be 
blessed with a peculiarly simple cartesian equation ; the 
cycloid is particularly unmanageable in pure cartesian form. 
The circle and sphere have simple equations and depend 
respectively on four and five independent homogeneous para- 
meters. Thus, the geometry of circles is closely related to 
the projective geometry of three-dimensional space, while the 
totality of spheres gives our best example of a four-dimensional 
projective continuum. Still further, who could have predicted 
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that circles would play a contra! role in the theory of linear 
functions of a complex variable, or that every conformal 
transformation of space would carry spheres into spheres? 
These are but examples of the way in which circles and spheres 
force themselves upon our notice in all parts of geometrical 
science. 

The result of all this is that there is a colossal mass of 
literature dealing with circles and spheres, the various parts 
of which have been developed with little reference to one 
another. The elementary geometry of the circle was carried 
to a high degree of perfection by the ancient Greeks, but by 
no means completed, for in comparatively recent times there 
have been notable contributions from mathematicians of no 
mean standing, Steiner and Feuerbach, Chasles and Lemoine, 
Casey and Neuberg, and a countless following host. The 
relation between circle geometry and projective geometry has 
been thoroughly studied by Reye, Fiedler, Loria, and their 
pupils. Every text-book of the theory of functions of a com- 
plex variable discusses the relation of circles to the linear 
function, while the general theory of circle transformations 
has had such distinguished exponents as Mobius and von 
Weber. The circle and sphere with positive or negative 
radius have been the subject of admirable studies by Laguerre 
and Lie, algebraic systems of circles in space have been studied 
by Stephanos, Koenigs, Castelnuovo, and Cosserat, while circle 
congruences in general have received no little attention from 
recent writers on differential geometry, notably Ribaucour, 
Darboux, and Guichard. 

The present work is an attempt, perhaps the first, to present 
a consistent and systematic account of these various theories. 
The greatest difficulty in any such undertaking is obviously 
that of selection. This is particularly the case in the early 
part of the subject. A complete account of all known elemen- 
tary theorems regarding the circle would be far beyond the 
strength of any writer, or reader. The natural temptation 
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is to go to the other extreme, and omit entirely the elementary 
portions ; yet this would be equally fatal. How could one 
write at length on the geometry of the circle without dis- 
cussing the Apollonian problem and the nine-point circle ? 
But if we include the circle of Feuerbach, why should we 
exclude the circles of Lemoine, Tucker, and Brocard 1 Where 
does the geometry of the circle end, and that of the triangle 
begin? Clearly any principle of choice must be largely 
arbitrary and illogical. 

In the present treatise preference is shown to those theorems 
which are unaltered by inversion, and to those which are as 
general as possible in their scope. The author has tried to 
say something about every circle that is known by a recog- 
nized name, but the vast subject of the geometry of the 
triangle is treated only in a superficial manner. Similarly, 
only a small number of the most famous problems in con- 
struction have been discussed, but these have been treated 
at some length. 

When we pass from the elementary to the more advanced 
portions of the subject, we find a tolerably clear line of 
demarcation running through the geometry of the circle and 
the sphere, namely, the separation of those theorems which 
involve the centre or radius from those which do not. Other- 
wise stated, we have those theqr^ms which are invariant 
under the group of conformal collineations, and those which 
are invariant for inversion. An attempt is made to keep 
these two classes as far separate as practicable. For this 
reason, distinction is drawn between cartesian space which 
is supposed to have been rendered a perfect continuum by 
the adjunction of a plane at infinity, and pentaspherical 
space where the finite region is defined, in the real domain, 
as a single point. Among the cartesian theorems there is 
a shar^ sub-division between those where the radius is looked 
upon as essentially signless and those where a positive or 
negative radius is allowable. The circle and the oriented 
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circle should bo considered as essentially dissimilar figures ; 
the former is a locus of points, the latter, in the plane, is best 
handled as an envelope of oriented lines, and considered under 
a totally different group. In the present work the oriented 
circle and sphere are discussed in three chapters entirely 
devoted to them. 

Every writer knows that the pleasantest part of his task 
consists in writing the preface, for here he has a chance to 
express his gratitude to the generous friends who have helped 
him with suggestion and counsel. The present author would 
especially mention his colleague Professor Maxime Bocher, 
who kindly read the proof of Ch. VIII, and his former pupil 
Dr. David Barrow, who not only supplied much of the 
material in Ch. XIV but also did yeoman service in unearth- 
ing mistakes in various parts of the work. Another pupil, 
Dr. Roger Johnson, has kindly suggested a number of minor 
corrections, mostly of a bibliographical nature. Yet the 
greatest debt is not to any one of these. 

The present work went to press in the spring of 1914. 
During the two years which have intervened, the Delegates 
of the Clarendon Press, despite the fact that their country 
was passing through the most severe trial in her history, 
have yet seen fit to continue the publication of a book which 
dealt with a subject utterly remote from all that occupied 
men’s thoughts, and which was not even written by one of 
their countrymen. Let the author’s last word be one of 
gratitude to them for this great kindness, as signal as it 
is undeserved. 

Cambridge, U.S.A. 

July, 1916. 
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CHAPTER I 


THE CIRCLE IN ELEMENTARY PLANE 
GEOMETRY 

§ 1. Fundamental Definitions and Notation. 

All figures discussed in the present chapter are supposed 
to exist in the real and finite domain of the Euclidean plane ; 
the domain of elementary plane geometry. As fundamental 
objects, we shall take points, lines, and circle.^. We shall 
make no attempt to define a point. By H)ie we shall mean 
a straUjht line ; a class of points uniquely determined by any 
two of its members. It extends to an infinite distance on 
either side of any of its points. That portion of a line which 
is on either side of any point shall be called a half-line \ the 
portion which includes two points and all between them shall 
be a segment. If two half-lines be given which are not 
collinear, but arc bounded by a common point, that portion 
of the plane which includes all segments whose extremities 
are on the given half-lines shall be called their interior angle, 
or, more shortly, their angle. The remainder of the plane 
shall be their exterior angle. These definitions may be easily 
extended to include null and straight angles. Three non- 
collinear points will determine three segments forming 
together a triangle. The given points and segments are 
the vertices and sides respectively, the lines whereon the 
segments lie shall be called the side-lines.'^ The three angles, 
each of which is bounded by two half-lines including two 
sides of the triangle, shall be called the angles of the triangle, 

* This term suggests football rather than geometry. It is, however, 
I)ropcr to distinguish between the side of a triangle, and the lino whereon 
that side lies. 
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their supplements its exterior angles. A line through a vertex 
perpendicular to the opposite side-line shall be called an 
altitude line^ its intersection with the side-line its foot^ and 
the segment bounded by the foot and the opposite vertex, 
the altitude. 

We shall mean by a circle the locus of points at a given 
distance from a fixed point called the centre. A segment 
bounded by two points of a circle shall be called a chord, 
its line a secant. The limiting position of a secant as the two 
points of the circle approach one another shall be a tangent. 
A segment bounded by the centre and a point of the circle 
is a radius, that which is made up of two collinear radii 
a diameter. 

Let us pass from these definitions to establishing certain 
conventions as to notations. Points shall be denoted by large 
italic letters as A B P^. The segment bounded by A and B, 
or the distance of these points, shall be written {AB). When 
a question of algebraic sign arises, or a segment is looked 
upon as measured in a particular sense, we shall superpose 
an arrow pointing to the right, to indicate that the segment 
is measured from the point denoted by the first letter to that 
denoted by the second, thus 

{AB) = -{^). 

The line determined by the points A and B shall be indicated 
AB. It is often convenient to indicate a line by a single 
small italic letter as a, l^. The angle of the half-lines which 
include the segments [AB){AO), when considered as a quantity 
bereft of sign, shall be indicated ^BAC. When the sense 
of description is essential we shall introduce a right-pointing 
arrow, as 

4J3AG= -iJOAB. 

When we wish one of the lesser angles determined by two 
lines, including its sense of description,^ we shall use the 
notation LB AC or LfL^. Parallelism shall be denoted by ||, 
perpendicularity by JL. The distinction in meaning between 

♦ There is, of course, a slight ambiguity when the lines are mutually 
perpendicular ; it does not, however, cause any practical inconvenience. 
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our various symbols will appear from the following familiar 
equations ; 

If II V and II V, then 

If I, X // and 1 Z/, then Z 

If A BCD be concyclic, 

L ABC ^ I ADC, 

4^ABC = 4^AnC or tt~-4^ADC\ 

4^AM^ = 4^ ADdov ±(7r + X-ZiJ6'). 

If ABCD be any four coplanar points, 

LAT)B-\-LBT)G-\^LGDA ~ e (mod tt), 

(mod 27r). 

A triangle whore vertices are ABG shall be indicated 
L^ABG. 

It is useful to make certain further conventions for the 
study of a single triangle. The vertices shall be A^A^A^, 
this order of letters corresponding to a circuit of the triangle 
in a counter-clockwise or positive sense. If the letters i, j, k 
indicate a circular permutation of the numbers 1, 2, 3, 
4-AjA^Aj^ = 4^Aj^A^Aj = = 25 . 

If P be any other point of the plane, the line A^P shall 
meet AjAj^ in ; a line through P ± AjAj^ shall meet A-Aj^ 
in Fa^. The middle point of AjAj. shall be M,i ; the centre of 
gravity of the triangle is thus M, The centre of the cir- 
cumscribed circle shall be 0, the orthocentre, the point of 
concurrence of the altitude lines, shall be H. We have thus, 
incidentally, = Ha^, The area of this triangle shall be A, 
the radius of the circumscribed circle shall have the length r. 
A theorem shall be referred to as or ?/] while an equation 
is (p) or (q). 

§ 2. Inversion, 

A truce to these preliminaries! Suppose that we have 
given a circle whose centre is 0 and radius has the length 
r ^ 0. Let P and P' be any two points collinear with 0 
such that 


(OP)x(OP0 = r2. 


( 1 ) 
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The relation between the two is perfectly symmetrical, each 
is said to be the inverse of the other with regard to that circle, 
and the transformation from one to the other is called an 
invertiion. The point 0 is called the centre of inversion^ the 
given circle the circle of inversion, and its radius the radius 
of inversion.^ 

Theorem 1.] Every point other than the centre of i aversion 
has a single inverse. 

Theorem 2.] The circle of inversion is the locus of points 
ivhich are their own 1 nverses. 

Theorem 3.] Points within the circle of inversion other 
than the centre will Invert into points v'ithout, points ivitlantt 
will always invert into lioints within. 

Another transformation similar to inversion is found by 
taking S and 8' collinear with 0 so that 


{(J8) X {08') = - 

This is seen immediately to be the product of an inversion 
and a reflection in the centre, though algebraically it is an 
inversion in a circle of imaginary radius. We shall make 
but little use of this transformation in the present chapter. 
Returning to the direct study of inversion, let the reader 
show that if P be without the circle, P' is the intersection 
of OP with the chord of contact of tangents irom P to this 
circle, i.e. with the polar of P, We notice further that if OP 
meet the circle in ll and K, 11 lying between 0 and P, 

(IIP) ^ (oTl)^(OP) . {KP) ^ , 

{IIP') {OH) - (^') ’ (7??') (OK) ~ (^0 

* This transf<»rmation is usually credited to Pliicker. See his Analydsch- 
geometrische ApJiorismm, Crelle, vol. xi, 1886. It was rediscovered a decade 
later by Sir William Thompson, Principe ties images Hectriques, Liouville, 
vol. X, 1845. The most recent view, however, seems to bo that the method 
was found some time previous by Steiner. Cf. Biitzberger, Ueher hisentrische 
Polygone, Leipzig, 1913, pp. 50-5. The inversion of a small region can he 
effected mechanically by link works invented by Peaucellier, Hart, Kempe, 
and others. 
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{ifP) (KF') ^ 4- r^--[(dl^) (OK) + jOP') (OH)] ^ ^ 

(^') (ia^) + [(Oi") (0^ ) + {OP') (OK)] 

We thus reach a theorem slightly beyond the limits of elemen- 
tary geometry strictly construed. 

Theorem 4.] Mutually inverse ^points are harmonically 
separated by the intersections of their line with the circle of 
inversion. 

If P' and Q' be the inverses of P and Q respectively, we have 

{OF') = (OQ) (6Q'), . (2) 

A OPQ and A OQ'F' are similar, 

<'"«'» = ™ = ™ (07^)' 

If PQRS be four points whose inverse are 1^'Q'R'S', 

(p^)iR^ ')^ (PQ) m) ^ 

(^) (Q'i?) (QR) ’ 

We shall make great use of this equation subsequently. For 
the moment we merely draw therefrom an extension of the 
previous proposition. 

Theorem 5.] The cross ratio of four points collinear ivith 
the centre of inversion^ hut distinct therefrom^ is equal to that 
of their inverses. 

We now assume specifically that P and Q are not collinear 
with 0, We see from (2) that A OPQ and A OQ'P' are similar, 

hence ^ WpQ = ^ 

If R be a fourth point in general position, 

4^d^PR ^ 4 ^oWp', 

We substitute for each angle on the right its equivalent in 
terms of the other two angles of the triangle whose vertices 
are thereby designated, then subtract ; 

4^R1^ + ^R^Q'= 4^R0Q = 4-RVQ\ 
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Theorem 6.] The aUjelyiuic bxtm of the ayt^respomliny angles 
of tivo nmtaally inverse triangles is equal to the angle mb- 
tended at the centre of inversion by the s'ides opposite these 
angles. 

Theorem 7.] If two opposite angles of a quadrilateral be 
measured in such a way that the hvo initial sides and the tivo 
terminal sides meet respectively in vertices of the quadrilateral, 
their algebraic difference is numerically equal to the con^e- 
spoiuling difference for the inverse quadrilateral. 

Of course, when we say that two triangles or quadrilaterals 
are mutually inverse, we merely mean that this is true of their 
corresponding vertices. We next let Q approach P as a limit, 
so that PQ and P'Q' approach tangency in two mutually 
inverse curves. 

Theorem 8.] The angle made at any point by a curve icith 
a line from there to the centre of inversion is )iurnericaliy the 
supplement of the corresjMjnding angle for the inverse curve 
at the inverse qwint. 

Theorem 9.] An angle at ^vhuh two curves intersect at any 
point other than the centre of inversion is the negative of the 
corresqjonding angle made by the inverse curves at the inverse 
point. 

Theorem 10.] Curves xvhUh intersect at right angles not at 
the centre of inversion v:ill invert into curves intersecting 
at right angles. 

Any curve which is its own inverse is said to be wnallag- 
inaticl^ 

Theorem 11.] If the circle of inversion intersect an anallag- 
matic curve at any point vjhich is a simple point for the 
latter^ the two vnll intersect at right angles. 

Theorem 12.] A line through the centre of inversion is 
anullagmatic. 

Theorem 13.] A circle through a iHiir of inverse q^oints is 
anallagrnatic. 


Tills curious word seems to be duo to Moutard. 
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We see, in fact, that if we consider any pair of points on 
such a circle collinear with the centre of inversion, the 
product of their distances therefrom is the square of the 
radius of inversion. Let the reader show that 

Theorem 14.] A circle tuhicJt cuts the circle of inversion 
(it right angles is anallagmatic. 

Theorem 15.] If two intersecting circles cut a third at 
right angles^ their intersect io ns are inverse in the third circle. 

This last theorem leads to another way of looking at 
anallagmatic curves. If we have a system of circles moving 
continuously yet always orthogonal to a fixed circle, we see 
that the intersections of infinitely near circles are inverse in 
the fixed circle, i. c. the envelope is anallagmatic. Conversely, 
if an anallagmatic curve be given, a circle through two 
inverse points and tangent at one, will be tangent at the 
other ; the curve is the envelope of circles orthogonal to the 
circle of inversion. The locus of the centres of the moving 
circles shall be called the deferrent. 

If a circle orthogonal to the circle of inversion be anallag- 
matic, what is the inverse of a circle in general position? 



Pio. 1. 



26 


THE CIRCLE IN 


CH. 


Let G be the centre of such a circle, p the length of the 
radius ; PQ shall be two points of the circle collinear with 0 
the centre of inversion, P' and Q' their inverses. We assume 
for the moment that our given circle does not pass through 
the centre of inversion. A line through P' || QG shall meet 

OC in C\ Now {OP) x {OQ) and (OP) x (OP') have constant 
values, hence 

m) (w) (m 

The locus of P' is thus a circle of centre O' and radius 

. {^') 

H • 

( 00 ) 

Theorem 16.] The inverse of a circle not passing through 
the centre of inversion is a circle of the same sort. 

The reasoning above is inapplicable when the given circle 
passes through the centre of inversion. In this case Q 
coincides with 0. Let Ji bo diametrically opposed to this 
point, P' its inverse. Then since A OPR is similar to A OB'P' 

i.OR'P' = I . 

Theorem 17.] The inverse of a circle passing through the 
centre of inversion is a line not //assing through that centre. 

Theorem 18.] The inverse of a line not imssing through 
the centre of inversion is a circle through that point. 

Theorem 19.] Parallel lines invert into circles tangent to 
one another at the centre of inversion. 

Theorem 20.] If tvjo figures be mutually inverse with 
regard to a circle, their inverses in a second circle whose 
centre does not lie an the first are mutually inverse in the 
inverse of the first circle with regard to the secowl. 

Suppose, in fact, that P and P' are inverse in a circle O^. 
Every circle through them will, by 13], cut O^ at right angles. 
The inverses of these circles with regard to a second circle G.^ 
will cut the inverse of Oj at right angles, and the two points 
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common to them will be mutually inverse in that inverse 
of G,. 

Theorem 21,] If a circle he inverted into u straight line, 
a 'pair of points inverse with regard to the circle will beccniie 
((■ point and its reflection in the line. 

Theorem 22.] If a curve be amilhuj malic with regard to 
two circleSy it is aiiallagmatic %ciih regard to eve^'y circle that 
cam he obtained by successively inverting one circle of inver- 
sion in another.^ 

We saw in the reasoning which led up to 16] that mutually 
inverse circles are similar figures radially situated. If two 
figures be similar we may clearly adjoin to the one and the 
other as many points as we please, getting more comprehensive 
figures which are still similar with the same ratio of similitude, 
and include the originals as parts of themselves. If there be 
a point which corresponds to itself in two such similar figures, 
it is called a double or self -corresponding point. When the 
figui’es are radially situated, corresponding points are collinear 
with the double point, and their distances therefrom bear to 
one another a ratio fixed in magnitude and sign. The double 
point is called the centre of similitude^ and the fixed ratio the 
ratio of similitude. 

Theorem 23.] If two circles be mutually inverse, the centre 
of inversion is a centre of similitude for them \vhile the ratio 
of similitude is nu merically that of their radii. If this centre 
lie outside of one circle it is outside of the other, and is the 
point of intersection of their direct common tangents. 

Suppose, conversely, that we have two circles which are 
neither concentric nor of equal radius. Let us divide the 
segment bounded by their centres in two parts proportional 
to the radii, and find the harmonic conjugate of this point 
with regard to those centres (loosely called dividing the 

* Cf. Miibius, Collected Works, vol. ii, p. 610 ; also Pinsterbusch, Die Oeomeirie 
ebener Kreissysteme, Wordau, 1898, p. 68, For the conditions that an algebraic 
curve should be anallagmatic see Picquet, Sur Us courhes et surfaces anallagma- 
tiqueSf Comptes rendus de PAssociation fran^^aise pour Pavancement des 
sciences, Session of 1878 at Paris. 
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segment externally in that ratio). These points are the in- 
ternal and external centres of similitude respectively, and are 
the points of intersection of such common tangents as the 
circles may have. Let 0 be one of these points and let a line 
through it meet one circle in PQ and the other in Q'P\ Then 

{OP) ^m) ^ ^ 

(OQ') {01^) ~ 

{OP) X {Op) = {OQ) X (0^0 = k 

We easily find that k will be positive in the case of one 
point when the circles do not intersect, and in the case of both 
when they do. They are thus certainly mutually inverse in 
one circle of radius Vk, 

Theorem 24.] Any hco circles of different centres and 
unequal radii are mutually inverse in at least one circle 
whose centre is one of their centres of similitude. 

The circle or circles in which the given circles are mutually 
inverse are called their circles of antisimilitiule; that on the 
segment bounded by the centres of similitude as diameter is 
their circle of sim ilitude. 

Theorem 25.] If two circles of itneqiud radius lie outside 
of one another, their common tangents intersect at their centres 
of similitude and at four points of the circle tvhose diameter 
is the segment bounded by their centres. 

Let us define as a tangential segment of a point with regard 
to a circle a segment bounded by that point and the point of 
contact of a tangent to the circle which passes through the 
point. The common tangential segments of two circles will 
be segments lying on common tangents and bounded by the 
points of contact. Let us find the locus of a point whose 
tangential segments to two circles are proportional to their 
radii. The circles being their centres while the 

radii have the lengths r^^r^, if P be a point of the locus while t^ 
is the tangential segment from there to c^ 

__ _ n 

We have, thus, by a familiar theorem of elementary geometry, 
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Theorem 26.] The locus of points whence the tangential 
segments to two non-concentric circles of unequal radi/us are 
2yroportional to the radii is so much of the circle of simili- 
tude as lies without the circles. 

Theorem 27.] The distances from a point of the circle of 
similitude of two given circles to their centres are proportional 
to the respective radii. 

Theorem 28.] The circle of similitude of two given circles 
includes all points whereat equal angles are determined by 
the pairs of tangents to the two. 

Wc find at once from Menelaiis’s theorem 

Theorem 29.] If three circles he given^ no two concentric 
nor of equal radius, a line connecting a centre of similitude 
of one pair luith a centre of similitude of a second qrnir will 
2>ass thro^igh a centre of similitude of the third pair. 

If two circles touch one another, their point of contact is 
a centre of similitude. 

Theorem 30.] If a circle touch two others of unequal 
radius, the line connecting the p>oints of contact will pass 
through a centre of similitvAle of the two. 

Theorem 31.] The centres of similitude determined by three 
circles whereof no two are concentric or of equal radius lie by 
threes on the sides of a com plete quadrilateral^ whose diagonal 
lines connect the pairs of centres of the circles.^ 

We find at once from the theorem of Ceva 

Theorem 32.] If three circles be given, no two being con- 
centric or of equal radius, the lines connecting each centre 
with the centres of similitude of the other two are the side- 
lines of a complete quadrangle whose diagonal points are the 
centres of the given circles. 

Let us return to the point of view where we regarded the 
two circles as inverse in a circle of antisimilitude. If their 
radii be p and //, the radius of inversion 

P (OP) 

p' - (OQO ^ - (OP) - ^(OP) (OQ) * 


♦ CJiaslcs, Traitc dc gcomvtrie snperieure, Paris, 1852, p, 539, 
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If we define as the power of a point with regard to a circle 
the product of its oriented distances to any two points of the 
circle collinear with it (the square of the tangential segment 
when the point lies without) we have 

Theorem 33.] The radius of the inverse of a given circle 
not through the centre of inversion is eqmd to the radius of 
the given circle multiplied by the square of the length of the 
radius of invey'sion^ and divided by the absolute value of 
the penver of the centre of inversion with regard to the given 
circle. 

Let us next follow the fate of the centre of the given circle. 
This point has the property that all straight lines through it cut 
the given circle at right angles. These lines invert into circles 
through the centre of inversion, whence by 15] 

Theorem 34.] The inverse of the centre of a circle which 
does not jx^ss through the centre of inversion is the invey^se 
of that centre in the inverse of the given circle. The Inverse 
of the centre of a circle through the centre of inversion is the 
reflection of that centre in the line which is the inverse of the 
given circle. 

If two circles be given which do not intersect, either they 
lie outside of one another, or the one includes the other. In 
the first case we may easily find a point of the segment 
bounded by their centres which has the same positive power 
with regard to the two. This will be the centre of a circle 
cutting the two at right angles, and intersecting the line of 
centres in two points inverse in both circles. In the second 
case, if a point move oft* indefinitely on the lino of centres 
from that intersection with the outer circle which is nearer to 
the centre of the inner one, its inverse in the outer circle will 
trace a segment which includes in itself the segment which is 
the locus of its inverse in the inner circle. In each case we 
can find a pair of points which are inverse in both circles. If 
we take either as centre of inversion we find : 

• 

Theorem 35.] Any tvjo circles which do not intersect may 
be inverted into concentric circles. 
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§ 3. Mutually Tangent Circles. 


The last theorem enables us to solve a problem very dear to 
Jakob Steiner,* Suppose that we have given two non-inter- 
secting circles. What relations must exist between their radii 
and the distances of their centres in order that there should be 
a finite succession of circles all tangent to the given two, 
and each tangent to its two neighbours in the ring ? Let us 
imagine that there are n circles in the ring, and that they 
make m complete circuits. These numbers will be invariant 
when we invert the given circles into two concentric circles of 
radii and 7’^ respectively. If the common radius of circles 
of the new ring be 7% 



r 




, „ m TT 7 '^ 

tan^ = — « 

/I 


Next, let any line through the common centre of the two 
meet them in and 



Fro. 2. 


* See his Collected Works, vol. i, pp. 43 and 135. The resulting 
systems of circles are described by English writers as ‘poristic'. See 
II. M. Taylor, * Porism on the ring of circles toucliing two circles Messenger 
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To be definite, we assume that the former pair includes the 
latter, and that one side of the centre while 

Q1Q2' on the other side. Then 

= (Pi^2)x(Q2^i) . 

(iV^o X (iV’^O 

We saw, however, in equation (4) that the right-hand side 
of this is invariant for inversion, the centre of inversion being 
on the line of centres of the given circles. If, thus, this line 
meet the original circles in PiQi and 


tan^— ~ = ^ {Q 2Q1) ^ 

^ (i\^) X 


This equation has a simple geometric meaning. Reverting 
to the concentric case, let us construct circles on {P1Q2) S'^d 
{P2Q1) as diameters. The distance from the common centre 
to their centres will be fl^eir common radius 

•|(r2 + rj). To find the angles at which they intersect, we 
have 


cos^ 




^(r^ + r^Y 


Kr^ + rif 


We thus get, recalling 9] 


— tan“ 

n 


( 6 ) 


Theorem 36 .] Let tivo non-intersecting circles he given, 
and let the line of centres meet the Jird in P^Qi and the second 
in P^Q^i points P^Q^ separating the points PgQi* ^ 
necessary and sufficient comlition that it should he possible 
to construct a finite succession of circles tangent to the given 
ones and successively tangent to one another is that the circles 
constructed on the segments (P1Q2) {P^Q^ o.s diameters 


of Mathematics, vol. vii, 1878, and liis l)rother W. W. Taylor, ‘On the Ring 
of Circles touching two Circles’, ibid. See also Lachlan, ‘On Poristic 
Systems of Circles’, ibid., vol. xvi, 1887. Our present treatment follows 
Vahlen, ‘Ueber Steinersche Kugelketten’, Zeitschrift fur Mathematik und Physik, 
vol. xli, 1896. For an interesting generalization see Emch, ‘An Application 
of Elliptic Functions’, Annals of Mathematics, Series 2, vol. ii, 1901. 
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should intersect at an angle commensurable v'ith tt. The 
denom/inatov of the measure of such an angle when expressed 
in terms of 27r and reduced to its lowest terms will give the 
number of circles in the succession and the numerator the 
number of complete circuits formed by them. If one such 
circirit exists there v'ill be an infinite number of them, one 
circle being 'perfectly arbitrary except for the types of contact 
with the given circles. The points of contact of successive 
circles in all of the>e circuits lie on one circle. 

We may pursue this sulyect further. If we take as a 
circle of inversion any circle orthogonal to the two given 
ones, they are, by 24], anallagmatic therein, the line of 
centres becomes a circle orthogonal to the two given circles, 
the circles on (^^ 1 ^ 2 ) (^^ 2 ^ 1 ) diameters, become circles 

tangent to the original circles, and orthogonal to a circle 
orthogonal to them. We may thus state our condition in 
slightly more general terms by means of the angle of these 
last two circles. Suppose, then, that we have a ring of 
circles, and that two circles of the ring touch the given circles 
at four points of one same circle orthogonal to the original 
ones. By two successive inversions we may go back to the 
concentric case whore, in our previous notations two circles 
of the ring liave (P^P.^) and {Q^Q.f as diameters. The con- 
centric circles will be two out of a ring tangent to the circles 
on and and to one another in turn, and the 

circles on (PjQ.j) diameters play the same role 

with regard to both rings. If, then, m-^n^ be the numbers 
for the new ring, we have 


277 ^^^ 

n. 


= 2 77 — or else 2 tt — ^ = 77 — 2 77 

n n 


The decision lietwcen these two possibilities requires delicate 

on 

handling.* Let us first remark that, — being given, these two 

o » o o 

equations give different values except in the case where 


* Vahlon, loc. cit., overlooks tho necessity for making both assumptions. 

1702 C 
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As 6 changes continuously the correct value for 




cannot leap from being a root of one equation to being the 
root of the other, except, perhaps, when 0 passes through 


the value ^ . First take y\ = 0, 

u 


m = 1, > 1 = 2 , 0 = TTy =1, nj = 00 , 

since the circles on {Q 1 Q 2 ) simultaneously 

inverted into parallel lines. Here, surely, 


IV __ 1 

n ^ ^ 2 


and this will hold for ^ • On the other hand, if we take 

m = ly 71 = 00 . 


To find ^ notice that if two extremely small circles lie 

without one another and be inverted into concentric circles, 
the one becomes tiny, and = 1, = 2, 


Theorem 37.] Given two non-interseiiing circles which 
/)Ossesi< the property that a ring of n circles may be constructed 
all tangent to them and successively tangent to one another 
making rn complete cirxuitSy and If two circles of the ring 
touch tlte origimd ones at points on one circle orthogonal to 
these tu'Oy then the origimd circles are ^members of a ring of n^ 
circles making complete circuits, all tangent to the tiro 
of the first ring, v^here 


m 77ij 1 

71 />j 2 


(7) 


This theorem so far astonished Steiner that he called it one 
of the most remarkable in all geometry.* 

We know that two mutually tangent circles can bo inverted 
into parallel lines. Let us do so for two internally tangent 
circles c, c. I'he circles tangent to these two lines will all 
have the same radius // ; let cf be that circle of the system 
whose centre lies on the perpendicular on the lines from the 


* Collected Work«5, vol. i, p. 130. 
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centre of inversion, the circles of a system of successively 
tangent circles, which touch the parallel lines shall be 
Cq q' Cg' . . . their centres Cq Inverting back 

we get onr original circles with the system of circles ... 
tangent to them and to one another in succession. The centre 



Pia. 3. 


of shall be the perpendicular thence to the line of 
centres of the original circles shall meet the latter in 
Since and are collinear with 0 the centre of inversion 

{CM ^ 

(OG.) 

Rnt since 0 is a centre of similitude for and (7/ 

P=Pn^^)(ry 0„D„ = 2np,,. (8) 

Theorem 38.] Given two circles Cq and c externally tangent 
to one another and a third cirde c having as diameter the 
Slim of their collinear diameters. Then if a series of circles 
^ 0^1 dravm tangent to c and c, and successively to 

one another^ the distance from the centre of to the line of 
centres of c, c is n times the diameter of c^. 

This theorem is sometimes called the ‘ Ancient Theorem ’ 
of Pappus. Steiner deduces a number of rather dull corroL 
laries therefrom. 

G 2 
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The figure bounded by the halves of c, c, Cq which lie on one 
side of the line of centres was first studied by Archimedes 
and named by him ‘The Shoemaker’s knife Let A be the 
point of contact of c and c, B that of c and while D is 
the point of contact of c and Cq. A perpendicular to AB 
at D shall meet c again in E, The following theorems are 
then easily proved. f 

Theorem 39.] The area of the knife is equal to that of the 
circle on {BE) as diameter. 

Theorem 40.] The 'perimeter of the knife is equal to the 
circumference of c. 

Tlieorem 41.] The point A has the same power ivith regard 
to all circles \chich touch c internally and BE on the same 
side as c ^ . 

Theorem 42.] The two circles which touch c internally 
and BE on op 2 )osite sides while one is externally tangent to 
Cq a nd the other to c are equal. 

Theorem 43.] The common tangent to the first of these 
and to Cq through A. 

Theorem 44.] Thecircle on (BE) as diameter 'passes through 
the p)oints ivhere c^^ and c touch <t common tangent, while its 
centre is the intersection of this tangent with BE. 

We next pass to an invariant of two circles. Lot them be 
with centre.s and radii centre and radius 

of inversion being 0 and 

(06V) = (0 c\) (oa/) = (oc,) d , 

Pi Pi 

= 00/2 + 00/’- 2(00/) cos ^O/OOjj 

= + ( 00 ,^)’^ + (0CV)-(0,0/2]; 

Pi p2 Pi p2 

* Cf. Ileatli, The Worhs of Archimedes, CanibriJgG, 1897, pp. 304 IT. 

f For an account of tlic aiitliorship of the theorems concerning tho knife, 
see Simon, Ueher die Enlwickelung der Elementar-Geometrie im XIA'ien Jahrhundert, 
Leipzig, 1906, pp. 87, 88. 
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from these and formula (5) we find 


^^plfh ■“ 4 ^ 2/^1 

^pJPl' ■“ 4/l2/>l 


The numerators of the left-hand sides of these equations arc 
the squares of the direct and transverse common tangential 
segments, when these exist. Suppose that we have four 
mutually external circles cq, 6 * 3 , tangent to a fifth. 
Either all are on one side thereof, or two on one and tw^o on 
the other, or three on one and one on the other. We may 
invert them into four mutually external circles c,/, c./, c/ 
tangent to a line. Let them touch it at points 
, which will be connected by the identity 


+ (P/iV) = 0- 


If indicate a common tangential segment of and 
we may write this 

Here must indicate a direct common tangential segment 
if c/ and Cj' touch the line on the same side, otherwise a trans- 
verse one. Dividing through l)y the square root of the product 
of the diameters we get a form invariant for inversion, hence 
dropping the primes and multiplying the diameters out again, 
we get Casey’s condition for four circles tangent to a fifth.* 


Theorem 45.] Four mutually external circles tanyent to 
a jifth are connected by a relation 

^ 12 ^13^42 i ~ (^) 

Here all the t^Js denote common direct tanyential segments, or 
those connecting two pairs ivith no common member denote 
direct tangents and the other four transverse, or those ivhich 
lack one subscript denote direct, ami those which include it 
tra)Lsvevse tangential segments.^ 


* See his greatly overrated Sequel fo Euclid, London, 1881, p. 101. The 
ingenious writer makes two characteristic mistakes. He assumes that in 
proving the theorem ho has also xjroved the converse. Secondly, ho omits 
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Theorem 46.] If a convex qxiadrilateral he inscribed in 
a circle^ the smn of the products of the opposite sides is equal to 
the product of the diagonals. 

This is Ptolemy’s famous theorem. Let us proceed to the 
converse of 45]. We assume that we have four mutually 
external circles connected by that relation. We shall call 
them and suppose that is the smallest radius. 

We shrink the radius of by p^ and shriuk by that same 
amount the radius of each of the given circles whose common 
tangential segment with q is direct, but increase the radius 
by if the tangential segment be transverse. We thus get 
four circles e/, cf^ cf, cfy whereof c/ is a point-circle Cf con- 
nected by 

These circles are still mutually external. Let us next invert 
with Cf as a centre, we get three new circles cf\ cf\ 



Let us show that these three circles, which are also external 
to one another, will touch a line. Once more shrink the 
smallest circle until it becomes a point shrinking or increasing 
the radii of the other two as before. We have a point so 
related to two mutually external circles that the sum of its 
tangential segments with them is equal to a common tangential 
segment of theirs. If the point lie on a common tangent to 
the two circles such a condition will be fulfilled, and if it 
move oft* on a circle concentric with the one, the condition will 
be unfulfilled until it fall again on the like common tangent. 
Hence the point lies on a common tangent to the two circles ; 
hence cf\ cf' touch a line, cf^ e./, cf touch a circle 
through (7/, and Cg, touch one circle. 

to require liis circles to be mutually external. But in tliat ca‘5c it i.s easy 
to find four circles tangent to a fifth whereof one surruunds the tl)ree others 
and has no common tangential segments with them, in the real domain. 
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Theorem 47.] If there exist among the common tangential 
segments of four mutually external circles an eqiiation of the 
type (9) with the same requirements as to direct and tra nsverse 
tangents as there obtainetl^ then these four circles are tangent 
to a fifth* 

Theorem 48.] If the sum of the qyroducts of the opposite 
sides of a convex quadrilateral he equal to the product of the 
diagonals^ the vertices are concyclic. 

As a second application of our formula (9) let us prove the 
justly celebrated theorem of Feuerbach. f 

We start with a triangle with the standard notation ex- 
plained on p. 21. Construct the three altitude lines, and let 
A^H meet the circumscribed circle again at We have 

then 

= I -t.A^ = 

This shows that Ha^ is mid-way between 11 and If we 
take LT as a centre of similitude and a ratio the given 
triangle becomes that whose vertices are half-way from H to 
the given vertices, and the circumscribed circle is transformed 
into the circle through these three half-way points, and also 
through the feet of the altitudes. These six points are thus 
concyclic. Again, if we take the A///lyA/. the orthocentre 
is ) the feet of the altitudes are the same points as before, 
the points il/y, are half-way from the new orthocentre to 
two of the vertices. We thus get the first part of our theorem, 
namely, the feet of the altitudes of a triangle, the middle 
points of tlie sides, and the points half-way from the ortho- 
centre to the vertices lie on one circle. We next construct 
the escribed circle c^ tangent to {AjA^) and to the prolonga- 

This proof is substantially taken from Lachlan, Treatise on Pure Geometry, 
London, 1893, pp. 245 ff. See also Allardice, ‘Nolo on Four Circles Tangent 
to a Fifth', Proceedings Edinburgh Mathematical Society, vol. xix, 1901. Neither 
writer takes the pains to require the circles to be mutually external. It 
might thus happen that c, surrounded c, and the proof would break down. 

t First published in 1822. The number of proofs in existence is almost 
transfinite, a recent writer adding nine. Swayama, ‘ Nouvelles demonstra- 
tions d'un th^oreme relatif au cercle de neuf points V Enseignement 
maihSmatique, vol. xiii, 1911. 
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tions of (A^Aj) and (A^Aj.) beyond Aj and Aj^ respectively. 
Let .r be the tangential segment from Aj to this circle. The 
equality of the two tangential segments to this circle from A^ 
gives 

U]^ = ilj + Xy 

X = s — aj.y a^ — x = s — Uj. 

Let us take this as our circle while the middle points of the 
sides shall be the point- circles c\y c.,, c.^y 

Ui = ± I “ ^[i) 5 ^k4: = i 0*4 “ "2 k)^ 

Uj hcA: — hk^J^ + ^U^Jk = 

A similar relation will be found connecting the new circle 
with the inscribed circle; we thus get the theorem in its 
entirety. 

Theorem 49.] The iniddle points of the sides of a triaiKjley 
the feet of the altitudes and the points Jatlf^tvay from the 
orthocentre to the rertices lie on a circle 'which is tanyent to 
the inscribed and the three escribed circles. 


This circle is, for obvious reasons, called the nine-point 



Fig. 4. 
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circle. Let us give another proof that it touches the inscribed 
and escribed circles.* 

Let the circles and c^ be escribed to the given triangle 
and touch the line in the points and P3 respectively. 

Let /S' be the point of concurrence of (the line of centres), 
-4 2 A3, and the fourth common tangent to c.^ and (‘3. A^ and S 
are thus the centres of similitude of C2 and ^3. Moreover, if wo 
recall the original definition of centres of similitude, wo see 
that Aj and S are harmonically separated by and or 
Ha^ and S are harmonically separated by 1 \ and P3. The 
tangent at M-^ to the nine-point circle makes with and 

so with AjAg, an angle equal ^A.^ and so is parallel to the 
fourth common tangent. The nine-point circle is thus the 
inverse of the fourth common tangent in a circle whoso centre 
is il/^ and radius is equal to The nine- 

point circle must thus touch the escribed circles Cg? which 
are anallagmatic in this last circle. By similar means we 
show that it touches the inscribed circle also. 

If a triangle have an obtuse angle, the orthocentre lies 
without it. The feet of the altitudes lie in pairs on the three 
circles on the sides of the given triangle as diameters. The 
orthocentre has the same positive power with regard to these 
three, so that the product of the distances from the ortho- 
centre to each vertex and the foot of the corresponding 
altitude is a constant positive number. 

Theorem 50.] The circnDiscribed and nine-point circles 
of an obtuse-angled triangle are inutiially inverse in a circle 
whose centre is the orthocentre. 

It is to be noted that this is the only circle with regard 
to which the given triangle is self-conjugate in the sense of 
modern geometry. 

Feuerbach's theorem may be extended in a number of 
ways. The second part states that the inscribed and escribed 
circles of a triangle touch another circle. By inversion this 

^ Fontene, ‘ Sur le Theoreme do Feuerbacli \ Nouvelles Aimaks de Mathc- 
matiquesj Series 4, vol. viii, 1907. This proof possesses the advantage over 
the other of showing where the points of contact are. 
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will hold if wc replace the triangle by a curvilinear one 
formed by concurrent circles. Let us try to remove the 
restriction that the three original circles should be concurrent. 

We start with three inter- 
secting circles C3, the 

intersections of CjC^ being 
points Eight circular 

triangles are thus formed 
whose angles are connected 
in simple ways. It is in- 
tuitively evident that a 
circle may be inscribed in 
each of these triangles. In 
particular let us take the 
triangle which we 

assume to be convex, and 
the three tilangles u 4 /, Aj^Ai^ 
Fig. 5. which we shall call asso- 

ciated with it. The four 

inscribed circles shall be q', c./, (3'. If we write 
to indicate a direct common tangential segment and a 
transverse one, wc have three equations of the type 

Let us determine the signs more specifically. In the arcual 
triangle A^,A.^, A.^ two of our circles c/, c/ touch the circle of 
each side between the vertices, but with opposite contacts. 
Suppose, to fix our ideas, that in making the circuit of the 
triangle we meet the vertices and points of contact with the 
tangent circles in the following order 

A^C^ C(, A^Vq -dgCy Cg : 

We have the following orders on our original three circles : 


on 



■^2^0 ■^ 3^*2 ' 

on 



-^^ 3 ^ 0 ^*2 -^ 1^3 

on 

f'a. 

^2' 

^iCg Cq A^r^ , 
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These will yield the following equations : 

‘•31 Si ^23 ^ ^03 ^12 ? 

/ f mF' 't ' 

‘03 *^12 ~ Si *^23 ^ S 2 Si > 

52 Si Si S3 ^ S3 ^12 • 

Hence 

F~'f / '/ '4. r~v ' 

53 S2 Si Sj ^ S2 ^31 * 

We thus get Hart’s theorem.* 


Theorem 51 .] The utscribed circle of a convex circular 
iriamjle and those of three associated trio ngles are touched hj 
a circle which has contact of one mrt ^uith the Jirst, and of the 
O2:)2)0site sort %vith the other three. 

This new circle is called a Hart circle of the first three. 
It may coincide with one of the four inscribed circles. It will 
exist even when the given triangle is not convex ; our proof is 
not, however, necessarily valid in that case, for the four may 
not lie external to one another. These delicate considerations 
are usually ignored in the geometrical treatment of this 
subject. 

Ix't the Hart circle be called c^. The following will give 
the system of contacts. 

cf touches Cj, (*21 ^'3) (^4 internally. 

('/ „ <'2> ^3 ii^tonially (4 externally. 

^2 » ^3> 5> ^2? ^4 

>J ^15^2 ^’.55^4 ” 

The essential thing to notice is that c\- has an opposite sort of 
contact with if from what it has with c,/, cf. 

Theorem 52 ,] If four circles he yiven where<f one is the 
Hart circle for a convex circular triamjle formed by the 
other three^ then each of the four is a Hart circle for the 
remainder. f 


* ‘ On the extension of Terquem’s Tlieorem Quat ter ly Journal of Mathematics, 
vol. iv, 1860. For a much simpler proof see p. 165, foot-note. 

t For an elaborate treatment of this and similar theorems see an unusually 
badly written article by Orr, ‘The Contact Relations of Certain Systems 
of Circles Transactions Cambtidge Philosophical Society, vol. xvi, 1898. 
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§ 4 . Circles related to a Triangle. 

Suppose that two circles are so related that a triangle can 
be inscribed to the one and circumscribed to the other. Their 
radii shall be r and p respectively, while the distance of their 
centres 0 and 0' is cL Let 00' meet the circumscribed circle 



in BG. Let AjAj^ touch the inscribed circle in ^4 /, while O'Ai 
meets Af A/ in A/' the middle point of and the 

inverse of in the inscribed circle. 

Theorem 53.] If two circles he so related that a triaiKjle 
inscribed in the one is circumscribed to the other ^ then the 
former is the inverse in the latter of the nine-point circle of 
the triamjle ivhose vertices are the points of contact,^ 

The nine-point circle is circumscribed to a similar triangle 
of one-half the size of the original, so that its radius is one-half 
that of the circumscribed circle. If the inverses of B and G 
be B" and G" respectively, 


(0'G")= 

(O'B) 'f'-d ' ’ r-^d 




r + d r^d 


* The treatment of this and the four following theorems is taken direct 
from Casey, loc. cit., Book VI. 
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Theorem 54.] The radii of the circles circumscribed and 
inscribed to a triangle are connected by the equation 


1 1 _ 1 

r-\-d r — d p 


( 10 ) 


where d is the distance of their centres. 

This necessary condition is also sufficient if r be greater 
than /3, for the inverse of the nine-point circle of the triangle 
whose vertices are the points of contact with the smaller circle 
of a triangle circumscribed thereto and having two vertices in 
the larger circle will be that larger circle which thus goes 
through the third vertex. Let us pursue our inquiry further 
and find a necessary and sufficient condition that it should 
be possible to inscribe a quadrilateral to one circle which is 
circumscribed to the other. We need two preliminary 
theorems. 


Theorem 55.] If a variable chord of a circle subtend a 
right angle at a fixed qioint not on the circle, the locus of the 
intersection of the tangents at its extremit ies is a circle. 

This locus is, in fact, the inverse of that of the middle 
points of the chord. The sum of the squares of the distances 
of this middle point from the fixed point and from the centre 
of the circle is easily seen to be constant, so that it traces 
a circle about the point half way between the centre of the 
given circle and the given point. 

Suppose, now, that we have indeed a quadrilateral inscribed 
in one circle and circumscribed to the other. The sum of 
the opposite angles is tt, double the angle formed by the lines 
connecting opposite points of contact. 

Theorem 56.] If a quadrilateral be inscribed in one circle 
and circumscribed to another y the lines connecting the q^oints 
of contact of oq^posite sides are mutually i^erq^endicular. 

Theorem 57.] If hvo circles he so related that a triangle 
or quadrilateral may be inscribed in the one and circum- 
scribed to the other, then an infinite number of such triangles 
or quadrilaterals may be found, one vertex being taken at 
random on the other circle. 
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Continuing with the inscribed quadrilateral of vertices 
Aif Ag, Ao, A^, let P be any point of the circumscribed circle. 



If p^j indicate the distance from P to the side-line A^Aj, 
we have 

^PA^A^ sin 4-~PA^A^ __ ^ 

P 23 Pn 4^P^iA^ sin ^ PA,^A^ 

Theorem 59.] The product of the distances from (t p)oint on 
a circle to one pair of opiiosite side-lines of an inscribed 
quadrilatend is equal to the product (f the distances to the 
other pair (f side-lines, and to the product of the distances 
to the diagonal lines. 

If a polygon of an oven number of sides bo inscribed in 
a circle, it may be divided into one or two less sides and 
an inscribed quadrilateral. We thus get by mathematical 
induction 
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Theorem 60 .] If a polyffon of cm even number of sides he 
inscribed in ct circle, the 2>i"odiict of tlte distances of any point 
of the circle to the even numbered side-lines is eqiud to the 
product of its distances to the odd numbered ones. 

Theorem 61 .] If a 2'>olyc/on he inscribed in a circle and 
tangents be drauui at all of its vertices, the product of the 
dista)tces of any 2^oint of the circle from these tangents is 
equal to the 2n'oduct of its distances from the side-lines. 

The circle circumscribed to a triangle is, on the whole, 



more interesting than the inscribed one. Let us take a 
triangle in standard notation and consider the ped(d> triangle 
Pa^ Pa.^ Pa^ of a point P. Let PA^ meet the circumscribed 
circle again in To fix our ideas wo shall take P outside 
the triangle, near 

4^Pa,Pa^Pa^ = 4.P(t,PPci,, + )^Pa^Pa^P + 4^PaJ\t.P. 

Since, however, the quadrilateral PPa^Pa^A.^ is cyclic, i.e. 
inscriptible in a circle, 

4^Pa^Pa^Pa.^ = tt--^A^-\-4-A^A^P-\-4^A^A,J\ 
=^7:^4-.PA,B,, 
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^ {PuiPa^) (Pa.^Pct^) sin 4- PA-^B^, 

iPaiPaj,) = (PAi) sin (PA 3 )sin i.PA^B, = (PB,)sm4.A, 

• = s 

APaiPajPaa = |(PAi)(PPi) {"J sin^LA^ 

f = 1 

t = 3 

= ±i[r»-(OPf]nsm^A,. 

I - 1 

Theorem 62.] The locus of the 2^oints luhose lyedal triangles 
with regard to a given triangle have a given area is a circle 
concentric with the circumscribed circle. 


Theorem 63.] The locus of the j)oints so situated that the 
feet of the j^erpendiculars from them to the sided i nes of a tria ugle 
are collinear is the circumscribed circle to the given triangle. 

This lino is called the I'iedid or Simsoii line of the given 
point. 

Let the value of while 


4-AjAiP = oci\ 


sin «; 

i 1 


( 12 ) 


Conversely, if three lines be drawn through the three vertices 
of a triangle in such a way that this equation is satisfied, 
these lines will be concurrent or parallel. If, then, starting 
with P we take the reflection of A^P in the bisector of 
we get three other lines concurrent in a point P' 
called the isogonal conjugate of P with regard to the given 
triangle, or else three parallel linos. 

Theorem 64.] Evejnj ‘point not on the circumscribed circle 
to a triangle has a single definite isogonal conjugide. The 
relation behveen the two is symmetrical. 

Let us consider the pedal circles of two isogonally conjugate 
points, i.e. the circumscribed circles of their pedal triangles. 

(A ;P«/) _ cosoi^- _ (A/Pd^.)^ 

(A^)~«««V~(A;P^5’ 

{AjPui) X (A^P«/) = (AjPa^) X (AjPa^'). 

D 


1702 
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The points Pcir^*, P^h^ thus concyclic. The six 

points Pa^, Pn{ could not lie by fours on three circles, for the 
common chords of these circles would be the side-lines of 



the triangle, instead of being concurrent Hence the six 
points are concyclic. We bhi;s get a generalization of the 
first part of Feuerbach s theorem. 

Theorem (’5.] Two iHogom Ibj conjugate 2 :)oints have the 
saine pedal circle. 

Theorem 60.] If from the foot of each altitude if a triangle 
a perpendicular 1 e dropped on the remaining side lineSj the 
six points so determined are concyclic. 

A generalization of G5] is found as follows. It is not 
necessary in the above proof to assume = 

we merely need l^P Pa^ A j = ^P'Paf = 0. 

The LAjPPa^ is thus similar to A AjP'Pa^, 

(/iTiv,) X = {aJp^,) X {aJpT,,). 

Hence Pa^y Pfffy Poj^y Pojf are concyclic, and, as before, 
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Theorem 67.] If throufjh a chose a p )int not on the c ircum- 
scribed circle of Cl triavgle three lines he drawn each making 
a fixed angle loith one side-line of the triangle so oriented as 
to trace the whole circuit in one sense y and if through the 
isogonally conjugate point three others he drawn making 
the supplementary angles uoith their oriented side-lines^ the 
six 2^oints inhere the lines of the two concurrent triads meet 
the corresponding side-lines are concyclicj^ 

Let us see where the pedal circle of a point P meets the 
nine-point circle. The intersection of the lines PajFaj^ and 
shall be A^, We intend to show that the three lines 
A^Pa^ are concurrent in a point L of the nine-point circle. 



Construct the circle It will contain 0 which, 

parenthetically, is the orthocentre of the and 

is diametrically opposite to A.. Let PO meet this circle 
again in The points L^PajPa^ are the vertices of three 
right triangles on {A^P) as common hypotenuse, and so are 
coney die with A^ and P. This circle will also contain Pa/, 
the reflection of Pa^ in Moreover, the points A^L-Pa{ 

* Cf. Barrow, ‘ A Theorem about I?!Ogonal Conjugates American Mathe^ 
matical Monthly y vol. xx, 1913, p. 25. 

D 2 
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are collinear. For Li lies on the circles A^PajPa^', 

hence the feet of the perpendiculars thence to the four lines 
A^Mp A^AIj^, MjMf., Pa-Paj. are collinear by 63], so that 
lies on the circle A^M^J\t^^. 

AAiL^Pa^ = AA^Mj^Pa^. 

The pentagon AiPPa^PaA is inscriptible, as we have just 
seen, and 

— AParjJj-Pa/=^ — APaj,A^Pa/ = APa/ PPaj^ — A A-Mj^Paj^, 
the sides being perpendicular each to each. 

— A A-L-Paj. = A Paj^. 

Hence A^L^Pa/ arc collinear. Now let the reflection of 
in MjM^ be Z. It lies on the line A^Pa^ and also on the nine- 
point circle. Also 

(AiL) {AiPiii) = (AiLi) {AiPa{) = (AiPaj) (AiPuj,). 

Hence L is the intersection of the nine-point and pedal circles. 
If P move along a fixed line through 0 the points L^L remain 
fixed, whence * 

Theorem 68.] If a 2 ^oint more along a fixed line through 
the centre of the circumscribed circle, its circle mill 

contain a fixed ‘'point of the nine-point circle. 

The other intersection of the nine-point and pedal circles 
will be similarly obtained from the isogonal conjugate of P, 
whence 

Theorem 69.] A necessary ami sufficient condition that the 
2 ')edal circle of a p>oint should touch the nine-p)oint circle is 
that the 2 ^oint and Us isogonal conjugate should he collinear 
with the ceidre of the circuni scribed circle. 

We deduce Feuerbach’s theorem, second part, at once from 
this by noticing that the centres of the inscribed and escribed 
circles are their own isogonal conjugate. 

* This theorem and the next are due to Fonten6, ‘ Extension du theor^me 
de Feuerbach’, Nouvelles Annales de Mathimatiques, Series 4, vol. v, 1905. The 
proof here given is that of Bricard, under the initials R. B., and inserted in 
the next volume of the same journal. 
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We have already noticed that the orthocentre of a triangle 
is one centre of similitude for the nine-point and circumscribed 
circles. The other centre of similitude mil be the harmonic 
conjugate of the orthocentre with regard to the centre of the 
nine-point circle and the point 0. This must be the centre 
of gravity, since the foot of the perpendicular from there on 
AjAj^ divides {AjA^^ in the ratio 1 : 2. 



Theorem 70.] The orthoceaty^e ami the centy^e of gy'avity are 
centres of similitude for the nine-point and chrumscribed 
circles, the ratios of similitude being 1 :2 and —1:2 respec- 
tively. 

There is another circle much less well known than the nine- 
point circle but possessing a number of analogous properties.* 
Let the inscribed circle touch {AjAj^ in A^ while the escribed 
circle corresponding to this side touches it in A(', 

(^AjAj^) = s aj, i^Aj^Aj^) = (s ^ 

The lines A^Al^ are thus concurrent in a point iY.f J shall 

* Spieker, ‘Ein mcrkwiirdiger Kreis um den Schworpunkt des Perimeters 
des geradlinigen Dreiecks als Analogon des Kreisos der noun Punkte 
OrunerVa Archiv, vol. li, 1870. 

t This is Nagel’s point : Untersuchvngen iiber die wichfigaten zum Dreiecke 
geh6rigen Kreise, 1836 (inaccessiblo to present author). It corresponds to 
Gergonne*s point where meet lines from the vertices to the points of contact 
of the opposite sides with the inscribed circle. 
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{AjHai) - aj^coii4-Aj, 


2s, 


(HuiA/') = (s - u,^) -aj, cos 4- A j = [i«._ (s-a^.)], 

( 4 'At ^ - (^ (t ^ (^^uAi ) {A^H(Xi) 

{A, M,) - -a;), p,--.-- _ . 

The triangles A^Ha^Al' and JA^M^ are thus similar. 


iJMi 


a . /V A 


Hence {JN) meets {A^M^ in and is divided internally 
thereby in the ratio 1 : 2. We see also by 70] that OJIIN 
are the vertices of a trapezoid whose diagonals meet in J/, 

{JO) = -Ki/iY). 


Now let P be the middle point of {JN) Join with J 
and with P, and draw AiM^, 

It tlien appears that if we take the centre of gravity as centre 
of similitude, a ratio of —1:2, the following are interchanged 

0^11, J^N. 


Theorem 71.] The centre of the inscribed circle is the 
Nagel 'point of the triangle 'ivhose vertices are the middle 
points of the sides. 

We have further 

(JM) _ (AiM) _ 2 
(3IP) " (MMd ~ 1 ’ 

Hence A^J is parallel to M^P, or AfP bisects 
so that P is the centre of the circle inscribed in the triangle 
Its radius is one-half that of the inscribed circle, 
and iV' is a centre of similitude. We shall call this the 
P circle, and exhibit its analogies to the nine-point circle 
as follows : 
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Nine-point circle. 

Circumscribed to the tri- 
angle whose vertices are the 
middle points of the sides. 

Radius one -half that of 
circumscribed circle. 

Centre of gravity and 
orthocentre are internal and 
external centres of similitude 
for nine-point and circum- 
scribed circles, ratios being 
— 1:2 and 1 : 2 respectively. 

Nine -point circle passes 
through points half-way from 
orthocentre to the vertices of 
the triangle. 

Nine-point circle cuts the 
sides of triangle where they 
meet the corresponding alti- 
tudes. 


P circle. 

Inscribed in the triangle 
whose vertices are the middle 
points of the sides. 

Radius one-half that of 
inscribed circle. 

Centre of gravity and 
Nagel point are internal and 
external centres of similitude 
for P circle and inscribed 
circle, ratios being —1:2 and 
1 : 2 respectively. 

P circle touches the sides 
of the triangle whoso vertices 
lie half-way between the 
Nagel point and the vertices 
of the given triangle. 

P circle touches the sides 
of the middle point triangle 
where they meet the lines 
from the Nagel point to the 
corresponding vortices of the 
given triangle. 


To prove the last statement on the right let us suppose that 
is the point of contact of with the P circle. Let 

JA^ meet A^' N in ilf/, 

{.Al ^j) — 

Hence, since JMi is parallel to AiA.l\ J is the middle point 
of {A{M{), 

(JM{) = (A/J) = p= 2 {PN,% PNf II JM{. 

N^ is thus the middle point of {NMi) and on 
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Nine-point circle. 

Meets the lines through the 
points mid-way from the 
orthocentre to the given ver- 
tices parallel to the corre- 
sponding side-lines where they 
meet the perpendicular bi- 
sectors of the given sides. 


P circle. 

Touches the sides of the 
triangle whose vertices are 
half- way from the Nagel point 
to the given vertices at the 
points where each meets the 
line from the centre of the in- 
scribed circle to the middle 
point of the corresponding 
sides of the original triangle. 


The last statement is at once proved by noticing that JM^ 
bisects {NA.{). 


Theorem 72.] The nine-point circle passes Ihroagh tiuelve 
notable points^ the P circle touches six notable lines at notable 
points. Each is obtained from a notable circle by either of 
tiuo similarity transformations^ the ratios being —1:2 and 
1 : 2, %vhile the centres of similitude are notable points whereof 
the centre of gravity is one. 

Returning to the Nagel point wo saw that 

(NAn^s^ (NA,) 

\NA,) a,' {Al'A^j’^s^ 

The altitude (A^IIa^) has the length — L-. Hence the ortho- 

gonal projection of (^l^iY) thereon has the length 2 p. Again, 
if A{" A, A be the vertices of the triangle whose side-lines 
each pass through one of the original vertices parallel to the 
opposite side-line, wo see that N is the centre of the inscribed 
circle to A A^" Af" A.!" . Since A-^J passes through the 
middle point of the arc AjA^^ of the circumscribed circle, 
Af'N passes through the reflection of this point in AjAj^. 
Call this Si{ \ the points A.{" Aj^ HSliAj^ are concyclic, since 
the reflection of H in AjAj. is on the circumscribed circle, and 
HA{" is a diameter since H and Af' are at the same distance 

from the diameter LioA-Aj^ ^ I13l{N = ^ IlSii'A{"= 1 • 
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Hence 

Theorem 73.] The cirde on the segment from the Nagel 
point to the orthocentre as diameter 2^asse8 throvgh those three 
2?oi7iti< on the altitudes whose distances from the corres 2 )onding 
vertices are equal to the diameter of the inscribed circle, and 
the reflections in the side-lines of the given triangle of the 
middle q^oints of the corres 2 )ondittg arcs of the circumscribed 
cirde. 

This circle is known as Fuhrmann’s circle.* 



Let us continue to study the relations of a triangle to the 
circumscribed circle. Let A^H meet the circle again in so 
that {HHa^ = {HaiA^. Let B be any other point of the cir- 
cumscribed circle ; BA,i shall meet AjA^^ in R. Draw HR. The 
Simson line BajBaj^ of B shall meet BH in B\ while it meets 
BA^ in B'\ Let RBa^ meet HR in J5'". We see from the 
cyclic quadrilateral BBit^Ba^Aj, 

L Baj^ Ba^B = Z Baj.A j B, 

AB'^Ba^B = AA^A^B = ABa^BR\ 

* Synthetische Beweise lilanimetrisoher Siitze, Berlin, 1890. Tlii« and the 
Brocard circle presently to be discussed are special cases of a more general 
circle discovered by Ilagge, ^Der Fuhrmannsche Kreis und der Brocardschc 
Kreis \ ZeOschriftfilr maihematischen Unierricht, vol. xxxviii, 1907. 
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The triangles HRA^, are similar isosceles triangles. 

^ Ba^B^'B = ^ ^ V'Ba^ R, 

==4^HRAi^ 2i^BaiRB, 
)i^Bif,RB"=4.B"BuiK 

{BB") = {BuiB'') = {B"R) 

Ba^B" II HR, 

Theorem 74.] The middle 'point of a seynient hou)ided by 
a point of the circumscribed cirile and the orthocentre lies ou 
the corresponding Shnson line and the nine-point circle. 

If we drop a perpendicular from on the Simson line of B 
its lesser angle with A^Aj will be equal to 

Z BBa Bu^ = Z {A 

Theorem 75.] The isogonal conjugate with regard to an 
angle of a triangle of a line through the vertex of that angle is 
perpendicxdar to the Simson line of the second intersection of 
the given line ivith the circumscribed cin le. 

Let us next take a fourth point A^ on the circumscribed circle, 
let Hi be the orthocentre of the AAiAjAj^, The line from to 
the middle point of (HiA^) bisects (//^O), being a diameter of the 
nine-point circle, and (AiH) = 2 Hence, in our present 

case, (AiIIj) = (AjHi), and their lines are parallel. We assume 
that A I and Aj are on the same side of Aj^Ai, 

Theorem 77.] If four points he taken upon a circle, the 
nine-point circles of the four triangles ivltich they determine 
three by three are concxi rrent in a point common to the Simson 
line of each point wdh regard to the triangle of the others,^ 

Let us for the moment call this the point S, 

Theorem 78.] The perpendicular from the middle point of 
{AiAj) on Aj^Ai passes through S, and the distance from S to 

* Lachlan, loc. cit., p. 69, assigns the credit of this theorem to the Cam- 
bridge Tripos of 1886. It will bo found much earlier in rather a clumsy 
article by Greiner, * Ueber das Kreisviereck Gruneits Archiv, vol. lx, 1877. 
For this, and the five following without proof, see Kantor, ‘ Ueber das 
Kreisviereck und Kreisvierzeit Wiener Akademie, Sitzungsherichte, vol. Ixzvi, 
section V, 1877. 
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the middle point of is equal to the distance from 0 

to Aj^Ai. 

Since the diagonals of a parallelogram bisect one another, 

Theorem 79 .] The segments connecting the middle points of 
the pairs of segments {AiAj){A^^A^ bisect one another in the 
mUldle point of (OS). 

Theorem 80 .] The four orihocentres are the vertices of a quad- 
rilateral congruent to that xcith the vertices A^A.^A.^A^ and 
having the same /ioint S. Each is a refection of the other in 
this point. 

Theorem 81 .] The centres of the fou r nine-point ci rcles are 
vertices of a quadrilateral similar to that with vertices A^^ 
ami bearing thereto a ratio 1:2. It is inscribed in a circle of 
centre S. 

We see, in fact, that the distance of each nine-point centre 
from S is Jr. Remembering the relations of OM^H developed 
in the study of the P circle. 

Theorem 82 .] The centres of gravity of the four triangles 
are vertices of a quadrilateral sim ila r to that having the vert ices 
A, and bearing thereto the ratio 1 : 3 . 

§ 5. The Brocard Figures. 

Besides the inscribed, circumscribed, nine-point, and P circles 
there are many others which bear simple and striking relations 
to the triangle. For example, let us construct three circles 
through the pairs of points AiAj tangent respectively to AjA^, 
If 12 be the intersection of two of these, 

^ ^2^12 jdo = 77 — ^ A-^ 5 ^ Af^^A^ = 77 — ^ Ao \ 

hence 7 ^A,^Q.A,^ = 77 — ^^3. 

It thus appears that the three are concurrent in 12, which is 
called the positive Brocard point of the triangle. Had wo 
constructed circles through A^Aj tangent to Aj^A^^ wo should 
have had three concurrent in the 'negative Brocard point X2'.* 

♦ In the study of the Brocard figures wJiich follows wo shall lean heavily 
on an admirable little book by Emmerich, Die Brocardschen OehildCj Berlin, 1891. 
This gives not only proofs, but bibliography and historical notices. The 
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The distinguishing characteristic of these points is ex- 
hibited by the equations 

= 0); 

^12^2^2 = A-^A>^ = 12^3 A 2 = 

Conversely, it is easily seen that if we seek a construction 



for points to satisfy these equations we shall fall back upon 
the Brocard points. To calculate co 


(12^2) : (/3 = sin CO : sin^A2, (^2^2) : — sin ^(^3 — co) :sin^A3, 


sin ^ A3 __ sin^(A3 — o)) sin 4-A^ 
sin ^ Aj ~ sin co sin ^ A3 


ctn CO = 


sin^ Ag 


. ^ ^ . V A' + ctn ^^3 =2 ctn^vl,-. 

The symmetry of this expression shows that co = co'. 
called the Brocard angle. 


(13) 

It is 


Brocardian geometry, like the study of nine-point and P circles, is part of the 
modern ‘ Geometry of the Triangle \ This subject has attained colossal pro- 
portions almost over night. Vigari6, ‘La bibliographic de la geometrie du 
triangle*, Mathhis, Series 2, vol. vi, 189G, estimates that, up to 1895, 
G03 articles had been written dealing therewith. The subject was only 
started in the seventies. 
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Theorem 83 .] The two Brocard points are isogonal con- 
jugates of one another. 

csc^o) = csc^ ^ + ctu^ + ctii^^ J.34- 2 2 ctn ^ ctn 

^ ^ ^ . 1 —ctn ^ ctn ^^0 

But ctn ^ ^ 3 = > 

^ ^ ctn^ ctn^^2 

t = 3 

csc^co = 2 CSC^^ (14) 


Hsin^ 


2 ^ sill* 4 - -A: 2 


16 A* = 16 sn(s-('f<) 

= 2 2a/a/-2a/, 


1 = 8 T 2 


From ( 13 ) 


2 


'N Rin^ 


sin^ 4 -^i 


ctn (O = * g - 


2 [1 sin 4-^i 


ctn <t) -. 


(aacij,) = {a A i) sin a, = a,- “ , 

' sin Aj 


(f2i2aj^) = 2r sin^o)— . = 2rsin*a) — • (18) 

O' aj 
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sin(^ — o)) _ 


sin 60 

sin^L Afsin^-Ay 


_ “// 

«i-(A^.12,.) 




{Ajili) 

- ^ 

«»• 


sin(^A^- -t to) ^ ^ ^ ^ 2. 

sin 60 

sin Aj + o)) > 2 sin 60 . 
sin 60 < 


(19) 


Theorem 84.] The Brocard angle is aot greater than one- 
third of a right angle, 

_ sino) _ (AjQ.') 
aj ^ iim4^A^'^ a^ 


Theorem 85.] The distances from each vertex to the two 
Brocard points are proportional to the tivo sides including 
that vertex. 


The three triangles into which the original one is divided 
hy connecting the vertices with the positive Brocard point 
are similar to those obtained by connecting them with the 
negative one. 

The area of /\A^^lAj is 


Af 12) sin w = ^ 


sin ^ Aj 


sin 60 = r siir co 


a. a;, 


Theorem 86.] The triangles into ivhich the given triangle 
is divided hy connecting its vertices tvith the positive Brocard 
point are equal to those obtained hy connecting them with the 
negative one. 

As the Brocard points are isogonal conjugates they have 
the same pedal circle by 65], and so by 62] are at equal 
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distances from 0, Let meet the circumscribed circle 

again at 



^ ^ A ^ A j^Aj^’}- ^ Af^A 1^ Aj , 

= ^A^A^Aj^-^ ^ Aj A j , 

= ^ A ^ — 0)4-0) = ^ A ^ , 

We have thus two similar triangles inscribed in the same 
circle, i. e. 

Theorem 87,] The i^oints where the lines from a Brocard 
'point to the vertices of a triangle meet the circumscribed circle 
again are vertices of an equal triangle. 

Since 'l^A^Ayi- = oj, T^A^fiA ^ ~ 2o). 

We may pass from liiA^A^A.^ to [\A^A^A.^ by a rotation 
about 0 through an angle whose measure is 2o). Moreover, 
since l^AjA^^Q.^ co, 

Theorem 88.] 12 is the negative Brocard point for the 

A -^A ^A^, 

Theorem 89.] The six triangles A;^lAj^, are 

similar to the given triangles. 

We have but to compare the various base angles. 

{aA,):{A,A,:)=.{AiAf:{A,^ll 


{Q.A^x{llA^) — —ir^sin^ 
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Theorem 90.] The power of a Brocard point with regard 
to the circummrihed circle is minus the square of the chord 
determined by a central angle equal to the Brocard angle. 

= 4r‘^sin^a), 

= — 4 sin^o), 


= T 



cos 3 a) 
cos O) 


( 20 ) 


( 1212 ') = 


2r sino) 



cos 3a) 
cos O) 


( 21 ) 


We have here a second proof of 84]. 

There is another notable point of the triangle which bears 
the closest relation to the Brocard points. We reach it as 
follows. Let a transversal meet and A^Aj^ in two such 

points Bj^ and Bj respectively that 

4^Bj^BjA,^4^Aj, t-BjBj,A,^4-Aj^. 

Such a line is said to be antiparallel to AjAj^."^ The 
distances from the middle point of (BjBj^) to {AiA-j.) and 
{AiAj) are proportional to aj : 

The locus of the points is thus a line, called a symmedian. 
Incidentally, the tangent to the circumscribed circle at A^ 
is antiparallel to AjAj^, 

The three symmedians of a triangle meet in a point called 
the symmedian 2X)int^'\ and indicated in our present scheme 
by the letter K. It is the isogonal conjugate of the centre 
of gravity, and its distances from the side-lines are propor- 
tional to the lengths of the corresponding sides. Three anti- 
parallels pass through this point, and it is the centre of the 
three equal segments determined by each two sides on the 
antiparallel to the third. 


Theorem 91 .] The symmedian point is the centre of a circle 
meeting each side of the triangle tvhere the latter meets the tivo 


* This term is said to bo duo to Leibnitz. 

t In German works this is referred to as Grebe’s, and in French ones as 
Lemoine’s point. We are not in a position to decide the question of 
priority, so use the usual English term. 


1702 
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antiparallda to the other aide which pass through this aym- 
median point. 

This circle is called Lemoinda second circle. 

Having premised this account of K, let us draw through 
a line \\ A^Aj and let it meet A^Aj^ in K'. The distances 
from to AiAj^ and A^Aj are proportional to sinoo, 
sin (4-.Aj — (o)i K' is at the same distance from A^Aj as is 12^-; 
its distance from is sin 4- Aj, and so bears to the 

distance from Sl^ to A^Aj^ the ratio : aj = sin 4-^hy 
The ratio of the distances from K' to AjA^ and A^Aj^ is thus, 
by (18), a,.: K'^Kj. 

Theorem 92.] is parallel to AiAy 

We have already seen that 

(AjO^i) _ {Aj^Kj) _ {M]^A p 2 

(iVT) (iTTi;) 

Theorem 93.] The line from Aj^ to the positive Brocard 
pointy the symmedian through Aj^ and the median through Aj^ 
are concurrent. 



Let the point of the circumscribed circle diametrically 
opposite to Ai be and let A^B^ meet A^Bj^ in L^. We pro- 
ceed to prove 
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Theorem 94 .] The triangles L^LyL^ are similar 

figures with the double i^oint 

The quadrilateral il AjLjAj^ is inscriptible, since 
4-AjilAj^ = TT— ^ 

4^ilLjLj^ = 'j^^lLjAj^ = l^ilAjA^ = CO. 

Hence X2 is the positive Brocard point for the triangle 
L^LyL^. To find the ratio of similarity wo have 

= siii(^-u,):sma,. 

^ = ctn CO, 

Since A^B^ is antiparallel to L^Lj, we have 

Theorem 95 .] The centre of the circumscribed circle is the 
symmedian point for AZgijig- 

Let us next notice that we pass from A1A2A3 to L.^LyL^ by 

TT 

rotating through an angle — - about 12, and altering radii 

a 

vectores (distances from 12) in the ratio ctn co : 1 . It is evident 
that we might have reached a similar triangle LfLyLf by 

rotating about 12' through an angle ^ . This yields the im- 
portant result 

Theorem 96 .] The centre of the circumscribed circle and 
the symmedian point subteml right angles at the Brocard 
2^oints. 

We have from our previous formula (20) 

(012) = (012') = v^l — 4 sin^co. (20) 

(iri2) = (if 12') = r tan co v^l — 4 sin^ co. (22) 

(1212') = 2 r sin CO V\ — 4sin‘^co. (21) 

{OK) = 2?’ sec CO \/ 1 -~4sin^co = 2?’ \/l —3 tan'^co. (23) 

The Brocard points play an important role in the problem 

£ 2 
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of inscribing in a given triangle a second similar thereto. 
Let be such a point of (AjAj^) that 4~A jilP^ = d. 


4-Pj£lP,,^4.Aj,aAi, 

{OPj) = (iiiiay) CSC (co + 6), 




Sin 00 


sin (co 4- 0) 

The APoPjPg thus similar to A A^A^A 


A. 



the angle we get another 

Pa'P/P,'. The six points P^.P^' 
be the centre of tliis circle 


and has H 
as its positive Brocard 
point. Conversely, if the 
APgP^i^^ be similar to 
the given triangle, P^ 
lying on AjAj^^ then the 
three circles AiPjPj^ will 
be seen to pass through 
such a point that the angle 
subtended there by PjPjc 
will be 7T — and this 
is easily found to be the 
common positive Brocard 
point for both triangles. 
In like manner from the 
negative Brocard point and 
inscribed similar triangle 
are coney die by 67 ]. Let 


{aPj):iilAj,) = {ilO^):{ilO). 

(127 j) : (120^) is a ratio independent of 0, and since 
T^Pj^lO^ = l^Aj.Q.0 the locus of 0^ is a straight line. This 
line goes through 0 corresponding to 0=0, and through the 

middle point of (1222'} corresponding to ^ — a>. It is 

therefore the line OK. 


Theorem 97.] The six i^oints PiPj circle tvhose 

centre ie on OK. 

Such a circle is called a I’ucker circle. 
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Theorem 98.] The line Pi^j is parallel to A 

Theorem 99.] The line Pi Pj is ant^Mvallel to A^Aj, 

The proofs of these latter theorems come immediately from 
the definition of the Tucker circle. They also give a means 
for constructing a Tucker circle. 

Theorem 100.] The three segments (P/7^y) are equal to 
one another. 

We see, in fact, that the lines of any two are equally 
inclined to one side-line of the triangle, and the segments are 
comprehended between parallel lines. 

Theorem 101.] The triangle formed by the three lines 
PiTj is similar to the original triangle^ the double point 
being a symmedlan 'point for each. 

We see, in fact, that the sides of the two are parallel in 
pairs, and in the parallelogram having as three vertices 
P - , P{ a diagonal goes from Aj. to a vertex of the second 
triangle and, being a symmedian, passes through K. 

Theorem 102.] The triangle formed by the three lines 
Pf Pj bears such a relation to the origincd triangle that lines 
connecting corresponding vertices are concurrent in K, 

We have but to find the ratio of the distances of a vertex 
of the first triangle from two sides of the second. 

Theorem 103.] The perpendiculars on the sidedines of the 
given triangle from the corresponding vertices of that triangle 
whose sidedines are Pf P: are concurrent in the centre of the 
Tucker circle. 

Let us take up certain special cases of the Tucker circle 
obtained by giving to 0 special values. 

0 = 0. The Tucker circle is the ^circumscribed circle. 

d = ^ —o). The Tucker circle is the pedal circle of the 

A 

Brocard points. 

TT 

0 = Here, by theorem 96], the centre of the Tucker 
circle is the symmedian point. Moreover, we shall have 
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JPi'Pj II PjPh’ Hence the lines -P/Py are concurrent in the 
centre of the Tucker circle. But these are also antiparallels 
to the side-lines of the original triangle, whence, 

Theorem 104.] The Tucker circle where 0 = - is the second 
Lemoine circle. 

The segments which this circle cuts on the sides of the 
triangle will be bases of isosceles triangles whose base angles 
are equal to the angles of the original triangle. 

Theorem 105.] Lertioine's second circle cuts on each side 
of the triangle a segment proportional to the cosine of the 
opposite angle. 

For this reason Lemoine’s second circle is sometimes called 
the Cosine Circle, The perpendicular from Kaj^ on {PjP^) 
bisects the latter at a point of and the symmedian 

point is half-way from there to Ka^, Hence M^K bisects 

Theorem 106.] The Urns collecting the middle points of 
the sides of a triangle ivith the middle 2 ^oint$ of the corre- 
spending altitudes are concurrent in the symmedian point, 

0 ^ (si. Here is equidistant from Aj and 12, and P/ 
is equidistant from and 12', PjP^' ^ AjAj^, Moreover, 
I^OQlOq = CO = 1^12012', and the centre of this circle, 
called Lemoinds first circle, is the middle point of {OK). 
The three lines PaP/ must be concurrent in the second 
Brocard point of A P^PjP^, or the first Brocard point of 
A P^PjP^, This is K since = w. 

Theorem 107.] In the case of Lemoinds first circle the 
segments (PjPj/) are bisected at the symmedian point, and 
the centre of the circle is half-way from there to the centre of 
the circumscribed circle. The symmedian point is a Brocard 
point for each of the triangles. 

This circle is easily obtained by drawing through the 
symmedian point parallels to the side-lines of the triangle. 


(P<P/) : a, = {KKa,) : = (KKa,) x 
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But, by the fundamental symmedian property, (KKa^) is 
proportional to and 

Theorem 108 .] The segments which Lemoine's first circle 
cuts on the sides vf the triangle are proportional to the cubes 
on those sides. 

For this reason this circle is sometimes called the triplicate 
ratio circle. 

There is one more Tucker circle which merits special 
attention ; it is, however, more easily approached from another 
point of view. 



Let Gi be the middle point of Ha^Ha^^, and let meet 

in and A ^A^ in It is easy to see that the 

length of our segment {PiPj) iy equal to the semi-perimeter 
of the pedal triangle of H 

4LP,P,/P,= 

= 4-Ai + t.PnPi'Gj = 4-Ai + 4-Pi'PkG/ 

Since 

{P^Gfi^{Ha^Gfi^{G^Ha,):=^{P{ 2jLP,(?,.P/=7r-22^A^.. 

Hence the four points P^, P/, Py, Pfi are concyclic, and so 
all six points P^., Py lie on one circle. This circle is called 
TayloPs circle. Since the A GjP^fi^{ is isosceles, the perpen- 
dicular bisector of (P;^P/) bisects also ^ Gj. 
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Theorem 109,] Taylors circle is concentric with the circle 
inscribed in the triangle whose vertices lie midway between 
the feet of the altitudes. 

Let us show that Taylor’s circle is a Tucker circle. The 
three lines are concurrent in the symmedian point. 

11 ^i^k since 4LP,.P/^j= Jy. 

The triangles P^PjP]^, Pj^P{Pj are equal by three sides, and 
4^PiPjPj, = 

Hence these equal triangles are similar to the original one, and 

Theorem 110.] Taylor s circle is a Tucker circle. 

The process of finding the corresponding value of ^ is a bit 
difficult. Let be the foot of the perpendicular from 0^ 
on G; Gj.. 

(P,©,) = |(P,P/) = ^S(^e,,ff«^.), 

= ^^ai cos^ = ?’nsin^^^. 

0^0^ is, by 109], the radius of the inscribed circle in a 
triangle whose sides are 

= ^’Hcos^ J,,;, 
tan 0 = — IJ tan 4,*, 

(G^.Pa,) = {G^l\) = {G/Pf) = {GjHa,). 

The circle on (Ha^Haj^) as diameter passes through P/, P;.. 

Theorem 111.] Taylor s circle contains the intersections of 
each side-line ivith the i'>erY)endiculars from the feet of the 
altitudes on the other two.^ 

i^jPi) = cos^Yly = a^cos^^ilj-, 

i-^kPt) = 

{PiPi) = «i(l-cos24^y-cos%^;i), 

= (sin^^ Aj sin'* i-Aj^ — cos^ ^ Aj cos'* 4~-^k)- 

Theorem 112.] The segment cut by Taylor's circle on the 
side {AjAj^ has the value 

a.y cos ^ J i cos Aj — %_Af^. 


.♦•'Cf. Theorem 66. 
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The centre of the circumscribed circle is the orthocentre 
of the Hence, by 74], the Simson line of Ha^ 

with regard to this triangle passes through the middle point 
of (Ha^O). The segment (A^Ha^) is bisected perpendicularly 
by MjMj^ so that the before-mentioned Simson line of Ha,i 
is II OA^, The A GjGj^O^ is similar to the triangle whose 
vertices are Ila^^Haj and the orthocentre of A , 

the ratio of similarity being 1 : 2, while Ha^ is the centre of 
similitude. Hence 0^ is the middle point of the segment from 
Hai to the orthocontre of the AA^lIaj^Ha-^ which point lies 
on AiO. 

Theorem 113.] The centre of Taylors circle lies on the 
Simson line of the foot of each altitude with regard to the 
triangle whose vertices are the middle 2 ^oints of the sides of 
the given triangle. 

The perpendicular from M- on HajHaj^ bisects (Ha^IIaj^) 
since (M^Haj) = (M^HcCj^). The perpendiculars from on 
Ha^Haj and IlaiHaj^ make equal angles with AjAj^. Hence 
the Simson line of with regard to /\ HaiHajIlaj^ is the 
perpendicular on AjAj^ or on from the middle point of 

HajHaj^^ and so is the line 

Theorem 114.] The centre of Taylors circle lies on the 
Simson line of the middle iioint of each side with regard to 
the triangle whose vertices are the feet of the altitudes. 

{A^Pj) X {A^Pf) — af cos^ ^ A^ cos^ t- A 

This last expression is equal to the square of the distance from 
A^ to HajHaj^. But -4^ is the centre of a circle escribed to 
th e A Ha i Haj Haj . . 

Theorem 115.] TayloPs circle cuts at right angles the 
circles escribed to the triangle whose vertices are the feet of 
the altitudes. 

Enough has now been said about the Tucker circles. 
Returning to the figures more nearly associated with the 
name of Brocai'd, we remember that we originally found 
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the Brocard points by constructing circles through 
tangent to A^A-j^ for £2 or to Aj^A^ for X2'. The centre of the 
first of these circles shall be called Xj, that of the second X/, 

Theorem 116.] The triangles X^X^X.^ and X^X^X.^ are 
similar to the original triangle^ the double points being the 
p> 08 itive and negative Brocard 2 ^oints res 2 '>ectively, and the 
ratio of similitude being 1 : 2 sinoi. 

Theorem 117.] The centre of the circumscribed circle is the 
negative Brocard point for A X j X^ X^ and the 2 ^ositive 
Brocard 2)0 int for AX/X^Xf 

We see, in fact, that X^ lies on the perpendicular from 0 on 
Aj^A^, while Xj^Xi is the perpendicular bisector of (f2u4^). 
Hence 4-ilX^Xj^ = = co. 

We have already seen that 

4.Q.OLl'=2w, t-OSlK = l- 

a 

Hence, if Z be the middle point of (OK)^ 

(Za) = {ZK) = ^iOK) = ^^. 

Theorem 118.] The centre of the first Lemoine circle is the 
common symmedian 2)0 int for AX^X^^X.^ and A X^'X^Xf 



Fig. 20. 
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Let the circles whose centres are and X/ intersect, not 
only at but again at A A is called Brocard's 

second triangle. 

Theorem 119.] The points AjA^fiA^' are concyclic. 

Theorem 120.] A/' lies on the symmedian through A^, 

We see, in fact, that the triangles AiAjA{\ Aj^A^A^' are 
similar; hence the altitudes from A{' have the ratio a^iaj. 
We notice also, since AjAj^OA^" are concyclic, 

Z0A/'A. = Z0A,A.=|-~ZA,. 

But AAjAf''Ai = — ^ 

Theorem 121.] A/' is the projection of 0 on A^K, 

Theorem 122.] The three points A/' lie on the circle on 
{OK) as diameter. 

We have thus, remembering 96], seven points on this 
important circle, which is called Brocard^s circle. We find 
three more as follows. Let A/ be the intersection of AjO. 
with A;^f2'. The A A^AfAf is called Brocard's first 
triangle. 

Theorem 123.] The three triangles A{AjAj^ are similar 
isosceles triangles. 

The distance from A/ to A^A;;. is ^a^tanco, and this is 
also the distance from the symmedian point to that line 
by (17). 

Theorem 124.] The three lines through the points A/ parallel 
to the corresponding side-lines AjA^ are concurrent in the 
symmedian p>oint. 

Since ^12A/f2'= 2 a) 

Theorem 125.] The vertices of Brocard's first triangle lie on 
Brocard's circle. 

Since (A^'A;^') subtends at A^' and at K an angle = ^ A^ 
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Theorem 126.] Brocard's first triangle is similar to the 
given triangle. 

We get from formula (23) 

Theorem 127.] The ratio of similitude of Brocard's first 
triangle and the given triangle is 

y 1 — 3 tan^ CO : 1 . 


At 



Let A/ be the reflection of A/ in A^Aj^^ so that 
{A/Mi) = (A/M,). 

Connect A( with and also connect A - and yl;/ with 
A-j^ and Aj. Then A A - Af^Al is similar to A A^A^Aj since 

4- 4 - — «*> + to = 4--^k ; 

{■^k -^j) '• {-^k-^i) = 

Hence also Aj^'AjA^ is similar to A A-^AjAj^, and as 
{AjAf) = (Aj^A /) ; A A^A/A/= A A/Aj/Aj ; 
(A/A/) = {A^'Aj) = iAj,'Ai). 

Similarly (Aj/A/) = (Aj'A/) and A^AjA^Aj/ are the vertices 
of a parallelogram. Hence the median from A/ in A A/Aj'Aj/ 
is the median from Al in A A(A^A(. A second median of 
this triangle is A^M^. The median of A A^Aj'Aj^' through A( 
divides {A^M^ in the ratio 2 : 1, i.e. goes through M. 
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Theorem 128.] Brocavd's first triangle has the same centre 
of gravity as the given triangle. 

The quadrilaterals A;;.A^A/'A^' are equi- 

angular and similar, so that 

(A,M/0 : (A /4/0 = a, : = (A/A/) : (A/A/) 

= sin ^ A;/A/A/' : sin AfA(A{\ 

Hence A{A,{' is a median of the A A/A/A;^'. 

Theorem 129.] The lines connecting the corresponding 
vertices of Brocards tico triangles are concurrent in the 
common centre of gravity of the first Brocard and the given 
triangle. 

The triangles A/A/A 3 ', AjA 2 A 3 are similar, but are easily 
seen to be arranged in opposite order. It is easy to see that 
under the similarity transformation of the plane thus defined, 
a line through A^ || AfAjf will pass into one through 

Theorem 130.] The Ikies through the vertices of a triangle 
parallel to the corresponding side-lines of Brocards first 
triangle are concurrent on the circumscribed circle. 

This point of concurrence is called Steiners p)oint. That 
diametrically opposite is Tarry's point. 

Theorem 131.] The lines through the vertices of a triangle 
perpendicular to the corresi^onding side-lines of Brocard s 
first triangle are concurrent in Tarry's point. 

Suppose that A^O meets the Brocard circle again in 1\, 
Let us find the magnitude of ^ Tf)A(, 

OAl X A^ A;^ ; i^OA^Hai = ^ — Aj ; 

t- T.A fA! = ^ A,-2^ A . ; T,.A/A;/ = ^ A/. 

Theorem 132.] The angle between A-Aj^ and Aj Aj' is 
equal to ^KOA^, 

It appears at once from the construction of Fig. 14 that 
the Simson line of any point P makes with AjA^ an angle 
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equal to the angle formed therewith by PA^, and this is equal 
to - — The angle which A^O makes 

with AjAj^ is t-Aj^ + 



Hence the angle which the Simson line makes with OA^ is 
7^Aj^ — :^PAjA^, and this is the angle of PA^ with A-Aj^, 
The Simson line of Steiners point and OK are equally 
inclined to OA^, They must, thus, be parallel, or make with 
OA^ an angle whose algebraic sum is zero. But two lines 
cannot simultaneously make with the three concurrent lines 
pairs of angles differing only in sign. 

Theorem 133.] The Simson line of Steiners point is 
2 xirallel to the line from the centre of the circumscribed circle 
to the symmedian while the Simson line of Tammy's 

2X>int is 2^^rpemlicular thereto. 

Suppose that we have given the side {A-Aj^ of our original 
triangle, and the Brocard angle, what will be the locus of the 
opposite vertex ? Restricting ourselves to one side of Aj Aj ^ , 
we construct an arc at whose points {AjAj^ subtends an 
angle equal to co. Suppose that A^ has been found, and that 
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AjA^ meets this arc again at Y^. Draw Yj^Aj^, and A^D. 
which is II Yj^Aj^ and meets AjAj^ in 12^. 

(Ajili) : (a^Aj^) = a,/ ; a/, (A^A^) x (A^j,) = -a/. 

A^ has thus a constant power with regard to a given circle ; 
its locus is the arc of a second circle concentric therewith. 

Theorem 134.] The locus of the vertex of a triangle whose 
opposite side and Brocard angle are given is formed hy the 
arcs of two circles concentric with those containing all points 
whereat the given side subtends the given Brocard angle. 

These circles are called Neuherg circles and have many 
interesting properties whereof we shall give but a few.* If 
the original triangle be given there are three pairs of Neuberg 
circles ; let us restrict ourselves to those three whose centres 
lie on the same sides of the side-lines as the opposite vertices 
of the original triangle, and call these the Neuberg circles 
of the given triangle. Let the centre of the Neuberg circle 

corresponding to AjAj^ be Then | -co. 

The distances from to A^Aj^ and AiAj are in the ratio 
cos (^A;^ + a)) : cos A^- + (o). Now if a point lie on the 
perpendicular from A^ on AjAj^\ i. e. on the line from A^ 
to Tarry’s point, the ratio of its distances from A^Aj and 
A^Aj^ will be, by 132], 

cos ^ IWAj ^ : cos ^ KOA/ = sin ^ OKAj ^' : sin ^ OKAJ. 

The sine of the angle of OK and A^Aj, or of OK and KAj^\ 
is, by (23), 

{KKa^^ — (OM^ _ sin Aj^ tan co — cos 
>/l — 3tan'^a) 

Hence 

sin ^ OKAj ^ : sin ^ OKA/= cos Aj^ + o>): cos Aj + co). 

Theorem 135.] The lines connecting the vertices of a triangle 
with the centres of the corresp)onding Neuherg circles are con- 
current in Tarry's point. 


* Emmerich, loo. cit., pp. 183 ff. 
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We see that if one angle and the Brocard angle of a triangle 
be given, the other angles are determined by symmetrical 



equations. Hence the various possible triangles with these 
data are similar. 

Theorem 136.] If AiAj and A^A^. meet the correspoiidiiu) 
Neiiherg circle again in Bj and Bj. res2)eciively, then AAjBjAj^ 
and A AjBj^Aj. are similar to /\ A^AjA^^. 

Theorem 137.] The power of A^ or A^^ with regard to the 
corresp)0)uling Neuherg cirde is a^. 

If the points A - and Ay^ be given, there will be oo^ circles 
with regard to which each has the power and these 

will all be Neuborg circles. Let AjBj. meet such a Neuberg 
circle again at Cy, while Aj^Bj meet it at Gj^. Then, by the 
preceding, Aj^Cj^ and AjCj will intersect on the Neuberg circle, 
which gives the curious theorem : 

Theorem 138.] If a circle hear such a relation to tivo j^oints 
that the pov.^er of each tuith regard to it is the square of the 
distance of the 2)oints, then oo^ re-eidrant hexagons nuty he 
inscribed in the circle such that alternate side lines 
through the one or the other given 'point. 

We obtain an interesting sidelight on the Brocard con- 
figuration by a study of three similar figures to which we now 
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turn our attention.* Two figures are directly similar if 
corresponding distances be proportional and corresponding 
angles equal in magnitude and sense ; when the signs of 
corresponding angles are opposite, the figures are inversely 
similar. A relation of direct similarity will be determined 
as soofi as we know the two points AjAj' which correspond 
to two given points AjAj^, The locus of the points whose 
distances from Aj and A,j bear the ratio {AjA ^^) : {Aj A^) is 
a circle, and a similar circle may be found for and Aj^\ 
These circles intersect in two points which are the double 
points of the similarity transformations determined by the 
corresponding segments. 

Suppose that we have three similar figures /i,/2,/3. The 
double point of^* and shall be the three ratios of simili- 
tude i\: : ^3. Let D.^ be the vertices of a triangle 

whose sides lie along three corresponding lines. The distances 
from to and are proportional to Vj : Hence, 

by Ceva’s theorem, 

Theorem 139 .] If three similar figures he given, the three 
lines connecting each double point to the correspo itding vertex 
of a triangle whose side-lines correspond in the three figures 
are concurrent. 

Let us call this point of concurrence C. Notice that if not 
only the side-line but the actual sides are corresponding, it 
will be the symmedian point. The angles of 
depend merely on the transformation, as do the angles which 
make with B^Dj and B^Bj^, since their sum and the 
ratio of their sines are constant. Hence the angles /.SfiSj 
are constant in size. 

Theorem 140 .] The locus of the points of concurrence of lines 
from each double point to the corresponding vertex of a triangle 
whose side-lines correspond is the circle through the three 
double points. 

If we draw through C three lines parallel to the three lines 
B^B- they will intersect this circle again in points They 

will also be three corresponding lines as their angles are those 

* McCleland, A Treatise on the Geometry of the Circle^ London, 1891, ch. ix. 

F 
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of any three corresponding lines, and the distances from to 
CEj and CEj^ are in the ratio : Tj. Also the points E^ are 
fixed, since /.E^CSj has a constant value. Conversely, if 
three corresponding lines be concurrent, the locus of their 
point of concurrence is, by 140], this circle. 

Theorem 141.] The locus of^^oints ivhere three corresponding 
lines are concno^ent is the circle through the three double 
points; the three corresponding lines must pass through fixed 
points of this circle. 

These fixed points on the concurrent lines are called in^- 
variable px)iids. 

Theorem 142.] The lines connecting the double p)oints to 
the corresponding invariable points are concurrent. 

We see, in fact, that the invariable points are surely corre- 
sponding. 

rj : = {S^Rj ) : {SiR^) 

= sin 4 L S^Rj^Rj : sin 4~ SiRjRj; 

= Bin 4.^SiRiRj : sin 

Hence the three lines S^E^ meet in a point M. 

Suppose that we have Pj, Pg, P 3 three corresponding points 
which are collinear. The angles of A SiPjP^ are constant in 
magnitude, hence /.Sj^P^Sj has a constant value, or the locus 
of P^ is a circle through iSj and If Si be the point which 
corresponds to S^ in /^, the line S^S/ must correspond to two 
other lines through S^, namely S^Ej and SiEj^, so that S/ is 
on S^E^. Again, LS^^P^P^ is constant, so that P^Pj meets 
the Pi circle in a fixed point, namely M, and this is common 
to all three circles. Conversely, there are surely sets of 
corresponding collinear triads, generating three circles which 
correspond, and if we take Pj, Pg, P 3 three corresponding 
points on them Z Sj^P^Pj has a fixed value, so that P^Pj goes 
through a fixed point, namely My and P^ lies on PiPj. 

Theorem 143,] The loci of three collinear points in three 
directly similar figures are three circles each through two 
double points. There is one p>oint common to all three circles^ 
and sets of three collinear corresponding points are collinear 
with this. 
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Theorem 144.] If three directly similar figures be con- 
structed on the three sides of a triangle following one another 
in cyclic order ^ 

(a) The vertices of the second Brocard triangle will he the 
double points, 

(b) The vertices of the first Brocard triangle %cill be the 
invariable points, 

(c) The lines connecting corresponding vertices of the 
original and second Brocard triangle will he concurrent in 
the sy mmedian point of the foi'nier which lies on the Brocard 
circle, 

{d) The lines connecting corresponding vertices of the two 
Brocard triangles are concurrent in the common centre of 
gravity of the given and first Brocard triangle, 

(e) The symmedian 2 ^oint of every triangle formed by three 
corresponding segments in cyclic order will lie on the Brocard 
circle, 

(/) U three corresponding lines be concurrent they pass 
through the vertices of the first Brocard triangle y and their 
point of concurrence is on the Brocard circle. 

(g) The loci of three corresponding collinear 2 ^oints are the 
three circles through two vertices of Brocard's second triangle 
and the centre of gravity of the given triangle. 

The three circles mentioned in (y) are called MacKay circles 
and deserve some further notice. The three lines pass 

through My which lies between A /and A/'. 

Theorem 145.] The MacKay circles are the reflections in the 
centre of gravity of the given triangle of the inverses of the 
sides of the first Brocard tr ia ngle i n a fixed c ircle whose centre 
is that centre of gravity. 

Theorem 146.] The MacKay circles intersect at angles equal 
to those of the given triangle. 

As M is the centre of gravity of the first Brocard triangle, 
it is the middle point of three segments each on a line parallel 
to one side-line of this triangle and terminated by the 
other two. 
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Theorem 147.] The centre of gravity of the given triangle 
is the middle point of the three segments which each two 
MacKay circles cut on the tangent to the third at that point. 



Starting with our original triangle, we may construct three 
others similar to it as follows : 

shall be such a point on the same side of as A^ that 

4^C\A,A,=.t.A,, }i^C\A,A, = 4-A,. 
shall be such a point on A,^A.^ that 
t.C\A,A, = l.A,. 

63 shall be such a point on -4 2^3 that 
^G^AjA.^ = ^^ 3 - 

The centres of gravity of our three triangles C^A^A^, 
A^C^A.^^ A^A^G.^ lie on the line through M jj A^^A.^ and are 
corresponding points. The centre of gravity of A G^A^^A^ is 
thus on the MacKay circle through Af'Af^ and is the reflection 
of ilf in the perpendicular bisector of (A^A.^), 

Theorem 148.] The centre of each MacKay circle lies on the 
p)erpendicidar bisector of the corresponding side of the original 
triangle. 

We shall show in the next chapter that is a centre 
of similitude for the corresponding MacKay and Neuberg 
circles. The geometric proof seems to be, however, decidedly 
intricate.* 


* McCleland, loc. cit., pp. 213 ff. 
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§ 6. Concurrent Circles and Concyclic Points. 

We have so far had certain examples of circles through 
a number of notable points : the nine-point circle passed 
through twelve, the Brocard circle through ten. We shall 
next proceed to find, by induction, circles which contain 
notable points ad libitum. Suppose that on each side-line 
AjAj^ of our typical triangle we take a random point 
If P be the intersection of the circles A^B.^B^^ 

Z B^PB^ = Z Z B,,PB^ = Z A^A^A ,, ; 

hence AB^PB,^ = /.A^A^A-^, 

and our three circles are concurrent. 

Theorem 149.] If a 2 ^oint he marked on each side-line of 
a triangle, the three circles each through a vertex and the 
adjacent marked 2 '>oints are concurrent.^ 

The number of corollaries which flow from this truly 
admirable theorem is almost transfinite. Suppose that P lies 
within the triangle, the most important case, 

t-A^PAj = '}^A^-^l^Ai.A,iP-{-'^Aj^AjP, 
t.Aj,A,P^t-BjB^P, 

'^A^PAj = j^Ay.-\-'^Bj^. 

A similar result is easily found when P is not within. It 
appears also that if the angles of the A B^B^B^ be known 
the point P is also known. 

Theorem 150.] If a triangle with knoivn angles have its 
vertices anytvhere on specijied side-lines of a given triangle, 
the three circles each through one vertex of the fixed triangle 
and tivo adjacent ones of the variable triangle are concurrent 
in a fixed point. 

The most interesting case is where the two triangles are 
similar. If = ^Bi we may take for B^ the point M^. 

* The earliest proof of this theorem known to the author is that of 
Miquel, ‘Thdoremos de g(5onu5trio Liouville's Journal, vol. iii, 1838. 
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If ^ infinitely near to on AiAj, 

and similarly if A^. = 

Theorem 151.] If three points be so taJcen on the side-lines 
of a triangle that they are vertices of a triangle similar to the 
given one, then the three circles each through a vertex of the 
given triangle, and the two adjacent vertices of the new 
triangle are concurrent either in the centre of the circum-’ 
scribed circle of the given triangle or in one of the Brocard 
points,"^ 

Let the reader prove : 

Theorem 152.] The only case where the lines A^B^ are 
concurrent in the 2 >oint P is where they are the altitude lines 
of the triangle. 

We easily find from 67] : 

Theorem 153.] If the intersections of a circle with the 
side-lines of a triangle he divided into two groujys of three, 
each group containing one 2 >oint on each side-line, then the 
point of concurrence of the three circles each through one 
vertex and the adjacent paints of the first group, and that of 
circles through each vertex and the adjacent jyoints of the 
second groujy, are isogonal conjugates^ 

It is immediately evident by inversion that our funda- 
mental theorem 149] holds equally well when the side-lines 
of the triangle are replaced by concurrent circles. It may 
then be reworded as follows : 

Theorem 154.] If four points on a circle or line he taken 
in sequence and if each successive pair be connected by a circle, 
the remaining intersections of successive pairs of circles are 
coney die or collinear. 

Still another form for the theorem is as follows : 

Theorem 155.] If four circles be arranged in sequence, 
each two successive circles intersecting, and a circle pass 

* McCleland, loc. cit., ch iii, takes this as the basis of the whole Brocard 
theory. 

f This excellent theorem is due to Barrow, loc. cit., p. 262. 
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through one point of each such pair of intersections^ then the 
remaining intersections lie on another circle or a line,^ 

Let us give another proof of this theorem depending on 
different considerations. If a triangle be formed by the arcs 

of three circles Cj, Cg, <^ 3 , and if mean the oriented 

angle of the half-tangents to two circles at a vertex of the 
triangle, those halves being taken which correspond to the 
positive orientation of the circle, then, if the three circles be 
concurrent, we have 

■ ■■—■ > ■ ' "> 

Conversely, if this equation holds, it is easy to see that the 
circles are concurrent. Suppose now that we have a sequence 
of four circles Cj, ^ 2 , C 3 , and that one intersection of each 
two successive lines lies on c, 


= ^ 6^3 + 41 6*304 = ^064 + ^64C4 + -^0i6*= 0. 

410^62 + ^0203 + ^0364 + ^6*46^ = 0. 


Conversely, when this equation holds, the circle through three 
properly chosen intersections passes through the fourth. But 
when we move from one intersection on Oj and to the other 

we have merely to reverse the sign of the theorem is 

thus proved. 

Let us next suppose that we have given not three lines 
but four, no two being parallel nor any three concurrent. 
Let each line be used to determine the marked points on the 
other three ; we thus get 


Theorem 156.] If four lines he given, whereof no tivo are 
parallel nor any three concurrent, the circumscribing circles 
of the triangles which they form three by three are concurrent. 

Let us call this the Miquel p>oint of the four lines. If we 
invert with this as centre we get a second figure entirely 
analogous to the given one, but the present circles become 


Miquel, ‘ M^moire de g^ometrie Liouville^s Journal, vol. ix, 1844, p. 23. 
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lines and the present lines become circles. The feet of the 
perpendiculars on the four new lines from the Miquel point 
are on the Simson line of the four new triangles for this 
point; the four reflections of the Miquel point in the four 
new lines are also collinear ; hence, inverting back and 
remembering 34], 

Theorem 157.] The centres of the circles ^chich circum- 
scribe the triangle formed by fimr lines lie on a circle through 
the Miquel point. ^ 

The following theorem is interesting in this connexion, 
though the proof is based upon different considerations which 
we leave to the reader. 

Theorem 158.] The centres of the circles which touch sets 
of three out of four given lines, vjhereof no three are concurrent 
or parallel, lie by fours on four circles. 



* Cf. Steiner, Collected Works, vol. i, p. 223. 
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The circle in theorem 157] seems to contain five notable 
points; we may easily find five others thereon. Let the 
original lines be ^ 4 . The lines and Ij shall inter- 

sect in while the circle about the triangle formed by 
shall be its centre (7^, the Miquel point M. 

We shall temporarily use |ZAF-^| for the positive value 
of Z XYZ. 

\AA.iMCu\ = \-[IAjiA,jM\, 

\lGiMC^\ = \LAi^\. 

Let Aj^iCi meet A;iCj^ in 8, 

I IG,SC^ I = I LA^iA^aGi 1 - | | 

= I I- 

Theorem 159.] Given four lines in a 2 ^lctney no two imrallel 
and no three concurrent. The lines connecting each vertex of 
a triangle formed hy three of the lines 'icith centre of the circle 
circumscribed to the triangle formed hy the tivo lines meeting 
in this vertex and the fourth line, are concurrent on the circle 
through the centres of the four circumscribing circles. 

Suppose that five lines are given l^, l^, l^, Omitting 

each in turn, we have five Miquel points. Consider the circles 
circumscribing the triangles with l^ as a common side-line. 
Successive circles intersect on l^ \ hence, by 154], their other 
intersections, which are Miquel points, are concyclic. 

Theorem 160.] If five lines he given, no tivo parallel, and 
no three concurrent, the five Miquel points which they determine 
four hy four are concyclic or coll inear. 

Theorem 161.] If a imntagon he given, and jive triangles 
he constructed each having as vertices two adjacent vertices of 
the pentagon and the intersection of the remaining side-lines 
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through them, then, if circles he circumscribed to these five 
triangles, the remaining intersection of pairs of successive 
circles are coney die or collinearj^ 

Let us tabulate the results so far attained. 

One line may be associated with a circle of infinite radius, 
the line itself. 

Two lines may be associated with their point of inter- 
section. 

Three lines may be associated with the circle circumscribed 
to their triangle. 

Four lines may be associated with their Miquel point. 

Five lines may be associated with a circle or line through 
the five Miquel points which they determine four by four. 

We are thus led by analogy to announce the following 
theorem : 

Theorem 162 .] Given n lines in a plane, no two parallel 
and no three concurrent, Ifnhe odd there is associated there- 
%vith a circle, and if n he even a point The circle will contain 
the n 2^oints associated with the n sets of lines obtained hy 
Tieglecting each of the given lines in turn ; the 2^oint will lie on 
each of the nwircles obtained hy neglecting each of the lines 
in turn,'\ 

It is to be understood for the purposes of this theorem that 
a line is considered as a special form of circle. Let us begin 
with the case where n is even. We take the three sets of 
lines {I2 1 ^, . . . ^ (^1 ^3 . . . (^1 ^2 ^4 • • • The associated 

circles shall be c^, c^, 0^, and, in general, the circle associated 
with the system obtained by omitting the line l^ shall be c^. 
If lines lilj be omitted, the point associated with the others 
shall be Pij , and so on. 

* It is to this theorem alone that the name of Miquel is usually attached, 
t This theorem is due to Clifford, ‘ A Synthetic Proof of Miquel’s Theorem *, 
Messenger of Mathematics, vol. v, 1870. Independently given by Fuortes, 

^ Ricerche geometriche*, BattaglinCs Journal, vol. xvi, 1878, and Kantor, 

« Ueber den Zusammenhang von n Geraden in der Ebene Wiener Berichte, 
vol. Ixxvi, section v, 1877. Recently given without demonstration and in 
incorrect form by Haggo, ^ Ueber Umkreise und Transversalen des vollstiin- 
digen w-seits’, Zeitschrift fur mathematischen Unterrichi, vol. xxxvi, 1905. 
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Circle contains P,2, P^, P1234. 

Circle contains P^s, P24, Psi, Pjm- 

Circle Cj34 contains Pjj, P^^, P^, 

We have thus exactly the figure of three concurrent circles 
corresponding to 149 ] generalized by inversion. 

Points Pi3, Pi4 lie on Cj. 

Points Pi2, P23, P24 ^2* 

Points P13, P23, P34 lie on Cg. 

Hence these three circles are concurrent, and as they are 
any three of our system the theorem is proved for n even, 
provided it holds for 71— 1 . We now imagine that we have 
an odd number n of lines ; let us show that any four of the 
points Pj, P2, P3, P4 are coney die or collinear. 

The circles and ^2-5 meet in and Pi23- 

The circles C23 and C34 meet in P3 and P234. 

The circles C34 and meet in P4 and P341. 

The circles 04^ and meet in P^ and P4i2- 

But the four points P123) ^'^234) ^341’ -^^412 circle 

C1234; hence the four points P^, P2, P3, P4 are coney die or 
collinear, and so all of our points are on a circle or line. 

Let us try another method of generalizing 149 ]. We start 
with four lines and on each line mark a point 

If these four be concyclic or collinear, then, by 154 ], the 
six circles each of which passes through the intersection of 
two lines and the marked points thereon will pass by threes 
through four points on one circle or line. Suppose, next, 
that we have five lines Z4, and five concyclic 

marked points thereon. The point marked on shall be P^. 
The point obtained by omitting and Ij shall be P^j. The 
circle obtained from what immediately precedes by neglecting 
shall be that which contains PiPjPjcl shall be 
Cj contains P^g, P13, Pu’ -^is- 
^2 contains P12 » P23 » 24 > ■^25 • 

C3 contains Pi-^j P23’ -^345 -^36 • 

^25 contains Pjg, P14, P34. 

C35 contains P^^, P24, P14. 
contains P23, P24, P34. 
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But the circles C 35 are concurrent in hence the 

circles ^ 2 , <^3 are concurrent, and so all five are. The 
extension to n is as before, and, as before, we define a line 
as a special case of a circle. 


Theorem 163.] Let n concyclic or collinear ijoints he marJcecl 
on n lines whereof no ituo are parallel and no three concurrent. 
If n he even there is associated thereuntil a circle, and if n he 
odd a point; the circle will contain the n 2 ^oints associated 
with the n sets of n— 1 lines obtained hy neglecting each of the 
given lines in turn; the point will lie on each of the circles 
obtained by neglecting each of the lines in tv rn.^ 

In these two generalizations there is a distinction between 
n even and n odd. In the remarkable one which follows this 
disappears. Four coplanar lines are given, no two parallel and 
no three concurrent. Each line is associated with the circle 
circumscribing the triangle formed by the other three. The 
centres of these four circles are concyclic, and the circles 
themselves pass through the Miquel point. 


Theorem 164.] Given n lines vihereof no two are jxfvallel 
and no three coneurre^it. Each set of n—\ will he associated 
until a circle in such a way that all n circles j^ass through 
a point, and their centres lie on a circle which is associated 
ivith the n given lines.-\ 

We shall assume that the theorem has been proven for n—\ 
lines. We use the previous notation for the circle associated 
with certain lines, its centre being indicated conformably, 
while the point associated with certain lines shall be in- 
dicated by the letter M with suitable subscript. Wo shall 
also assume that 

this equation being certainly true in the case n = 4, if 


* Due to Grace, * Circles, Spheres, and Linear Complexes’, Caynbridge 
Philosophical Transactions, vol. xvi, 1898. 

•f Pesci, ^ Dei cercoli circonscritti ai triangoli formati di n rette in un 
piano’, Periodico di Matematica, vol. v, 1891. The case n = 5 was given by 
Kantor, ‘ Uebcr das vollstilndige Vierseit Wicyicr BerichU, Ixxviii, section 2, 
1878. 
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indicate the intersection of Suppose that and inter- 
sect in ilf, 

contains 6^., C^j, M, 
contains M. 

L G^iMG,2.i = ^ ^ 2 ^ 1 * 

But LG,,G.fi^^ 

Hence M lies on and the circles are concurrent. Again, 
and Cl meet in G^^ and M, 

Cl and meet in Gc^i and M, 

AG,GiG, = lG,iMG,i^ll,I,. 

Hence all points Gi are concyclic, and the theorem is 
proved. 

The following corollary is rather curious. 

Theorem 165.] If n he greater than four, M unit not 
lie on c. 

Suppose, on the contrary, Z G^G.^M = Z G^G^M, 

(Gj^M) is the common chord of and 
IG^G^M= lG,^G,.Jf 
IG,G,M= Z.G,,G,,M. 

Hence Z G^^G.^.^M = Z G^^G^M, 

IG,,G.,,G,, = 0. 

But G,,G,,LG,,^M^ and G,,G^^LG,,,M,, 

Z Jl/g C^123 -^3 ~ 

This, however, is impossible since these three points lie on 
(723* Hence, if C^ga exist or n > 4, the point M cannot be 
concyclic with all C^s. 

In the theorem last given we associated n lines with 
a circle and a point, the circle being the locus of the centres 
of n others. In the theorem before we associated n circles or 
points with n lines and n concyclic points. Here is another 
form of association akin to both. 
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Theorem 166.] Given n points on a fixed circle ^ ^ 4. 
We may associate with them a point and a circle in the 
follotving manner: 

(a) The plaint is the centre of the circle. 

(b) The radius of the circle is one-half that of the fixed 
circle, 

(c) The point lies on the n circles each associated ivith n— 1 
points obtained by omitting each of the given points in turn, 

(d) The circle contains the centres of these circles.'^ 

Let us call the radius of the fixed circle 2, for convenience. 
When n = 2 we shall associate with two points the point 
midway between them. When n 3 we associate the nine- 
point circle whose radius is here unity. When n = 4 we 
have, by 77], four nine-point circles passing through a common 
point. Their centres lie, therefore, on a circle of radius 1 
about that point as centre. The theorem thus holds when 
n = 4, To prove it in the case where 7 i = 5 we proceed, 
exactly as in the case of 162], to prove that the circles are 
concurrent, P- will be the centre of the nine-point circle 
of the A Cijj. will be the cii'cle through the centres 

of the three nine-point circles associated with P^ and i. e. 
the locus of points at a unit distance from the middle point of 
{PlPm)’ Pijhl point midway between P,,^ and 

the centre of the fixed circle, which is at a unit’s distance 
from the middle point of each of the chords (P^P^,J, (P^P^^), 
(PkPvX (PiPnX so on all three circles Cjj.i, c-ji. We 
may thus repeat our previous reasoning word for word ; the 
five circles Cp c^^ c^, c^, c^ are concurrent, and as all have 
a unit radius their centres lie on a unit circle about the point 
of concuiTcnce as centre. For n > 5 we proceed in exactly 
the same way. 

Here is a second proof of the foregoing that has the advan- 
tage of being easily extended to the analogous case in three 
dimensions, while our first proof cannot be so enlarged. 
Take n = 4, the centre of gravity of the four points will be 

* See the Author's ^ Circles Associated with Concyclic Points *, Annals of 
Mathematics^ Series 2, vol. xii, 1910, 
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the point of concurrence of the segments, each bounded by 
one given point and the centre of gravity of the other three, 
and will divide these segments in the ratio 1:3. The centres 
of gravity of the four triangles will thus lie on a circle whose 
radius is one-third the radius of the given circle ; hence, by 
what precedes 72], the centres of the four nine-point circles lie 
on a circle of half the radius of the circumscribed circle, and 

4 

whose distance from the fixed centre is - the distance to the 

centre of gravity. The theorem thus holds for n = 4. Assume 
that it is true for ti— 1 points, and that the centre of their 
circle is collinear with the centre of the fixed circle, and the 
centre of gravity of the n—l points, but the distances from 
the centre of the fixed circle to these points is in the ratio 

— - ~ . If n points be given, wo have n centres of gravity 

of groups of 71— 1 points. These lie on a circle whose radius 
bears to that of the fixed circle the ratio 1 in— I, Hence the 
n points lie on a circle whose radius is one-half that of 
the fixed circle, and the n associated circles pass through 
a fixed point at the proper distance from the fixed centre. 


§ 7. Coaxal Circles. 

We have defined the power of a point with regard to 
a circle as the product of its oriented distances to any two 
points of the circle collinear with it. When the point is 
outside the circle this is the square of the length of the 
tangential segment. The sum of the power and the square 
of the radius is seen to be the square of the distance from 
the point to the centre. We see, thus, that if a point move 
along a line perpendicular to the line of centres of two non- 
concentric circles, the difference of its powers with regard to 
the two is constant. 

Theorem 167.] The locus of points having like poivers 
with regard to tivo non-concentric circles is a line perpen- 
dicular to the line of centi'es. 
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This line is called the radical axis. It is the common 
secant when the circles intersect^ the common tangent when 
they touch. 

Theorem 168.] The radical aoces formed hy the pairs of 
three given circles ivhereofno two are concentric, are concurrent 
or parallel. 

The point of concurrence, when it exists, is called the 
radical centre of the three. It is the only point having 
equal powers with regard to all three, and when these powers 
are all positive it is the centre of a circle whose radius is the 
square root of this power, and which cuts the three given 
circles at right angles. 

Let us calculate the difference of the powers of a point with 
regard to two given circles. When the circles are concentric, 
it is the difference of the squares of the radii. Suppose them 
non-concentric. Their centres shall be CC\ their radii rr\ 
w’hile the distance of their centres shall be d. Let F be the 
intersection of the radical axis with the line of centres 


{(JF)^{&F)^ ±d 

_L ^72 


(84) 


Now let P be any point, H the foot of the perpendicular 
from there on the line of centres, its powers with regard to the 
two circles /) and p\ We easily find 

p—p'— 2{FH)d. (25) 

Theorem 169.] The numerical value of the difference of 
the powers of a point with regard to hvo non-co nceniric circles 
is twice the product of its distance from the radical axes 
multiplied hy the distance between the centres. 

If a point be taken upon the circle of similitude of two 
circles, outside of both, and a tangent be drawn thence to each 
circle, the two not separated by the centres, it will be found at 
once from 26] that the chords which the circles determine on 
the line connecting the points of contact are equal, so that the 
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power of each point of contact with regard to the other circle 
is the same ; the converse will also hold, hence 


Theorem 170.] If Hvo points he taken on two unequal and 
non-concentric circles in such a tvciy that each has the same 
potver with regard to the other circle, and the tangents at these 
2 ')oints are not separated hy the centres of the circles, then the 
intersection of these tangents Is on the circle of similitude of 
the two. 

Let the distance from (7 to a point of CC' be x, this point 
being the centre of a circle of radius p. If 


4 - 



2d 

d 


2x 
X + 




= 


then each two of our three circles have the same radical axis. 
Let us put p = 0, and consider the discriminant of the resulting 
quadratic in x ; we assume ^ r'^, 

' =; 1 

d^ < ^ • 

Assume, first, {r — d)^ — r'^ > 0. 

The two original circles did not intersect ; there are two real 
values of x for which p = 0, i, e. two points which may be 
looked upon as limiting circles of radius zero. These shall 
be called the limiting points of the system of circles. The 
power of a point with regard to a point circle shall, naturally, 
be defined as the square of its distance from the point to 
which the circle has shrunk. Any point outside the segment 
of these limiting points may be taken as the centre of a circle 
having with either of the original circles the same radical 
axis as they have with one another. 

Suppose, secondly, — = 0. 

Here the original circles are tangent to one another. Their 
point of contact is the single limiting point of the system, 
every other point of the line of centres in the centre of 
a circle touching the two at the limiting point. 

Lastly, lot {r — ciy^r^ < 0. 

1704 G 
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Here the given circles intersect in real points. Any point 
on their line may be taken as the centre of a circle through 
their intersections ; the least possible radius for such a circle 
will be one-half the distance between these two common 
points, and there are no limiting points in the system. 

If a system of circles be so related that each two have the 
same radical axis, they are said to be coaxed circles. Circles 
through two common points or touching the same line at the 
same point are examples of such systems. 

A system of circles through two points will cut interesting 
ranges on any line through either point.* Let two such 
points be A and i?, and let two lines through B meet the 
various circles in the ranges and 

respectively. 

Since and AAQyQ;. are similar, 

{P,Pj ) : (P;P;,,) : (P,,P,,) = ((?,.(?;) : (Q -Q,) : 

Theorem 171.] A system, of circles tlironcjh Uno 'points cut 
such ranges on any two lines through one of the ^^ointsthat 
corresponding distances are p)roportionaf and, conversely, if 
two ranges be given on intersecting lines in such a way that 
corresponding distances are proportional awl the point of 
intersection does not corres^imid to itself, then the lines cow 
neefing corresponding points in the hro ranges are concurrent 
in a point common to (dl circles containing a pjair of corre- 
sponding points and the point of intersection of the two li nes. 

Since the Simson line of A is the same for all triangles 

BP^Qj, 

Theorem 172.] If a system of circles through two 2 >oints cut 
ranges on two lines through one of these p)oints, then the feet of 
the ^perpendiculars from the other point on all lines connecting 
corresponding jmirs of ^points of the two ranges are colli near. 

Theorem 173.] If tv:o circles cut a third either orthogonally 
or in two pairs of diametrically op)pobite points of the latter, 


Casey, loc. cit., cJi. v. 



I 


ELEMENTARY PLANE GEOMETRY 


99 


then the centre of the third circle is on the radical axis of the tv^o^ 
and every point of the radical axis not between the intersections 
of the circles^ ivhen such exists is the centre of a circle cut by 
both at riyht angles ^ while every point between such intersections 
is the centre of a circle cut by both in pairs of diametrically 
opposite iioints. 

We see, in fact, that if a point have the same positive power 
with regard to two circles it is the centre of a circle cutting 
both orthogonally, while if it have the same negative power 
with regard to both it is the centre of one cut by both in 
pairs of diametrically opposite points, the radius being in the 
first case the square root of the power, and in the second the 
square root of the negative of the power. 

Theorem 174.] If hvo circles intersect two others ortho- 
goncdly^ then every circle coaxal with {orthogonal to) one pair 
is orthogonal to {coaxal ^uith) the other. The radical axis of 
each system is the line of centres of the other. 

We see that the plane is thus covered with a double net- 
work of circles in such a way that every point not on either 
radical axis is the intersection of two circles, one of each 
net- work, and these circles cut orthogonally. Remembering 
that the limiting points of a coaxal system are point circles of 
the system. 

Theorem 175.] If two circles intersect, the coaxal system of 
circles cutting them orthogonally will have their points of in- 
tereectwn as limiting points ; if two non-concentric circles do 
not intersect, the limiting points of their coaxal system are 
common to all circles orthogonal to them. 

Theorem 176.] If a system of circles he tangent to one 
another at any point, they are orthogonal to a secoml system 
tangent at this point. 

Two coaxal systems of mutually orthogonal circles are said 
to be conjugate. 

Theorem 177.] The limiting points of a coaxal system of 
circles are mutually inverse with rega rd to evemj circle of the 
system. 

G 2 
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Theorem 178.] The inverse of a coaxal system^ is either 
a coaoml or concentric snjstem^ or a pencil of concurrent or 
parallel lines. 

Theorem 179.] If three non-coaxal circles he given, no two 
concentric or intersecting, the three pairs of limiting points 
'ichich they determine Uco try two are confryclic or coUinear. 

Theorem 180.] Two mntvally inverse circles are coaxal 
nrith the circle of inversion. 

Theorem 181.] If two points A and C lie on a circle ortho* 
gonal to all circles through B and D, then B and 7) lie on 
a circle orthogonal to all circles through A and C. 

Two such pairs of points are said to be orthocycllc. 

It is perfectly clear that the circles of a coaxal system with 
two common points may be inverted into a system of con- 
current lines. A system with no common point, being the 
orthogonal trajectories of a system with two such points, 
may l^e inverted into a concentric system. A system all 
tangent at one point may be inverted into parallel lines. 
The following theorem has already been suggested. 

Theorem 182.] If the radical centre of three circles lie 
without one, and, hence, without all of them, it is the centre 
of a circle cutting all three orthogonally, and they may he 
inverted into three circles vitli coUinear centres; if it lie 
vlthin one, and, hence, within all three, it /.s the centre of 
a circle cut hy all three in pairs of diametrically opposite 
points. 

Suppose that we have a triangle with our usual notation, 
a point P not on any side-line, and let PjP]^ meet AjAj. 
in B-. Applying Desargues’ triangle theorem to AA^A^^A.,^ 
and A P^P^P.^, since the three lines A^P^ are concurrent, the 
points B^, Bj , Bj^ are coUinear. If, in particular, P be the oi-tho- 
centre, we see is anti-parallel io A j Ay, and the points 

Aj, Ay, Hj, II y are coney die, i.e. B^ has the same power with 
regard to the nine-point and circumscribed circles. 
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Theorem 183.] The radical axie of the idiie-poitU and 
circumscribed circles contains tlie intersect io'tis of Correspondi tty 
sidedines of the given triangle and the pedal triangle of the 
orthocentre. 

Theorem 184.] The orthocenlre of a triangle is the radical 
centre of any three circles each of tvhich has a diameter a hose 
extremities are a vertex and a point (f the opposite side-line^ 
bat no t'wo passing through the same vertex. 

We see, in fact, that, since the orthocentre is a centre of 
similitude for the circumscribed and nine-point circles, the 
product of its distances from each vertex and the foot of 
the corresponding altitude is constant. Suppose next that 
we have a complete quadrilateral.* The orthocentres of the 
triangles formed by the given side-lines three by three will, 
apparently, all be radical centres for the three circles whose 
diameters are the three diagonals of the complete quadri- 
lateral. This apparent contradiction leads to the Gauss- 
Bodenmiller theorem. 

Theorem 185.] The three circles on the diagonals of a 
complete quadrilateral as diameters are coaxal. f 

We get from 74] and 156] 

Theorem 186.] The radical axis of the three circles on the 
diagonals of a complete quad r Hate ral as diameters contains 
the orthocentres of the four triangles determined three by three 
by the side-lines of the qaadrilateral^ and is parallel to the 
Simson line of the Miqael point, but twice as far from this 
jjoint as is the iSimson line. 

Theorem 187.] Tico pairs of circles tqCg and c^c^ are each 
coaxal with a given circle; then if c^ intersect and 
intersect the four points so determined are concycHc,^ 

Suppose that we have three segments each bounded by one 
vertex of a triangle and a point of the opposite side-line, and 

Cf. McCleland, loo. cit., p. 1S9. Not a little of tho remainder of the 
present chapter is taken from this source. 

t Bodenmiller, Analytische Sphdrik, Cologne, 1830, p, 138. 

X Chasles, loc. cit., p. 540. 
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all having in common a point /S'. Let the perpendiculars on 
the lines of these segments from the orthocentre meet the 
circles having the segments as diameters in the three pairs 
of points BiB{, Let us first show that these six points arc 
concyclic. We see, in fact, since H is the radical centre of 
the three circles with diameters (^y/S"y), 

(HB,) X {iiB') = (iIb,) X (im/) = (/Zb,) x 
On the other hand, the perpendicular bisectors of the segments 
(B^B/) pass through /S', hence S is the centre of a circle 
through all six. We next notice that H has the same power 
with regard to the three circles on diameters {A-S,^ as with 
regard to those with diameters (AjAj.), If we take M as 
a centre of similitude, and a ratio —1:2, we change Aj^A.^A^ 
into Let T be transformed into 

Let 0^0/ be the points where the line through lIlTAi 
meets the circle whose diameter is (AjAj.), Once more 

(jlCi) X (llGf) = (HOj) X (HCj'). 

The perpendicular bisectors of the segments (CiC/) pass 
through the points and are parallel to the lines A/l\ and 
correspond to them in the similarity transformation. They 
are thus concurrent in /S'. Lastly, since II has like powers 
with regard to all six circles, 

Theorem 188.] If B he any 2 >oiid, and T the point xvhiek 
hears to the oriyinal triangle the same relation that H hears to 
the middle point triangle il/j then the i ntersectlons of 

the circles on segments as diameters with the perpen- 

d/tculars from the orthocodre on these segments, and of the 
circles on the segments {AjA^.) as diameters with the cor re- 
spoiiding perperidlcidars from the orthocentre on the lines TA^, 
lie on a circle ivith centre /S'.* 

Let us return to our theorem 169] from which flow a great 
wealth of interesting results. If a circle of radius p have 
contact of a specified kind with two others, the difference of 
the powers of its centre with regard to these two will be 
2/>(r±/). 

* Hagge, ^ Ein merkwurdiger Kreia dcs Druiccks Zaitschrift filr mathc- 
matischen Unterrichtf vol. xxxix, 1908. 
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Theorem 189.] If a variable circle have contact of a Jixetl 
type luith each of two given non-comentric circles^ or have just 
the reverse contact with eachy then its radius ivill hear a fixed 
ratio to the distance of its centre from the radical axis. 

If we call the distance to the radical axis 5, the fixed ratio e^ 

• • 'r 

and take a line parallel to the radical axis at a distance - 

therefrom and on the proper side thereof, the distance of the 

centre of the variable circle therefrom is - times its distance 

e 

from the centre of the circle of radius r. We sec, also, that 
the sum or difference of the distances from the variable centre 
to the fixed centres is constant. We thus reach the fundamental 
theorem for central conics. 

Theorem 190.] If a point so move that the sum or difference 
of its distances from tico fixed points is constant ^ its distance 
from either fixed point hears a constant ratio to its distance 
from a corresponding fixed line perpendicnlar to that which 
connects the fixed points. 

The power of a point with regard to any circle of a coaxal 
system is by 169] twice the product of its distance from the 
radical axis multiplied by the distance from the centre of 
the circle to that of the circle of the coaxal system through 
the given point. The point is supposed, of course, not to be 
on the radical axis. 

Theorem 191.] If there he any points tvhose powers 'with 
regard to two non-concentric circles hear a fixed given ratio 
different froito unity^ they all lie on one circle coaxal ivith the 
two given ones. 

The necessity of the proviso that such points should exist 
is apparent when we reflect that if, for instance, the circles 
were very small and far apart there could be no point corre- 
sponding to such a ratio as — 1. 

Theorem 192.] If a variable chord of a circle subtend a 
right angle at a Jixed point, the foot of the perpendicular from 
the fixed point on the line of the chord and the point of inters 
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sectiom of the tangents at its extremities trace coaxal or 
concentric circles. 

We see, in fact, that if we treat the given point as a circle of 
radius zero, the foot of the perpendicular on the line of the 
chord and the middle point of that chord trace the same 
circle, since the power of each with regard to the given circle 
is the negative of the square of its distance from the fixed 
point. We have then but to apply 180]. 

Suppose that a variable line meets one circle in points 
and makes therewith an angle (Xj , while its intersections and 
angle with a second circle are and If we find a point 
where a tangent at /Sj or 1\ meets one at aS'jj or we see that 
the tangential segments thence to the two circles bear the 
ratio sin 0 ^ 2 -sill ^ 1 * 

Theorem 193.] If a pair of tangents he drawn to each of 
two circles^ the points of contact being colli neai\ then the 
intersections of the tangents to o)ie circle 'with the tangents 
to the other will lie on a circle concentric or coaxal ivith the 
given circles^ or on their radical axis. 

Theorem 194.] If a variable line move in such a way that 
the segmejits cut thereon by two fixed circles have a constant 
ratio, then the locus of the intersections of the tangents to the 
first circle where it meets this line, with the corresponding 
tangents to the second, is a circle concentric or coaxal with the 
given circles or their radical axis. 

Suppose that we have a quadrilateral inscribed in a circle. 
If a transversal be so drawn that it makes an isosceles triangle 
with one pair of side-lines, or with the diagonal lines, then it 
will do so with the remaining side-lines or diagonal ones. 
Let us also momentarily extend our concept of the isosceles 
triangle so as to say that a line peipendicular to two parallel 
lines makes an isosceles triangle with them, 

Theorem 195.] If a quadrilateral he inscribed in a circle, 
then xve may, in an infinite number of ways, find three other 
circles concentric or coaxal with the original circle and with 
one another such that each is tangent to a pair of opposite 
side-lines or diagonal lines of the quadrilateral. 
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Theorem 196,] If a variable triangle he inecrihed in 
a circle, and if two of its sidelines continually touch two 
circles concentric or coaxal with the given circle, the same is 
true of the third side-line, 

A rigorous proof of this is not difficult, but a little delicate. 
Let us take two positions of our triangle AfAfAf, 

Suppose that A^A.j. and AfAf touch a certain circle, while 
A^Af, A.^Af touch another concentric or coaxal with this 
and with the given circle. In the same way Ay^Af, A, A ' 
will touch a third circle of the coaxal system. Now it is 
conceivable that the circle touched by A^Af, A.^Af should 
be ditierent from that touched by AyAf , A.Af, for two 
circles of the coaxal system might well both touch A^Af, 
If, however, we can show in a particular case that one of the 
circles of the coaxal system tangent to is extraneous 

to the discussion, we shall know that in general both circles 
will not appear. The particular case is when Af is infinitely 
near A^, the circle tangent to A^Af is the original circle, the 
other coaxal circle tangent to this is distinct from this and 
not connected with the discussion. Hence A.^Af, 

A 3 A 3 ' all touch one circle of the coaxal system, and 
A 2 A 3 , AfAf also touch one of these circles. 

Theorem 197.] Poncelet's theorem. If a i^olygon of any 
number of svles he inscribed in a circle, aial all of its side- 
lines but one each touch a fixed circle of a system concentric 
or coaxal with the given one, then the same is true of the 
ronaining side-line.^ 

Theorem 198.] The problem of inscribing a poly go to of 
any given number of sides in a given circle so that its side- 
lines shall also touch a second given circle has an infinite 
number of solutions if it have any at all. 

There are certain special cases comiug under our theorem 191] 
which deserve particular notice. If the fixed ratio be unity 
we do not get a circle^ but the radical axis. Let us rather 
look at the case where the ratio is — 1 , The locus is in this 

* For the most full discussion of this and allied questions see Weill, ‘Sur 
lc3 polygones inscrits et circonscrits k la fois a deux cercles’, LiomiUe^s 
Journal, Series S, vol. iv, 1878; also Biitzberger, loc. cit., pp. 7-82. 
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case called the radical circle of the two original ones.* It 
will actually exist if the circles intersect, or if, not inter- 
secting, they lie on the same side of their radical axis, or if 
they be concentric. The centre will be half-way between 
their centres. We leave the verification of these statements 
to the reader. 

Theorem 199.] Tico intersecting or tangent circles, or tivo 
non-intersecting circles xuhich are concentric or else lie on the 
same side of their radical axis, have a radical circle ivhich 
is the circle coaxal with them ivhose centre is mid-ivay between 
their centres. 

The slight modification needed in the case of concentric 
circles is easily made. 

Theorem 200.] If three circles be given ^vhereof no two are 
concentnc, the radical circle of each 'pair is identical with that 
of the radical circles determined by the circles of the pair 
severally with the third circle. 

The truth of this theorem is, of course, contingent on the 
existence of all the radical circles in question. We sec, more- 
over, that the radical axes of both pairs of circles are parallel, 
for one is orthogonal to a side-line of a triangle while the 
other is perpendicular to the line connecting the middle points 
of the other two sides, Moreover, the radical centre of three 
original circles is easily seen to be the radical centre of the 
radical circles which they determine two by two. The theorem 
is thus proved. 

If a circle be cut by a second orthogonally, while it is cut by 
a third in a pair of diametrically opposite points, its centre 
has powers with regard to the other two circles which differ 
only in sign. 

Theorem 201.] The radical circle of t wo given circles is the 
locns of the centres of circles c'tU by the one orthogonally j anil by 
the other in diametrically opposite poiids, 

* Cf. Duraii-Lorigu, ‘ Ueber Raclicalkrciso Grumrls Ardtiv, Series 2, vol. xv, 
1806. 
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Theorem 202,] The ‘pedal circle of two iaogonally cojijugaic 
2 )oints is the radical circle of any pair of circles 'whose centres 
are these ‘points, and each of 'which cuts orthogonally the three 
circles 'whose diameters are the segments cut by the other on the 
sidelines of the triangle.^ 

Theorem 203.] The nine-poiiit circle of an obtuse-angled 
triangle is the 'radical circle of the circumscribed circle and 
a circle of anti- similitude of this and the pedal circle of the 
orthocentre. 

Theorem 204.] The circles on itvo sides of a triangle as 
diameters hare the circle 'whose diameter is the included median 
as their 'radical circle. 

Besides the radical circle there is one other circle of the 
coaxal family that is interesting. We see at once from 27] 

Theorem 205,] Tice circle of similitude of two given circles 
is coaxal %vith them. 

Consider, now, throe circles with non-collinear centres. The 
three circles of similitude which then determine two by two 
cut orthogonally the common orthogonal circle of the original 
three, when that exists, and the circle through the centres 
of the original three by 13], This latter will be the radical 
circle of the common orthogonal circle and the circle cutting 
each of the original three in a pair of diametrically opposite 
points. 

Theorem 206.] If three circles have 'non-collinear centres, 
and their radical centre lies outside of them, then the circle 
through their three centres is the radical circle of their common 
orthogonal circle and that circle, 'when it exists, which cuts 
each of the three in a pair of diametrically opposite points. 
The coaxal system conjugate to that determined by these new 
circles contains the circles of similitude determined t'wo by t'wo 
by the given circles. 

* Roberts, ‘ On the Analogues of the Nine-point Circle in the Space of 
Three Dimensions l*roccedin<j6 London Mathematical Societtj, vol. xix, 1878. 
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Theorem 207.] If a circle move no that each of two given 
[joints has a constant power with regard to itj it will trace 
a coaxal system. 

The line connecting the points is a radical axis for any two 
positions of the circle. 

Theorem 208.] If a circle so move that it cats two others 
ill diametrically opposite [joints, or exits one in diametrically 
opposite points and the other orthogonally, it will generate 
a coaxal system. 

Theorem 209.] If three xnutualhj external circles he given, 
their centres being non-collinear, three other circles may be 
found each cutting two of them orthogonally and the third in 
diaxnetrically opposite jjoints, and three each cuttixig hvo 
in diametrically opposite points and the thixxl orthogonally.^ 

Theorem 210.] Given two non-concentric circles. If there 
be a circle coaxal with them whose centre is the rejiexion of 
the centre of the fix'st circle in that of the second, then this 
third circle will cut in diametrically opposite points all 
circles orthogonal to the first circle tvlwse centres lie on the 
second. 

Theorem 211.] Given two nonwoncentric circles. If there 
be a circle coaxal xvith them whose centx^e is the reflexion of 
the centime of the first circle in that of the second, thoo this 
circle will cut orthogonally all circles cut by the first in 
diaxnetrically opposite points, and having their centres on the 
second. 

Let us start with two fixed circles. These may be inverted 
into concentric circles or into two lines. We thus get 

Theorem 212.] If a variable circle cut two fixed circles at 
given amgles, it will cut every circle coaxal with them either 
at a fixed angle or at the supplementary angle. 

It is clear that there would be advantage in sharpening 
our idea of the angle of two circles in such a way as to 
remove the ambiguity in this statement. We do so as follows, 
Let each circle be looked upon as generated by a point 

* For the three theorems which follow see Afifolter, ^ Zur Geometrie do 
Kreises und der Kugel \ Qrunerts Archiv, vol. Ivii, 1875. 
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tracing its circumference in a positive or counter-clockwise 
sense. At a point of intersection draw the half-tangents 
which lie on the same sides of their respective diameters 
as near by-points of the circle traced subsequent to the point 
of contact. At each intersection these half-tangents will 
make the same angle, except for algebraic sign, and this shall 
be defined as the angle of the two circles.* Analytically it is 
the angle 6, where 

I /i »^2 ^2 

COS 6 = - — - — J- — • (24) 

2 rr' ^ ^ 


Theorem 213.] If a variable circle cut two fioced circles at 
given angles, it ^uill cut at a. given angle evei^j circle con- 
centric or coaxal with them. 

Suppose that we have a circle cutting three given circles 
at chosen angles. If we simplify the figure by inversion, we 
see that there will be a second circle cutting them at the same 
angles or cutting all three at just the supplementary angles ; 
the two are mutually inverse in the common orthogonal circle 
of the first three, when this circle exists. The problem of 
finding a circle cutting three given circles at assigned angles 
or at exactly the supplementary angles has thus, usually, 
more than one solution. The circles will be oi’thogonal to 
three circles each coaxal with two of the given circles. These 
three new circles must be coaxal, as otherwise they would 
have but one common orthogonal circle. The circles sought 
will thus belong to a coaxal system, and touch six given 
circles, but every circle of the system touching one of the six 
will touch the other five. 


Theorem 214.] The 'problem of constructing a circle to cut 
three 'oon-conc,entrie and non-coaccal circles at preassigned 
angles or at just the supplements of these angles has, at most, 
two solutions. The construction may he effected by the aid of 
ruler and compass. 

We shall postpone to a subsequent chapter the explanation 
of the actual construction to be employed. For the moment 

* The angle, so defined, will be transformed into its supplement by 
inversion if one circle surrounds the centre of inversion, and the other 
does not. 
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let iis consider the problem of constructing a circle to meet 
certain given circles at equal angles. We easily see by 
inverting two circles into concentric circles or into two lines 
that a circle cutting them at equal angles will be orthogonal 
to one particular circle of anti-similitude, when such exists, 
and, conversely, every circle orthogonal to this circle of 
anti-similitude will cut them at equal angles, while a circle 
orthogonal to the other circle of anti-similitude will cut them 
at supplementary angles. To be more specific, we see that 
if two circles intersect, both circles, of anti-similitude, exist ; 
the circles wdiich cut them at equal angles are orthogonal 
to the external circle of anti-similitude, i. e. to that whose 
centre is the external centre of similitude ; a circle cutting 
them at supplementary angles will be orthogonal to the 
internal circle of anti-similitude. If two circles lie outside 
one another, there is no internal circle of anti-similitude, and 
circles cutting them at equal angles are orthogonal to the 
external circle of anti-similitude, or to the radical axis when 
the radii are equal. When one circle surrounds the other 
there is no external circle of anti-similitude, and the internal 
one is orthogonal to those circles which cut the two at 
supplementary angles. 

Theorem 215.] If circle cut two others at equal angles 
it is orthogonal to their external circle of anti- similitude 
nvlien this circle exists^ and evenly such circle cuts them at equal 
angles if at cdL If a circle cut two others at supplementary 
angles it uilll he orthogonal to their internal circle of anti- 
similitude when such a circle exists, and every circle orthogonal 
to an internal circle of anti-similitude will cut the given 
circles at supplementary angles if it cut them at cdl. 

If a circle cut two others and be orthogonal to a circle of 
anti-similitude, it is anallagmatic with regard to the inversion 
in that latter circle (which interchanges the original circles). 
The intersections with the original circles are thus collinear 
in pairs with the centre of this circle of anti-similitude. If 
the circle of anti-similitude do not exist, and be not replaced 
by the radical axis, the given circles are interchanged by the 
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product of a reflexion in the centre of similitude, and an 
inversion in a circle with this as centre, and every circle 
invariant for such a transformation will cut the original 
circles in equal or supplementary angles. Conversely, if 
a circle cut two others at equal or supplementary angles, yet 
he not orthogonal to a circle of anti-similitude or radical axis, 
it is easily seen to be carried into itself by such a trans- 
formation. 

Theorem 216.] If a circle intersect two other non- concentric 
circles of unequal radius at equal angles ^ the iwinis of inter-- 
sectvm are collinear two hy two with the external centre of 
similitude ; if it intersect two others at supplementary angles, 
the points of intersection are collinear in pairs with the 
internal centre of similitude. 

Theorem 217.] If each of two non-concentric circles cut 
two other non-concentric ones at one same angle, then the 
radical axis of each piciir passes through the external centre 
of similitude of the other pair or is parallel to their line of 
centres ichen the circles of the second pair have equal radii. 
If each of two non-concentric circles make supplementary 
angles %cith each of two other nonwoncentric circles, and each 
circle of the second pair make supplementary angles with 
each of the first, then the internal centre of similitude of each 
pair lies on the radical axis of the other. 

The radical axis of two circles will replace the external 
circle of similitude when, and only when, they have equal 
radii, whence 

Theorem 218.] If a centre of inversion be taken on a circle 
of anti-similitude, the inverses of two given circles will hare 
equal radii. 

Suppose next that we have three circles. A line connecting 
two external centres of similitude will pass through the third, 
when the latter exists ] a line connecting two internal centres 
of similitude will pass through an external centre. 

Theorem 219.] If three circles he given with non-eollinear 
centres, the circles cutting them at equal angles form a coaxal 
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or concentric system^ as do those which cut one at angles 
snpplemertainj to those cut on the other three. The locus of the 
centres is the perpendicular from the radical centre of the 
original three on a line containing three of the centres of 
similitude which they determine two hy two. 

Theorem 220.] If four circles he given, no three having 
collinear centres, there is at most one circle cutting all at 
equal angles, four cutting one in angles supplementary to the 
angles cut in the other three, and three cutting one pair in 
angles supplementary to those cut in the other pair. 

Theorem 221.] A necessary and sufficient condition that it 
should be possible to invert three circles simultaneously into 
three circles with equal radii is that a circle of anti- similitude 
of one pair should intersect such a circle of another pair in 
a point outside all three given circles. 

It is a parlous undertaking to suggest possible lines of 
further advance in the subject of plane geometry. On the 
one hand, the subject has shown itself inexhaustibly fertile, 
new discoveries have come in such numbers at times when 
a superficial observer would have felt sure that the last word 
had been said, that it would be highly unwise to assert that 
with a little patience one might not strike oil by working in 
any portion of the subject. On the other hand, the existing 
literature is so vast that there is a large antecedent probability 
that any new seeming result may have been discovered decades 
if not centuries before. 

It seems likely that there are other simple criteria for 
various systems of tangent circles like Casey’s condition for 
four circles tangent to a fifth, Vahlen’s criterion for poristic 
systems, or the Euler conditions that there may be a triangle 
or quadrilateral inscribed in one circle which Is circumscribed 
to the other. There seem to be limitless possibilities for 
finding circles through notable points or tangent to notable 
lines. There must be other circles analogous to the P circle. 
It seems likely also that there are other special cases of Tucker 
circles which are worthy of attention. Moreover, it may be 
possible to generalize the Tucker systems in interesting ways 
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as suggested by 67]. It seems likely that there are other 
chains of concurrent circles and concyclic points besides those 
noticed in theorems 162-6. The Brocard figures seem to offer 
an inexhaustible store of theorems. It is quite likely also that 
in coaxal systems of circles there may be other interesting 
circles besides the special ones which we have discussed. For 
instance, the following theorem came to our notice too late 
to be inserted in its proper place. 

Theorem 222.] If a transversal through the centre of the 
circumscribed circle meet the sides of a triangle in the 2 '>oints 
JSj, jBgj circles on {A^B^ as diameters are concurrent 

on the circumscribed ami nine-point circles 

The concurrence on the nine-point circle comes from 68], 
that on the circumscribed circle comes from 184] and the 
remark immediately following. 


* ThobauU, ‘Sui* quebiues theor^mcs de goometrie elementaire Kom'eUeft 
Annales de Mafh.^ Series 4, vol. x, 1910. 
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CHAPTEK II 


THE CIRCLE IN CARTESIAN PLANE 
GEOMETRY 

§ 1. The Circle studied by means of Trilinear 
Coordinates. 

All figures studied in the present chapter are supposed to 
exist in one plane which has been rendered a perfect con- 
tinuum by the adjunction of the line at infinity. The 
complex domain is included as well as the real. We call 
this the cartesian plane. The assemblage of all points in 
such a plane may be put into one to one correspondence with 
that of all triads of homogeneous coordinate values, not all 
simultaneously zero. 

In studying circles in the cartesian plane, three types of 
coordinates may properly be used. We start with the least 
fruitful, trilinear coordinates * Let us take a fundamental 
triangle whose side-lines have the equations 

cosa^ir-f-sincxy^ — 77^. = 0, i = 1, 2, 3. (1) 

We take as the trilinear coordinates of any finite point, 
whose cartesian rectangular coordinates are (x, y), the three 
quantities 

2)i = - (cos (x^x + sin (x^y) + tt .. (2) 

We assume that the triangle surrounds the cartesian origin, 
so that each coordinate of the origin is positive. Every 
other point within the triangle will also have three positive 

* Cf. Whitworth, Trilinear Coordina^teSy London, 1866 ; Casey, Analytic 
Geometry of the Pointy Line, Circle^ and Conic Sections j Dublin, 1893, a brilliant 
but untrustworthy book. Also Clebsch-Lindemann, Vorlesungen uher Geometric^ 
second ed., Leipzig, 1906, vol. i, part 2, pp. 312 ff. 
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coordinates. The coordinates of any finite point will be 
connected by the fundamental identity 

; 3 

2«iP*=2A. (3) 

= 1 

If the left-hand side of this equation be equated to zero, 
we have the equation of the line at infinity, whose points 
may be put into one to one correspondence with sets of 
coordinate values satisfying such an equation. If the radius 
of the circumscribed circle be our fundamental identity 
may also be written 

= — • ( 4 ) 

/ = 1 

Let us begin by finding the equation of this circumscribed 
circle. Since it is a conic circumscribing the triangle of 
reference, it must come under the form 

^ = 3 

= 0. 

/ = 1 

We determine the coefficients by noticing that the tangent 
at a vertex will have an equation 

sin ^jPh + sin t- Pj ■ 

Hence the equation of our circle may be put in any one of 
the three forms 

; = 3 / = 3 t = 3 

2 sin 4 - Pi Pk = 0. 2 <-hPj Pk = 0. 2 S = 

We may proceed in similar fashion to find the equation of 
the inscribed circle. In line coordinates it must have an 
equation of the form 

/=:3 

; = 1 

The point of contact of a side-line will have the equation 

cos* + ®®s* ^ 4- ‘i^k — 

H 2 
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Hence the equation of the inscribed circle will be 

<’ = 3 

2 cos^ i 4 - = 0 - ( 6 ) 

i=zl 


i~3 


2 cos^ i 


4 — Pi 


t = 3 


22 cos^l 2^. Aj cos® 1 Aj^Pj p^ = 0. 


This last equation is factorable, giving the reduced form 
for the equation 

cos ^4-Ai y/pi + COS i Aj Vpj + cos ^ ^ = 0. (7) 

The escribed circle corresponding to the side will be 
likewise 

i cos sin \ 4- ^ P; ± i 4- ^ Ph “ 


The equations of circles circumscribed or inscribed to a 
polygon of n sides may be found in like shape.* Suppose, 
in fact, that the sides of an inscribed polygon have the 
lengths the perpendiculars on these side-lines from 

any point of the circle shall be 2 \ Taking this point as 

centre of inversion, we transform our circle into a straight 
line. Let be the distance from the centre of inversion to 
this line. Then 


2H = 2^' 




2 (A. I A^^/) 0. 


With regard to signs, we may take all of these segments 
except the extreme one as positive, while the latter, which 
comes from that side of the original polygon (supposed to be 
convex) which shuts the given point from the other sides, 
is negative. On the other hand, the number corresponding 
to this side is negative, while the other numbers 2^j 
positive. Hence, for every point of our circle, 



0 . 


The equation of the circle will be a factor of this. 


* See a highly ingenious article by Casey, * On the Equations of Circles 
Transactions Royal Irish Acadmyy vol. xxvi, 1878. 
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To find the equation of an inscribed circle we see that if 
ifj- be the point of contact of the side the circle 

must have an equation of the type 

Pi-iPi = 


where p{ is the distance to We see also that <t = 1, 

since our circle passes through the middle point of the circle 
inscribed in the triangle B^_■^A^B^. But, by the formula for 
the circumscribed circle, 


2 


Pi 


= 0, 


{Bi-i^d = 2/)Cos^^Ai. 


Hence for our inscribed circle 




= 0 . 


When the polygon has an even number of sides, the 
equation of the circumscribed circle may be put into much 
simpler form by means of I. 60], namely 

Pi P\i 2^5 • • • 2^2n-L P2 Pa Pq • * • P2U ~ 

In the case of the quadrilateral this gives 

PiI^a-^PPPa = 

When this is reduced to rectangular cartesian form the 
coefficient of is 

I [cos («! + cos ( 0 ^ 2 - a^)]. 

Since properly oriented opposite angles of our quadrilateral 
are equal, 

cos («! — or^) = — cos {oc^ — a^), 
cos (eXj — Of J = — cos (Ofg ~ (Xg). 

Now, suppose that this same quadrilateral is circumscribed 
to another circle of radius p, the distance of the centres being d 
and the radius of the circumscribed circle r as before. Taking 
the centre of the inscribed circle as origin, the caiiicsian 
coordinates of the centre of the circumscribed circle will be 
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i = 4 

— p 2 COS(X; 

" C03 (ttj — ttj) + COS (Ofj - OiiY 

; = 4 

-2 sin a, • 

; = i 

2/o = 


cos (0(i - 0(3) cos (cXg ~ ^>^4) 

The power of the centre of the inscribed circle with regard 
to the circumscribed may be obtained by substituting [ppp) in 
the equation of the latter when the coefficient of + 2/^ has 
been divided out, and found to be 




4 p^ 


cos ((Xj — tty) + cos (Ofg — (X4) 
On the other hand, if we first find d we get 

r < = 4 j = 4 

2 p‘ 


r - + <P = ' 


(2cosaiy+(2sina,y 


- 4 [cos (a, - a.j) + cos ((Xj - a^) ] 


[cos ((Xj - Xg) + cos (Xj - x^)]^ 


i = i 


2 (r'‘ + cV)_ 1 


< = 4 


^ 2 CO® ®t) + ( 2 ®«)*- 2 [cos (Xj - X^) + cos (Xj — X 4 )] 




Multiplying out on the right, and remembering the identities 
recently found, 

2 (r^i-d:^)_ 1 1 , 1 _ 1 

■“ p2’ ~ -2- 

This is our old formula I (11). 

A circle concentric with that circumscribed to our triangle 
will have an equation 

1 = 3 

2 sin ^ Ai = const. 

The left-hand side of this equation is the double area of the 
pedal triangle of the point (p) which proves L 62 ]. Let us 
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inquire under what circumstances the general equation of the 
second degree 

i =3 
; = 3 

PiPj ~ 9, CC^j = 

I = 1 
^ = 1 

will represent a circle. It is necessary and sufficient that 
it should be possible to rewrite this 

j = 1 i = 3 4 = 3 

X 2 sin ^ ^ iPj Pn + M S'W'i Pi 2 sin 4-^iPi = 0. 

/ 1 ' t ^ 1 6-1 

We have three equations 


and three others 


Ui 


sin^A^ 


Lsin^l-Aj sin4_^7^ 

= P 

Eliminating p 

tcjj sin^^ A/, + aj./^ sin^^ Aj — 2 ay/^ sin‘^ 4 ^ Aj sin 4L A;^ = const. 

In the special case where ctjj, = 0, j ^ ICy 
(rail = sin^^ A^- [sin^^ A^--sin^4^ Ay — sin-^^^ A;J 

i = 3 

= sin 2 ^ A^- II sin ^ A^'. 

y-i 

We thus hnd the equation of the only circle with regard to 
which the triangle is self-conjugate, 

i = 3 

2sin2ZA-2J/ = 0. (8) 


Let us find the coefficient of + when the circle 
^^ijPiPj = 0 is changed to its cartesian form. The coeffi- 
cient of is cosof^coscxj, that of y'^ is 2 a - sin sin cxy . 
As these two are equal we may replace both by half their 
sum, namely 


3 {<^11 + (t- J + « 33 * - 2 <^jk COS 
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For the circumscribed circle this becomes 

; = 1 < = 1 

This will also be the coefficient of in the cartesian 

equation corresponding to the trilinear form 

2 sin 4 - ^ i Pj Ph + 2 '^i Pi 2 sin 4 - -^ i Pi = 0. 

; 1 ' ; = 1 ; = 1 

since the second factor of the last term is a constant. If the 
coordinates of a point be substituted in the equation of a circle 
and the result be divided by the coefficient of we shall 

get the power of the point with regard to the circle. Thus, if 
we take (ppp) the coordinates of the centre of the inscribed 
circle, and substitute in the equation of the circumscribed 
circle, 

/ - 3 

= -2ri„ 

rising 

/ := 1 

J + _L. = i. 

r^-d r — d p 

This is our previous formula I (10). 

It is geometrically evident that the centre of our circle (8) 
is the orthocentre of the triangle, for the polar of any point 
with regard to a circle is perpendicular to the line from that 
point to the centre. We know from I. 50] that this is 
a circle of antisimilitude for the circumscribed and nine- 
point circles, so that the equation of the latter will be of 
the type 

f - 3 ; ^ 3 

2sin2 '^sm4^Ai2)j'Pk = 0. 

? = 1 / = 1 

We find A by requiring this circle to pass through the foot 
of one altitude. 
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The nine-point circle has thus the equation 

; = 3 t = 3 

2 sin 2 - 2 2 sin ^ ^iPjPu = 0- (9) 

/ =: 1 < = 1 

We next notice the identity * 

«■ - 3 / = 3 

2 sin 2 ^ ^ + 2 2 sin ^ 

6 ~ 1 , = 1 

t =‘3 > -3 

= 2 2 sin ^ AiPi 2 cos 4- AiPi. 

. =1 ^ =1 

Hence the equation of the nine-point circle may ho written 

/ = 3 1-3 t ^3 

2 2 sin ^ Ai 2 )jp ,, — 2 sin ^ ^ iPi 2 cos p- = 0, (10) 

/ I <■ = I / = 1 

The equation of the inscribed circle was seen to be 

< s= 3 < — 3 

2 cos^ i 4- - 2 2 C03^ h 4- cos^ i 4-Aj.pjp,, = 0, (7) 

iz=l < = 1 


and this may also be written 
'^'"cos^-l^ ’ V A 


' - 1 


1 — r w Ay ^ A /V 

■^n = 0. 


The radical axis of the nine-point and inscribed circle 
will be 


Vt • s/ A ^ cos^^4-^* 


< = 3 / - 3 

■2 2ccs^-4i/>i = 0, 

/ = 1 4 = 1 


Whitworth, loc. cit., pp. 294 ft‘. 
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2 = 0 , 

cos^t-Ai 


i = l 


i = 3 


2 sin ^ 2^. _ ^2;,) 


Pi = 0- 


The coordinates of this line are seen to satisfy our 
equation ( 6 ), so that the nine-point circle touches the inscribed 
one. In like manner we may prove that it touches the 
escribed circles. 

At this point let us make a short digression into the geometry 
of conic sections.* We start with the familiar theorem that, if 
the side-lines of two triangles touch a conic, their vertices lie on 
another conic. If the first conic be a parabola and one triangle 
be formed by the tangents through the focus and the line at 
infinity, we see that a circle circumscribed to a triangle circum- 
scribed to a parabola will pass through the focus. The Miquel 
point of four lines is thus the focus of the parabola which 
touches them. Let this be the point F, and let us find the 
polar reciprocal of our figure with regard to another circle of 
centre G, The polar of the parabola will be a conic through 0, 
A triangle with vertices A.^ will be inscribed in this 

conic, and another conic with focus at C will touch the side- 
lines of the triangle. This last conic, regardless of the positions 
of A^, A. A^ on the conic through them, will always touch 
a fixed line, the polar of F with regard to the circle of 
reciprocation. The foot of the perpendicular from C on any 
line is the inverse of the pole of this line with regard to the 
circle whose centre is C ; the pedal circle of C with regard to 
A Aj, Ag, A 3 is the inverse of the circle through F and will 
pass through the inverse of F, a fixed point. 

Theorem 1 .] The pedal circle of a chosen Jiiiite point of 
a conic with regard to all triangles inscribed in this conic 
passes through a fixed point. 

If the conic be a rectangular hyperbola, we see, by taking 
the special case where the vertices are the extremities of the 


♦ Mannlieim, ‘Solutions de questions 1798 et 1803% Nouvelles Annales de 
MathematiqueSf Series 4, vol. ii, 1902. 
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asymptotes and either vertex, that this fixed point will bo 
the centre.* 

Let us return to the geometry of the circle. Every conic 
through the vertices and orthocentre of a triangle is a rectan- 
gular hyperbola, for the involution determined by such conics 
on the line at infinity has three pairs of mutually perpendicular 
directions. The locus of the centres of these conics is a conic^ 
namely, the nine-point circle. We thus get f 

Theorem 2.] If four finite ^^oints he given^ whereof no three 
are collinear^ which are not the vertices and orthocentre of 
a triangle^ the four nine-point circles which they determine 
three by three, and the pedal circle of each with regard to the 
triangle of the other three, are concurrents 

This theorem enables us at once to deduce Fontdnd's exten- 
sion of Feuerbach’s theorem which we had before in I. 68]. 
For if a point move along a line through the centre of the 
circumscribed circle, its isogonal conjugate, whose coordinates 
are proportional to the reciprocals of its own, will trace a conic 
through the vertices and ojthocentre of the triangle, i.e, 
a rectangular hyperbola, and the pedal circle of the moving 
point and its isogonal conjugate will continually pass through 
the centre of this hyperbola. 

For the sake of reference it may be worth while to give the 
trilinear coordinates of the various notable points of the 
triangle which appear in connexion with the Brocard figures. 
We get from formulae (13) to (23) of Ch. I, 


Point 

0, 

Vi- 

•Ih- 

-Ih 

= COS^l-Aj 

: COS 4- A,^ 

; cos ^ A3. 


Point 

K, 

Vi 

• V-j, 

• V-i 

= sin^ Aji 


sin ^ A3 









= a-i : a, 

-.a.,. 

Point 

12 , 

Vi 

■ Ih 

■ih 

sin 4- A3 
sin^Ag 

sin^Aj 
sin 4- A3 

sin^A,^ 

sin^Aj 








= 


(11) 


* See a remark by ^ G.’, Nouvelles Annales de Mathematiques, Series 4, vol, v, 
1905. 

f Fontene, ibid., p. 504, speaks of this as a well-known theorem. 
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Point J2', 


Pi : p„ : />., = j : -r-~v ; sin -r^— 

^ 1 i '2 / 3 8in;^Ag sm 4- A^ sin 4- A^ 

= ai«2* : a^aj* : 


Point A/, Pi :pj ip,^ = sin a> : sin w) : sin {4-Aj-<a) 

= ai(* 2«3 : : af. 

The vertices ol the second Brocard triangle are not quite so 
easy to determine. 

The equation of any circle through Aj and Aj^ will be of 
the form 

1 ~ d / 3 

2 ‘■upj pk + h^k 2 = 0 - 

; = 1 , = 1 

We wish this to touch AiAj^ at Ai. Putting pj = 0, 

«i Pk Pi + fPk («i Pi + % P/.) = 0- 


There will be two roots = 0 if ^ = 1 • The equation 

of our circle is, then, ^ 

{ai^ - af) pj pi^ + a ^ a,, ppp. - a. aj, p,~ = 0. 

To find where this meets the line from A to K we put 


PPj==aj, = 

We thus get our desired coordinates. 


Point A/', Pi : pj : p,^ = a^.2 + 2 ; « ( 12 ) 

Let us find the equation of a Tucker circle. If be such 
a point of A-Aj^ that 

t.AjaPi = 0, 


(A/Fi) = (aAj) 


sin 0 _ t(!;j sin 0 ) sin 0 

sin (to + 0) sin (to + 0) sin 4- Aj 


The distance from to AiAj is, thus, 


ct/j. sin to sin 0 
sin (to + 0) 


The equation of the line PjP^' is, by I. 98], 

• • i ~ '6 

' / , sm <*> Sin 0 ^ 

Pk sin (to + 0)- 2 «iPi = 0. 
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The cubic curve 



2 A sin (ft) + 0)p^ — sin <» sin 0 





will contain the six points PiPj- If we can so choose k that 

/ = 3 

this equation contains 2 ^ factor, the other factor 

I = 1 

will give the Tucker circle for the angle 6. We have but to 
take X = 8 sin^ (co + &). The Tucker circle is 


i-3 


1 

7^? n(2A sin (ft) ■^0)Pi — sin «) sin 0 2 Pj) 


■ 8 A® sin® (ft) + 0)^ 


0- 


( 13 ) 


In the special case of the first Lemoine circle sin 0 = sin to. 

; = 3 / = 3 / = 3 

1 6 cos® ft) A 2 t Pj Pk — '^^ ft) cos ft) 2 Pi 2 H Pi 


- i = s 

+ ffl,«2a3 8in®ft)(2 

/ = 1 


The Brocard circle is concentric with this, and so has an 
equation of the type 

/ = 3 i = 3 ; = 3 

1 6 COSTCO 2 Pj Pk"^^ ^ ^ " 2 Pi 2 Pi 

; 1 ‘ . := 1 ; =r I ' 


+ {a^a^a^ sin^w — X)^ 2 ^iP^ = 

i - 1 


This must pass through the symmedian point whose 
coordinates are proportional to the sides of the triangle. 

Remembering that ctn w = ^ X = a^a^a.^ sin^co, we get the 
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following different forms for the equation of the Brocard 
circle : 

i = 3 / = 3 1 = 3 

4 A ctn 0 ) 2 Vh- 2 «/ 2 = 0- 


? = 3 i = 3 


2 2 «/ Pi Pk - 2 2 Pi = 0. (14) 


; i ; = 1 


2 sin2 ^ ^ , 2 sin ^ ^ / P/ P/.- 


- 2 sin ^ -4; sin 2 sin 4- Pi = <>• 

/ = 1 ; 1 

It will be found by direct substitution that the circle with 
this equation does effectively pass through our ten points. 
Radical axis of Brocard and circumscribed circle 

The area of the pedal triangle of a point (p) is 

; = 3 

“iPyP/^- 

The sum of the squares of the lengths of its sides will be 

= 3 1 = 3 

2 2p/ + 2 2pjP;. cos 4 - A . 

; = 1 ; = 1 

i =3 i = 3 

= ^ ,7;^^ 2«i(«/ + «//-«/)PiP^. 

The cotangent of the Brocard angle of this triangle will be 


f = 3 / = 3 


ctn o/ = 


2 aia,^a., 2p/ + 2 “i + «;/-«/) PjPk 

! = 1 ; = i 

1 = 3 * 

4A2«iP/P/, 



II 


CARTESIAN PLANE GEOMETRY 


127 


Writing the equation of the Brocard circle 

; = 3 / = 3 

« 2 2 Pi' = 2 f^'i^Pj Pk> ( 15 ) 

< = 1 2 = 1 

2^3 

2«/ 

ctn oo' = — = ctn 0 ), 

4 A 

we thus reach an interesting theorem due to Schoute.* 

Theorem 3.] The locus of 2^oirits whose 'pedal triangles have 
the sa'ine Brocard angle as the given tria'ngle is the Brocard 
circle. 


Theorem 4.] The locus of p>oints whose pedal triangles have 
a given Brocard angle is a circle coaxal with the circumscribed 
and Brocard circles. 

Let us find the equation of the Neuberg circle corresponding 
to {AjA^). 

/ = 3 ?■ = 3 ?■ = 3 

2 <^iPjPk + 2 ^iPi 2 <^iPi = 0 - 

2=1 / = 1 / = 1 

As this is to contain while Aj and A-j^ are to have like 
powers with regard to it, 

Ui = 0, 11 j = A(7^., = Ac?;.. 

; = .3 ; = .3 

2 (uPjPk + ^ {<\iPj + »kPh) 2 ^'iPi = 0 - 

; 1 / = 1 

2 A 

The coordinates of Aj are 0, 0. Its power with regard 

to the Neuberg circle is, by I. 137], a^^ and the coefficient of 
+ 2/^ in the corresponding cartesian equation is 
— a^ sin 4- A- sin ^ A;. . 

X = _3_. 

a rt ^ sin ^ y sin ^ J. /. ' ’ a 

* ‘ Over een naiuver verband tusschcn lioek en cirkel van Brocard 
Atnsferdam Transactions, Series 3, vol. iii, 1887. 
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The equation of the Neuberg circle is 

; = 3 / - 3 

ajH 2 (^iPjPu - «*• {<^jPj + «/rPA-) ^(HPi=^- (» 6 ) 

; = 1 / = 1 

We turn to the closely related MacKay circle. The radical 
axis of the MacKay and Brocard circles is whose 

equation is 

(a/ - ((f - a,* + (tfa,,^) p,- + (ij (2 a,,^ - „ .2) p. 

+ (2a/-«/"-«7/) = 0 . 

The MacKay circle will thus have an equation of the type 

; =3 ; = 3 i = 3 

2 2 f^n^jPh - 2 ('iPi { ^ - ('1* + Pi 

; rt: 1 / = 1 ; 1 

+ [a,,ai + A-a^a; {2a,:--ai^-aj^)] 2)j 

+ [«i«; + A a/a,. (2 af - a,.^ - r/,.^)] } = 0. 

Moreover, by I. 148] A^ and A^, have like powers with 
regard to the MacKay circle, 

«;• H 

1 

\ = - „ ; 

3a-aj. 

i = 3 i - 3 ; = 

3 Ujci ,^ 2 2 «i Pj Pk - 2 «i + «;/)'■' - «/] Pi 

; = 1 ; = 1 ; rr 1 


7 = 3 

+ 2 [«:/ Pi + k P7,:] } = 0- ( ^ 7) 

; =1 


Substituting — 5 the coefficient of will be 
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This shows that the centre of gravity lies on the MacKay 
circle. M;> has the coordinates 




Pk- 


4r 


Its power with regard to the Neuberg circle is 


^ 

sin ^ Aj sin 4- -A 





Its power with regard to the MacKay circle is 

12 


The ratio of these is 1:9, is three times as far from 
as is hence the second intersection of A>M with the 
Neuberg circle is three times as far from M as is the second 
intersection with the MacKay circle. 


Theorem 6.] The middle 'point of a side of a triangle is 
a centre of similitude for the corresponding MacKay and 
Neuberg circles^ the ratio of similitude being 

This justifies a remark made after I, 148], Remembering 
the original definition of MacKay circles, we have 


Theorem 6.] The MacKay circle corresponding to a par- 
ticular side of a given triangle is the locus of the centre of 
gravity of a triangle having the given side and Brocard 
angle, its vertex also lying on a specified side of the given 
side-line. 


§ 2. Fundamental Belations, Special Tetracyclic 
Coordinates. 

It is clear that the trilinear coordinates which we have so 
far used are not adapted to dealing with the circle in any 
broad way, and, in fact, are of use only in studying those pro- 
perties of a circle which are related to a particular triangle. 
Let us now turn to homogeneous rectangular cartesian coordi- 
nates x:y : t^ and define, once for all, as a circle in the 

I 


1702 
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cartesian plane every locus which corresponds to an equation 
of the type 

-i- 'i/ + x^(x^ + — + x^(2id) + X;i{2yt) = 0. (18) 

The quantities (x) shall be called the coordinates of the 
circle ; they are homogeneous, and subjected only to the 
restriction that all may not vanish at once. We distinguish 
the following types of circles : 

; = 3 

'^yiZi = {yz). 

/ -0 

{a) Proper circles (xx) ^ 0, ix^-^x^ 9 ^ 0. 

ih) Non-linear null circles {xx) = 0, ix^-^x^ ^ 0. 

These consist in pairs of finite lines through the circular 
points at infinit 3 ^ 

(c) Non-isotropic line circles {xx) ^ 0, ix^^-x^ = 0. 

These consist in a non-isotropic line and the line at infinity. 

{d) Linear null circles {xx) = 0, ix^-^-x^ = 0. 

These consist in an isotropic line and the line at infinity, or 
the line at infinity counted twice. 

The four multipliers of x^, Xq in (18) shall be called 

the special tetracyclic coordinates of the point {Xy y, t), or rather, 
any four quantities not all zero which are proportional to 
them. The reason for this curious designation will appear 
later. The relation between our homogeneous cartesian co- 
ordinates and our special tetracyclic ones may be written 

2/o:3/i:2/2:2/3 + + + 22/«, 

!v:y:t=y^:y^: -(iy^ + y^). ^ ^ 

Every finite point has thus a definite set of special tetracj^clic 
coordinates (y) for which 

(yy)-0, iyo + yi¥=0‘ 

Conversely, every set of homogeneous values which satisfy 
these relations will con*espond to a single definite finite point. 
Returning to our circle {x)y which we assume to be not a line 
circle, we have for the radius 

ixg + ajj 


( 20 ) 



TT 


CARTESIAN PLANE GEOMETRY 


131 


This expression is, of course, double valued as it stands 
Where the circle is real we assume that such a sign has been 
attached to the radical that r ^ 0. The concept of a circle 
with a negative radius will be treated most fully in a subse- 
quent chapter. Let the reader show that the special tetracyclic 
coordinates of a point are nothing more nor less than the 
coordinates of that null circle whose centre the point is. The 
special tetracyclic coordinates of the centre of (x) are 

i(xx) 


— Xq 


px{=z — 


2(?aJo + ^i) 
i (xx) 


( 21 ) 


2 {ixQ-\-x^) 

^2, 

•'^3* 

The coordinates of the circle concentric with (a?) and ortho 


gonal thereto are 


(TXc = ~ 


(TX. =05.— j-r 


i (xx) 
i (xx) 

’ 


( 22 ) 


(TX^ = av 


(tX^ = x^. 

The power of the finite point (y) with regard to the proper 
circle (a;) will be 

-2( ^) . /23) 

(^2/o + 2/i)(^®o + ^i) ' 

This formula holds even when {x) is null, if it be not a line 
' circle, and gives the square of the distance of the finite points 
(aj) and (y). If the power of a finite point .with regard to 
a proper circle bo divided by the radius, the quotient is 

. . (24) 

This expression has a meaning when the circle is a non- 
isotropic line circle. In fact we see that if a point remain 
fixed while the radius of a certain circle increase indefinitely, 

I 2 
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the ratio of power to radius will approach as a limit double 
the distance from the point to that line which is the limit of the 
circle. If we extend the phrase o'atio of ]X)weT to radius to 
include this limiting case, it is easy to see that this ratio for 
the circle = 1, x.j = 0 will be 

^2/o + 2/i ‘ 


The special tetracyclic coordinates of a point are thus pro- 
portional to the ratio of power to radius with regard to four 
mutually orthogonal circles, namely, the y axis, the x axis, the 
unit circle around the origin as centre, and the concentric 
circle the square of whose radius is — 1. It is this aspect of 
our coordinates whicli we shall subsequently generalize. If 
two circles be given which are not null, tlieir angle 0 will be 

(xu) 

cos^ = -- • (25) 

V (xx) V{yy) 


In the case of real circles the radicals in the denominator 
should be so taken as to make the radius of each positive. 
The formula is then 


COS0 =: 


r^-\-rf‘ — cV 


(26) 


The condition for orthogonal intersection is 

(xy) = 0. (27) 


For internal or external contact we shall have 
\xx) (yy) 


(28) 


Before proceeding further, let us look at our tetracyclic 
coordinates from still another point of view.* The homo- 
geneous coordinates (x) may be taken to represent a point in 
a three-dimensional space which we shall assume has an 


♦ One of the earliest writers to look upon circles as corresponding to 
points in a three-dimensional space seems to have been Mehmke, ‘ Geometric 
der Kreise in einer Ebene’, Zeitschri/t fur Mathemalik und Physikj vol. xxiv, 
1879. He does not, however, make use of the idea of elliptic measurement. 
The reader not familiar with non-Euclidean geometry will find this measure- 
ment fully treated in all books on the subject, e. g. the Author’s Elements of 
Non-Euclidean Geometry^ Oxford, 1909. 
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elliptic type of measurement, the equation of the absolute 
quadric being 

{'xx) = 0 . 


Our formula (25) for the cosine of the angle of two circles 
(x) and (y) will give exactly the cosine of the distance of two 
points in our non-Euclidean space. The totality of circles 
whose coordinates are linearly dependent on those of two 
will give the pencil of circles through the intersections of 
two given circles. When the given circles are proper, this 
will be a coaxal system as defined in the last chapter. We 
shall extend the term coaxal systey/i to include the pencil in 
every case. Our correspondence may thus be written : 


Plane tt. 

Circle. 

Null circle. 

Angle of two not null circles. 

Mutually orthogonal circles. 

Coaxal system of cii'cles. 

Pencil of tangent circles. 

Circles mutually inverse in 
proper circle, or reflexions 
of one another in a non- 
isotropic line. 

Circle of anti-similitude of 
two circles. 

Inversion, or reflexion in a 
line. 


Space 6*. 

Point. 

Point of Absolute. 

Distance of two points not 
on Absolute. 

Points conjugate with regard 
to Absolute. 

Line, 

Line tangent to Absolute. 

Points collinear with a given 
point and equidistant there- 
from. 

Centre of gravity of two 
points. 

Reflexion in a point. 


As an example of the sort of theorems that correspond in 
the two domains, we take the following : 

Plane tt. Space S. 

The circles of anti-similitude The centres of gravity of pairs 
of three non-coaxal circles formed by three given poiids 
are coaxal in threes, are collinear by threes:^ 

* See the Author’s Non-Euclidean Geometry^ cit., p. 102. 
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We may establish our coiTespondence of circles in w with 
points in H by a direct geometric process without recurrence 
to non-Euclidean notions. Starting with our typical circle ( 1 8), 
the cone with the vertex (0, 0, l,i) through that circle will 
have the equation 

^ + + — — 2 itz] + [x^ -h -f 2 itz] 

’hx^{2xt — 2 ixz) -^x.^{2yt~-2 iyz) = 0. 

This may be written 

( Ixq + x^) (x^ + 2/^ + + 1^) 

- 2 i ( 5 ; + it) + x.yy + x^)Z-\- x^t) = 0. 

This cone will thus cut the sphere 

x^ + y^-{-z^ + t^ = 0 
in a circle whose plane is 

x.^X’hx.^y-hXQZ + x^t = 0 . 

The coordinates of the pole of this plane with regard to the 
sphere in question will be 

X ly \ z 1 1 ~ x^ i x^ i Xq I • 

The coordinates of a circle in the cartesian idane may he 
interpreted as the coordinates of a point in space whose polar 
plane ^vith regard to a fundamental sphere cuts that sphere 
in a circle whose stereographic projection is the given circle. 

Let us in this connexion give the formulae for inversion. 
Suppose that we have a point {y) and a circle of inversion {x). 
Since every circle through [y) and (/) is orthogonal to (a?), 
and these relations are expressed by linear equations of like 
type, the coordinates of ( 1 /') must be linearly dependent on 
those of (a?) and {y). 

Vi = ^Vi 

{u'yl = iyy) = 

PUi' = {xx) yi~2 {xy) x^. ( 29 ) 

We may go fuither. Suppose in this equation {y) is any 
cii'cle. Then if (^) lie on {y) we shall find that its inverse 
lies on {y'). Our formula will thus give the inverse of any 
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chosen circle. We next turn to the non-homogeneous cartesian 
coordinates, taking for our circle of inversion 

ic® + 2/2 = 1 ; 

the inverse of (x, y) will be 


X = 


x^ + y^ 


y'= 

^ x^ + y^ 




dx'hx' + dy'hy' 




dxhx-\-dyhy 


V dx'^ + t/y'^ Vhx'-^-\-h y'2 >/ dx^ dy^ ^-ly' 


This last equation shows that the angle between two curves 
is equal or supplementary to that of their inverses. 


§ 3. The Identity of Darboux and Frobenius.* 

It is now time to take up an important identity connecting 
the coordinates of any ten circles, which plays a fundamental 
role in much of our theory. Let us suppose that we have two 
groups of five circles each, (x) (y) (z) (s) and («?") (y') (0* 
Multiplying together the two determinants \ xy z at 0 \ and 
I x'y'z's't'O I we get the fundamental identity 

(xx') (xy^) {xz') (xa') (xf) 

(y^') ivy') iy^') ( 2/«0 iy^') ' 

(zx') (zy') (zz') (zs') {zt') = {). (30) 

I {8x') (S2/') {sz') (88') (at') ■ 

I (tx') (ty') (tz') (t8') (tt') ' 

As a first special case, let {x'), (y'), (z'), (s') be four finite 
points, no three collinear, nor are all four concyclic. {x) shall 

* It is rather a delicate question to know to whom one should give tho 

credit for the identity which forms the subject of tho present section. It 

was first given in a particular form by Darboux, ^ Groupes de points, de cercles 
et de spheres’, Au'nales de VEcole Normale, Series 2, vol. i, 1872. Frobenius 
thereui)on announced that he had long been familitir with it, and proceeded 
to publish his results, ‘ Anwendungen der Determinantentheorie auf die 
Geometrie des Masses CrelWs Journal^ vol. Ixxix, 1875. Another elaborate 
discussion is in an important article, by Lachlan, ‘ On Systems of Circles and 
Spheres Philosophical Tiansactions of the Royal Society^ vol. clxxvii, 1886. 
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be the circle circumscribed to the triangle whose vertices are 
(2/')> (^0? (^0) (i!/)> (^)’ (^‘) • (0 (i') shall be the 

line at infinity. 


0 = 


0 

0 

0 


0 

m 

0 

0 


0 0 

0 0 (^o + Z/i) 

{zz') 0 + 

0 (sti') (i^o + 6’i) 


) (^^0 " i " ) (^^>*0 "t *’1 ) ^ 


— 2 (ico;') 


-2(yy') 


(^2/o + 2/i)(^yo' + 2//) 


- 2 


(^0o + ^i)« + <) 


0 

0 

0 


0 

1 


— 2 (6'6*') 


cS'l) (^V+S/) 


1 

1 

1 

1 

0 


If Pi be the power of (x') with regard to the circle (u;), and 
so for 


1 


1 

H” — + 

Pi 



P:i 


= 0 . 


Theorem 7.] If four finite poiiUs he given of wkic/t no three 
are collinear nor do all four lie on one circle^ then the sum of 
the reciprocals of the powers of each point luith regard to the 
circle passing through the other three is zero. 

If none of our circles be null or isotropic line circles, we 
may divide the various rows and columns in the left side of (30) 
by expressions of the type V (xx). If, then, we indicate the 
angle formed by the circles {x) and {x') by ^ {xx')^ 

cos ^ xx' cos 4- xi/ cos 4^ xz' cos ^ xs' cos xt' 
cos ^ yxf cos yy' cos ^ yz' cos ^ yd cos ^ yt' 
co^l^zy' cos>I^zz' cos4--^d cos^-^zt' 
cos 4^ cos ^ sy' cos 4- cos ^ ss' cos 4^ sf 
cos ^ tx' cos 4-“ ty' cos ^ tz' cos ^ ts' cos 4^ W 


= 0. (31) 
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On the other hand, wuppose that (t) and (t^) are both the line 
at infinity, so that the last row iind column are divided by 
^^0 + ^^d itj + t/y we have 


! ^ 1 
I cos ^ j:x' cos ^ x f/' cos ^ xz^ cos ^ xti — 




cos 4- 2/^^ cos 4^ yt/ cos ^ yz' cos 4- //*>*' 


/ 1 


cos ^ cos 41 ^2/^ ^ ^ ^ 


/ 1 


, 1 


cos ^ cos 4- ^y^ cos 4- cos 4- ~r 

^ s 

1 1 1 1 . 


= 0. (32) 


radii of the first four circles and 
r^y Ty’y r^>y r^t those of the second four. Again, suppose that 
our circles are non-linear null circles. We have, for any two 
groups of five finite points. 


: drj.y' <-lxz' 

' ^yx ^^yy ^^yt' 

’ 1 / • V 4 / 4 / = 0 . 

^ksy'^ ^^6^ j 


(38) 


Here means the distance from the point {x) to the 
point {x'). If the second set of five proper circles or non- 
isotropic lines be identical with the first, we have 

I 1 cos^^ccy cos 4-^'^ cos^ '^^ cos 4^^ 

cos 4 y^ 1 00s 4 00s 4 00s 4 y^ 

cos 4^^ 00 s 4^V 1 COS^ CS cos 4^^ 

cos ^805 C0s4^^y cos ^8:^ 1 COS 4^^ 

C0s4i^ OOs4^y cos 4^^ COS 4^^ 1 


^ 0. (34) 




If each set of five be made up of four finite points and the 
line at infinity, we get Euler’s identical relation for any four 
(finite) points in the plane, 

0 dj 1 I 

<-kx <^zy 0 dj 1 = 0 . ( 36 ) 

^sy 1 

11110 

If we take four finite concyolic points, and the circle through 
them, 


0 

to 

dJ 

d 2 

^X8 


0 


V 

dJ 

(1 2 
^zy 

0 

dJ 

dJ 

d 2 

^8y 

d,z" 

0 


{^Ixy^zs "b ^Qcz^ys "b ^z»^yz) {^xy^zs *b ^xz^ys ^X8^yz} 

{^xy^zs^ ^^xz^ys’^ ^^X8^yz^ ^xy^z8~^ ^xz^ys"^ ^X8^yz) 

This last equation gives Ptolemy’s theorem for a quadri- 
lateral inscribed in a circle. 

If three circles have the coordinates (y), (z), (s), their equa- 
tions are 

[xy) = (xz) = (xa) = 0 . 

The coordinates of their common oiihogonal circle will be 

= ( 38 ) 
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A necessary and sufficient condition that this should be 
null is 


[yy) iyz) (2/«) 

{zy) (zz) {zm) 
(ay) (« 0 ) (ss) 


= 0 . 


(39) 


When all of our given circles are proper this may be written 


1 cos 41 xy cos ^ xz 

cos}^yx 1 cos yz 
cos 7^ zx cos 4-zy 1 


= 0 . 


(40) 


A necessary and sufficient condition that four circles (y), ( 0 ), 
(s), (^) should be orthogonal to a fifth is 


1 y-^t 1 = 



\yy) (yz) {ys) iyt) 

{zy) {zz) ( 2 : 8 ) {zt) , 
{ny) {sz) (88) {st) ; 
{ty) {tz) (ts) {tt) 


= 0 . 


(41) 


When none of them are null we may write 

1 cos 4^ yz cos ^ 2 /s cos 4^ yt 
cos 4~^y 1 cos 4- Z8 cos 4“ zt I 

cos 4- sy cos 4- 1 cos 4- 

cos 4^iy cos 4- tz cos 4^t8 1 


(42) 


On the other hand, if we have four proper circles, (x), (y), 
(z), (s), each two of which are orthogonal, we get from (35) 



X 



(43) 


Theorem 8.] The sum of tiie squares of the reciprocals of the 
radii of four mutually orthogonal proper circles is zero. 

We defined as the special tetracyclic coordinates of a point 
numbers proportional to the ratio of power to radius with 
regard to four mutually orthogonal circles which were not 
null ; extending the meaning of this ratio to the cases where 
some of the circles were non-isotropic lines. Suppose, now, 
that wo have any four mutually orthogonal circles not null 
and we take the ratio of power to radius with regard to each, 
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interpreting this ratio as before for line circles. If the four 
ratios be proportional to 8.^, 84 , we have 


1 0 

0 1 

0 0 

0 0 


0 

0 

1 

0 


0 

0 

0 

1 





(44) 


If, then, we define these ratios as the general tetradjclic 
coordinates of a point^^ we see that they are linear in the 
special tetracyclic coordinates, and connected by the same 
qiiadi*atic identity ; the sum of the squares vanishes. 


Theorem 9.] The passage from one set of tetracyclic 
coordinates to another is effected by a quaternary orthogonal 
snhstit'ation,'\ 

The sum of the squares of the four variables will be a 
relative invariant for all such substitutions, as will be the 
polar of this form, hence the expression for the angle of two 
not null or isotropic circles will be invariant, and we have in 
the general tetracyclic coordinates for two circles (a;) and {y) 


cos 0 


Cj/) 

v/ {xx) {yy) 


(25) 


The determination of the signs of the radicals in the 
denominator can only be effected by a further knowledge 
of the I'elation of the present coordinate system to the 
original one. It is to be noted also that our formula (29) for 
the inverse of a point or circle will hold equally well here. 


* Strictly speaking, perhaps, the term general slioulcl be extended to the 
case of any four circles where the simple identity would be replaced by 
a more complicated quadratic relation. The restriction to the orthogonal 
case is highly useful in the case of tetracyclic coordinates, and sanctioned by 
custom. 

t The term orthogonal substitution is sometimes restricted to the case where 
the square of the determinant is unity. We do not impose this restriction, 
and merely require the invariance of the sum of the squares of the variables. 
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Theorem 10.] The equation of a circle will he linear in the 
general system of tetracyclic coordinates^ and the expression 
for the cosine of the angle of tivo not null or isotropic circles 
will he invariable in form. 

If two proper circles cut two others orthogonally, the 
radical axis of one pair is the line of centres of the other. 

Theorem 11.] If four mutually orthogonal proper circles 
he given ^ their vertices are the vertices and orthocentre of 
a triangle. 

Let {y)j (z), (s) be three proper circles, (^') (z') (s') the vertices 
of an arcual triangle determined by them. Let (a?) be the 
circle circumscribed to this triangle, (t) the common ortho- 
gonal circle to (y) ( 2 :) (s), while (y") is orthogonal to (2:)(s)(^). 
Taking the two groups of circles 

(y) ( 2 ) (s) {«) (0. (y'} (»') (s') (y") (0. 

! (yy') « (yy") o 

I 0 (zz') 0 0 0 

j 0 0 (ss') 0 0 

0 0 0 (pcy") (xt) 

W) {tz') («') 0 {tt) 

{yy') imi") {tt) + {yy") {xt) {ty') = o. 

jxy") (xt) r (yy") (ty’) _ -i 

'/(xx) V(y"y") V(xx) V(it) V{yy') ^(tt) V(y"y")\ ' 

Now, since (y') (y") (t) are orthogonal to (z) and (s), 

ti = 'pyl + qy", 

0 = /> (yy') + q (yy"), (ty') = qbjy"), 

(tt) = p (tif) = 2 pg (y'y") + < 7 * (y"y") = 2p + g* (y"y"), 

(tt) - P (ty') = - q^(y"y"), 

(mntty') _ + {^O _ _ + i {‘^l . 

(yy') ^(tt) V(y"y") ~ ’ ^^) ^W^") ~ V(xx)V(tt) 

The right-hand side of this equation Is unaltered when we 
permute the letters (y)^ (z), (s). 
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We thus get an interesting theorem due to Study :* 

Theorem 12.] The circles circumscribed to the arcual triangles 
formed by three non-concurrent 2)Toper circles cut at equal or 


supplementary angles the three circles each orthogonal to 
of the given circles and to the common orthogonal circle. 

two 

If four proper circles touch one 

another externally, 


1-1-1 

-1 

1 \ 




1 


I 

-1 1 -1 . 

-1 

1 


1 


r 

if 


1 

-1-1 1 

-1 

1 =0. 


: -1 -1 -1 

1 

1 


.1 1 1 

1 

s 

0 





2f,= 2 

jc ® 

1 

• 

(45) 

Each term on the right appears twice. 

This formula is due to 


Steiner.f 

If a circle (s) be externally tangent to (i/), ( 0 ), three not 
null circles, while {t) is a point thereon, and if s^i s^ be the 
ratio of power to radius for {t) with regard to (cc), (y), ( 0 ), 

1 cos^ojy cos^a;0 — 1 

1 cos^y0 —1 Sg 

cos ^ 00 ; cosT^zy 1 —1 So • = 0. 

-1 -1 —1 10' 

Sj Sg ^ ^ 

sin \ '4-~yz sin 'f8^± sin 

We see that formula (7) for the inscribed circle is a special 

* See a condensed but important article, * Das Apollonische Problem 
Mathematische Annalen, vol. xlix, 1897. Owing to a mistake in sign, the 
present theorem is there given too great an extension. 

t * Einige geometrische Satze CreUe's Journaly vol. i, 1820, p. 274. 
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case of this. Suppose, more genemlly, that (x) cuts (y), (z), (s) 
at angles 0 ^ 3 . We get from (33) 


1 cos ^ yz cos 4-y^ cos 

cos 4-^y 1 cos ^ ZS cos (Xg 


cos 4-^ sy cos 4- sz 


cos a. 


cos OC 2 

r. 


cos 0^3 


cos a.. 


1 

T 


1 

7’ 


= 0. 


(46) 


The condition that there should be a real circle cutting the 
three real circles at these three real angles is that the dis- 
criminant of this quadratic equation in ^ should be greater 

than zero. This condition is easily transformed by means of 
the familiar determinant identity 


<)A ^A 2>A 






thus giving 


1 cos ^2/^ cos ^2/^ COSOKj 

cos 4 -^y 1 cos ^ ZS COS ; 

cos 4 - cos 4 -- 1 cos (X3 I 

cosa^ cosofg cosofg l 


(47) 


i 1 cos 4 - y^ cos 4-y^ — 

i ' 

1 coB4^zy 1 cos 4-‘Zs ~ 

I 

cos 4- ^ cos 4-^^ 1 ~ 


1 


> 0 . 


0 
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The second of these factors 

may be written 

1 ?yn 

?/l 

y- 


1 '^(yy) 

iyy) 

<yy) 

•/ (?/?/) 

i ^0 


r 

■^2 


j 'Z 

V(zz) 

-/ (zz) 

(zz) 

1 S„ 

_Al__ 



V (ss) 

(.S8) 


V (sfi) 

1 

' 7. 

1 

0 

0 


The three original circles being real and proper, we see from 
(18) that this is essentially negative. Our criterion for a real 
circle is thus 


1 cos 4- 
cos 4-^y 1 

cos 4- ^y cos 4- 
cos cos oc^ 


cos 4- ys cos OCj 

cos 4- cos 0(2 

1 cos ^3 

cos (X 3 1 


^ 0. (48) 


One or more roots of our equation (46) may be negative. 
Arithmetically speaking, the sum of the roots of the equation 
is the sum or difference of the reciprocals of the radii satis- 
fying the given conditions. We thus get 

“± - = -d^cosaj + A2Cosa2 + -43Cosa3. 


Replacing two angles by their supplements, and keeping 
the other one fixed, 

p ± = Aj cosaj — ^dg cosag — J .3 cos 


Permuting the three angles, we get two other similar equa- 
tions. Adding, 



r 



] 

r 


1 1 1 

~ ^ “ r" ~ ' 


( 49 ) 
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To find a circle which meets four others at one same angle </>. 

1 cos ^ yz cos ^ ys cos ^ yt cos </> 
cos ^ zy 1 cos 4- cos 4- st cos 0 

cos 4- sy cos 4-^ 1 cos 4- cos (/> =0, 

cos 4- iy cos 4- cos 4-i^ 1 cos (f> 

COS</) COS<jf) COB<f) cos^ 1 

1 cos ^ 2 / 2 ! cos ^ 2 /^ COS ^ yt 
COS ^ 3!2/ 1 COS ^ 2!S cos ^ 2^ 

cos 4- ^y cos ^ 82 ! 1 cos ^ 8^ 

COS 4-ty cos 4-~tz cos ^/8 1 o. 

I 1 cos ^ 2/2 coH 4^ ys cos4-Vt 1 
I cos 4-^y i COS 4- cos 4-^^ 1 

' COS 4- cos 4- 1 cos 4-^t 1 

cos 4 - cos 4- tz cos 4-^^ i i 

: 1 1 1 10 

This equation will be unaltered if we change (/> into tt — </>. 
If we do not specify which of the two angles ^ and tt — ^ 
we wish, the equation for (fy becomes, 

1 cos 4- yz cos4-ys cos 4-- yt 
cos 4- zy 1 cos ^ zs cos 4- zt 
cos 4- S^j cos ^82 1 C 0 S^ 8 ^ €.^ = 0 . 

cos 4- ty cos 4- tz cos 4-tB 1 64 

61 62 €4 sec 2 0 

€i — 62 — ^3 — €4 — 1 . 

There are usually eight distinct circles which touch three 
given circles. It is easy to distinguish the cases where the 
number is less, but we confine ourselves to the general case. 
The angle which one of our eight circles makes with the 
common orthogonal circle to the three is given only through 
the square of its cosine in (34), and we see that when the 
common orthogonal circle is not null, the eight circles are in 
pairs inverse therein. Such a pair of tangent circles are said 
to be coniyled. When the orthogonal circle is a non-isotropic 
lino, inversion is, of course, replaced by reflection. The radical 

K 


1702 
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axis of the couple and the orthogonal circle will, by I. 217], 
pass through a centre of similitude of each two of the three. 
Let the given circles be (y) (z) (s), (f) the circle sought, 
(x) a point thereon, 


(yy) iyz) W (yt) (yx) 

(zy) (zz) (zs) (zt) (zx) 

(sy) (s«) (ss) (st) (sx) 

(ty) {tz) (ts) («) 0 

{xy) {xz) (xs) 0 (0) 


= 0 . 


Multiplying through by ] (yy) (zz) (ss) | and remembering (47), 


(yy) (y^) (2/s) (y^) 

(zy) (zz) (zs) (zx) 
(sy) (sz) (ss) (.sw) 
(ty) (tz) (ts) 0 


+ I yzst I X I yzsx [ = 0. 


But (ty) = «i V(tt) V(yy) ; «/ = 1, &c. 

Let l^zs = i.A^\ li.sy = i/^A 2 \ i-yz = 4-A.y 


(51) 


1 C0S^.A3 COS^J.2 

j COS^.d 3 1 COS^.dj 

I 

i cos^ilj 1 

i 

I 

^2 ^3 


(y^)_ i 
Ayy) I 

(zx) i 
(zz) I 

(sa^ ) 

V (ss) 

0 


+ 


1 COS^vlg COS^^dj fj 

COS^ilj 1 COS^Jj €2 


yzsx 


COS^.d2 COS^.4j 

fl (o 


2 _ 


1 

^3 

2 _ 


V(yy) V {zz) V{8s) 


= 0. (fi 


= 1. 


This is the equation of a circle touching our given three ; 
the radicals in the denominator of the second part have known 
signs. The problem of constructing a circle tangent to two 
circles and orthogonal to a third has clearly four solutions, for 
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the coordinates of the circle sought are limited by one linear 
and two quadratic equations. We thus get 

Theorem 13.] Any two couples of circles tangent to three 
given circles are tangent to a fourth circle also. 

It is easy to see by examining the case, where the common 
orthogonal circle is a line, that no two of the four circles of 
this theorem can fall together unless two circles of a couple 
become null. But then our three original circles would be 
coaxal, and the whole theorem goes to pieces. The three 
original circles and the fourth found by this theorem are said to 
form a Hart system of the second sort.^ The discussion of the 
Hart systems of the first sort is much more difficult, but, in 
compensation, reveals a number of most interesting theorems. 
To this we now turn our attention. We start witli two circles 
if) and {z'). Let (y) have external contact with if) and internal 
contact with iz') ; iz) has external contact with iz') and internal 
contact with iy^). Let (s) have internal contact with if) 
and ( 0 '), while {x) has external contact with both. From 
I iT 8 y 0 y' 0 I - = 0, 


1 cos ^ xs cos ^ xy cos 4-xz — 1 
cos ^ sx 1 cos ^ sy cos ^ sz 1 

QQs^yx Q.os>^ys 1 cos^y:; —I 
cos 4 ^ ZX cos 4 - cos ^ 08 1 1 

-11-111 


0 


o 4 ~^ • 2 

cos^ — Sin-^ 


2 


cos 


. o 4- 2 
sm^ — - cos^ 


0 cos 

4-ys 


2 ^ 0.r . ^4-^^ 

COS^ — - sm^ cos 


2 4^11 

2 

0 

2^^2/ 


cos 


sin 


cos 


= 0 ; 


4^XZ 
2 ‘ 

2 

2^1? 

2 

0 


= 0. 


4^x8 4-y^- • 4-^ • 4-^^ 4-^^ 4-ys 

cos + sin - - - sm — — + — cos = 0. 


* Study, loc. cit., p. 537. 

rk 
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If we replace {y') by {z') and interchange {y) and ( 0 ), 

i^yz . i^xz . Tl^ys l^xy 4^zs 
cos cos ± sm sin — ^ + cos - - ^ cos = 0. 

2 2 2 2 2 2 


%-xy±%-,xz = ±{j^^j ±ll^sz). 

The left side of this equation is independent of (s). If, 
then, we drop the terminology of speaking of internal or 
external contact, which is meaningless in the complex domain, 
and refer to the circles which are tangent to two given circles 
as belonging to the one or the other system, according to the 
circle of similitude to which they are orthogonal, we have 


Theorem 14.] If two circles of one system he taken tangent 
to two fixed circles, neither of wh ich is null, the sum or differ-- 
ence of their angles with all tangent circles of the other system 
is constant. 

Let us now sharpen our concept of angle as we did for the 
second proof of I. 166]. Let us measure the oriented angle of 
two circles at a point by measuring the angle at that point 
from the half-tangent to the first, which starts there and is 
oriented in the positive sense of rotation (for a real circle) 
to the similarly oriented tangent to the second. The angles 
which two circles make at their two intersections will thus 
differ in sign. By choosing the proper intersection for each 
two successive circles above, we may write the congruence 

:i^xy — l^ys-\-4-sz-\-4-^'x= 0, mod. 27r. (63) 

If three circles (a), (6), and {c) be concurrent, we have 

4-ah -\-:^bc + j^ca = 0, mod. 2 7r. 

Conversely, if this equation hold, since tlie cosine of the 
negative of an angle is the cosine of the angle, we may deduce 

(ab) ___ {be) (ca) 

V {aa) ^{hh) V (bh) V (aa) (cc) 

V{bb) {cc) — {bey^ (cc) (aa) — (ca)^^ 

r • 

-/bb V'aa(cc) 
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i (act) (t<6) {(ic) 

I (6a) (66) {be) 

! {m) {cb) {cc) 


= 0 . 


The last equation shows that the common orthogonal circle 
of the three given circles is null, they are concurrent, or have 
their centres on an isotropic, and each two have but one finite 
intersection. 

We now return to equation (53), and explicitly exclude the 
possibility that two of the circles should have their centres on 
an isotropic. This equation distinguishes two sets of four 
points, each point being the intersection of two successive 
circles of the sequence. Let a circle {t) pass through the 
intersection of {x) and (y), that of {y) and (s), and that of (s) 
and {z) in one set. We have 


iy — — is — '^ty) + tz — U) -f ^ zz 0, mod. 2 tt. 

Now the two expressions for 4--ty are equal with opposite 
sines since they are taken at the two intersections of {t) and (y), 

and the same will hold for the two expressions ^ ts. 


xt -{■ 4-tz zx = 0. 


Theorem 15.] If four proper circles he given tangent to two 
fixed proper circles^ tivo belonging to the first system and two to 
the second, hut no two having their centres on an isotropic, 
the intersections of the two circles of the first system ivith the 
two of the second lie hy fours on two circlesJ^ 

Suppose, conversely, that {y) {z) {s) are given, tangent to 
(2/') and {z'), where (y) {z) belong to one system and (s) to the 
other. If P be an arbitrary point on (y), we may find two 
points (Q) on (z) where it meets the circles through P, and 
through an intersection of (y) (s) and one of (z) (s), which give 

properly chosen signs to 4- and ^ sz. These points are the 

* See a carelessly written paper by Orr, ‘ On the Contact Relations of 
Certain Systems of Circles \ Transactions Cambridge Philosophical Society, vol. xvi, 
1895. Theorem 16 is from the same source. 
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two intersections of (z) with the two circles through P tangent 
to (y') and (z') and belonging to the same system as (s). 

Theorem 16.] If three pro2:>er circles be given tangent to 
hvo fixed in'oper circles^ hvo belonging to one system and one to 
the other y yet no hvo having their centres on an isotropic^ and 
if a 2>oint be taken on each of the first tivo concyclic with 
a p)ro})erly chosen intersection of each of the two with the thirds 
then these hvo points lie on a circle tangent to the fixed ci rcles 
and belonging to the same system as the third. 

Let us next assume that (53) holds, that (y) {z) (s) have 
the same contacts with (y^) (z') as before, and that (x) is 
tangent to (y'). The intersections of (a;) and (s) with (y) and 
(z) lie on two circles (t). But, by (16), such pairs of points lie 
on circles touching both (yf and (z'). Hence (x) touches {z') 
also. We are thus led once more to the Hai*t system of the 
first sort developed in Ch, I. We start with (y) (z) (s), and 
suppose that circles (y^) {z) (/) are all tangent to them, 
circles given by the same letter having external contact, while 
those given by different letters have internal contact. We 
then take {x^) having internal contact with {y) (z) (s), and, 
lastly, (x) having external contact with (y^) ( 0 ') (s'). Since 
(y) and (z) have unlike contacts with (y^) and ( 0 '), while (x) 
has like contacts with both, and (s) has also, (53) holds. But 
(y) has like contacts with (a:') and (s'), ( 0 ) has like contacts 
with them also, (s) has unlike contacts with them, and (x) 
touches (s') externally. Hence (x) touches (x') internally, and 
we have indeed the Hart system. In the complex domain, 
of course, the words external and internal contact lose their 
geometric significance, and depend merely on the sign of a 
complex radical. Our Hart system may be aiTanged in three 
sequences : 

(«) (2/) («) («). (“=) (2/) ( 2 ) (s), (ic) (8) (2/) ( 2 ). 

Each sequence gives rise to two circles of the type above, 
thus leading to two beautiful propositions due to Larmor.* 

* Cf. Lachlan, ‘On the Properties of some Circles connected with a 
Triangle formed by Circular Arcs Proceedings London Math. Soc., vol. xxi, 
1890, p. 267. Also Study, loc. cit., p. 621. 
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Theorem 17.] The intersections of the circles of ct Hart 
system of the first scn^t fall into two groups of six points each ; 
each system is the total intersection of three circles. 

Theorem 18.] The circles circumscribing the arcual triangles 
formed by three non-concurrent proper circles are hco Hart 
systems of the first sort^ mutually inverse i)i the common 
orthogonal circle of the given circles. 

These two theorems may also be established in the following 
manner, which is of interest in itself. Let us start with 
a fundamental proper cii’cle c. Each finite point P, except 
the centre of c, and its inverse P' with regard to r, may be 
associated with the circle coaxal with the null circles (P), (P') 
and orthogonal to c. Conversely, c and any circle orthogonal 
thereto but not concentric will determine a pencil or coaxal 
system whose limiting points are inverse in c. When the 
circles are concentric we take the centre as one limiting point, 
and treat every straight line as though it were a circle through 
the other limiting point.* 

We next notice that two circles mutually inverse in c, if 
looked upon as point loci, will be transformed into two other 
such circles, considered as envelopes and vice versa, and that 
tangency of circles is an invariant property, A Hart system 
will go into a Hart system. We start with a Hart system of 
the first sort, and take ^3 three circles of the com- 

plementary Hart system, c being the common orthogonal circle. 
The original Hart system, and its inverse in c, looked upon 
as envelopes, will go into the eight circles circumscribed to the 
arcual triangles of Cg, C 3 , and these eight will be seen to 
form two Hart systems. Clearly there is nothing special about 
the circles C 3 , so that 18] is proved. To prove 17] we 

have but to show that there is nothing special about the type 
of Hart systems formed by the circles circumscribing eight 
arcual triangles. But this is evident when we remember that 
we may choose three circles, so that three of the surrounding 

* This transformation is due to Lachlan, * On Coaxal Systems of Circles \ 
Quarterly Journal of MathematicSy vol. xxvi, 1892. If we take the corresponding 
transformation on a sphere, and take for c the circle at infinity, we have 
the correspondence of a great circle to its two poles. 
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Hart circles shall intersect at any three chosen angles not 
congruent to zero, modulo tt. But we may pass from any 
Hart system where three circles meet at specified angles to 
any other where the same angles appear by means of inver- 
sions and transformations of central similitude ; hence any 
Hart system may be so transformed into one suiTOunding 
eight arcual triangles, and 1 7] is proved. 

The Hart systems of the second sort are simpler ; their pro- 
perties are intuitively evident when we replace the circle of 
inversion by a straight line. 

Theorem 19.] The relation of a Hart system of the second 
sort to the four circles tangent to them is reciprocal ; ike 
common orthogonal circle of one system is a circle of anti- 
similitude of each pair of the other 

Theorem 20.] The intersection of a system of Hart circles 
of the second sort fall into two groups. The pairs of inter- 
sections of couples of circles lie on the common orthogonal 
circle of the compleme)dary system^ the remaining eight lie hy 
fours on hvo circles orthogonal to this orthogonal circle. 

Theorem 21.] If of the hvelve intersections of four circles 
six are the total intersections of th ree other circles^ then the four 
belong to a Hart system. 

§ 4. Analytical Systems of Circles. 

We have now given a sufficient number of examples of our 
fundamental Frobenius identity (30) ; let us pass on and con- 
sider systems of many circles. The theorems concerned with 
concyclic points and concurrent circles which we took up in 
the last chapter are, for the most part, better handled by 
geometric means than by analytic ones. This rule, like all 
others, however, has exceptions. For instance, take I. 149]. 
The three circles each through a vertex of a triangle and two 
marked points of the adjacent side-lines will constitute^ with 
the adjunction of these side-lines, a system of three cubic 
curves through eight common points. Such cubics have always 

* For this theorem and tlie two following see Study, loc. cit., p. 525. 



II 


CARTESIAN PLANE GEOMETRY 


153 


a ninth point in common, hence the circles are concurrent. 
Let us next repeat Clifford’s own proof of I. 162].* 

A curve of class 1 is required to have the line at infinity 
as a multiple tangent of order n and to touch 2 -f 1 given 
finite lines, no three of which are concurrent, and no two 
parallel. The number of linear conditions imposed on the 
coefficients is 

9 » (u+l)Ci+4) 

2 = 2 • 

If these conditions were not independent, we could have 
GO^ curves touching the line at infinity n times and 2('^^+l) 
common finite tangents. Two such curves would have 
1 common tangents, which is absurd. The con- 
ditions are independent, and we have a one-pai*ameter family 
of curves ; all are linearly dependent on two of their number. 
From each circular point at infinity we may draw one more 
tangent to each curve, and these two tangents will clearly 
generate projective pencils; the locus of their intersections, 
the finite focus, is thus a circle. Among our curves are n+l, 
which degenerate and consist in the infinite point of one of 
our finite tangents, and a curve of class touching 2 n given 
lines. We thus get 2n-\-\ curves of class /i, each touching 
2 ib of our given lines and having their foci on a circle. If 
another line were added there would be one focus associated 
with 2/6+2 lines lying on as many circles each through 
2/6+1 foci, and so on. 

The analytic discussion of I. 155] will bring to light a new 
theorem not easily reached geometrically. We started with 
four points on a circle, and arranged them in order. Through 
each two successive points we passed a circle, and showed that 
the remaining intersections of successive circles were con- 
cyclic. Now the four points may be arranged in three different 
cyclic orders, so that they are connected in pairs by six circles, 
and three new circles are produced. The points being 

* loc. cit. For a proof by an ingenious analysis apparently invented 
ad hoc, see Morloy, ‘ On the Metric Geometry of tlio Plane a line Transactions 
American Math. Soc., vol. i, 1900. A proof is also given of Pesci’s theorem, 

I. 164]. 
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P3, P4 on the circle c, the points P^, Pj shall be connected 
by the circle The circles and c^*/^ will intersect again 
in ^ijk- 

Let ■^234’ ■^^341’ -^412 ii® ®n o^, 

let Pi32, P3,4, P„3, P4^3 lie on c.j,, 
let P,43, P43,, P^jg lie on P,y^ = P^^. 

The sextic (*^3 t\ contains every point common to (^34 
andc4i(*g3, ^ triple point at each circular point at 

infinity ; hence, by Nother s fundamental theorem, we have an 
identity 

^13^24^1 = ^^12^*34 ■f' V'^^‘41^23* 

The curves (f) and xjr are circles, since they are curves of the 
second order passing through the circular points at infinity, 
and they contain the remaining points P^y . Hence they are 
the circles O3. 

^13 ^'24^1 = ^34^12 ^’2 ■^^41^23^3’ 

But this shows that Cg, C3 are coaxal. 


Theorem 22.] If four points on a circle he arranged in 
three cyclic orders, each hvo ^mnts he joined hy a circle, and 
each cyclic order he associated with that circle which contains 
the remaining intersections of successive circles joining pairs 
of points in the given cyclic order, then will the three associated 
circles he coaxal.^ 


The advantages of the analytic as compared with the 
synthetic method are nowhere more apparent than when we 
come to study coaxal systems of circles. We shall extend 
that term to include every system through the intersections 
of two, i.e. every system linearly dependent on two circles. 
If {x) be the coordinates of a point on a circle coaxal with two 
proper circles {y) and {z), we have an equation, 


h(yx)^li{zx) = 0, 


(yx) 


= K 


(zx) 


Wo + Vi + 

This proves immediately the important theorem, I. 191 ]. 


* See the Author’s Circles Associated, &c., cit. 
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The equations of the most interesting circles coaxal with (y) 
and are written immediately. 

Radical axis 

(^-0 + (y^) - ('%o + Vi) 

Radical circle 

Circle of similitude 

(Wo + Vi) i!M‘ ) _ + (z x) ^ ^ 

iyy) ’ 

Circles of antisimilitude 

(yx) ± V(^j) (zx) = 0. 

We easily see that the two circles represented by these 
equations are mutually orthogonal, and bisect the angles made 
by the circles (y) and (z) when these are not null or isotropic. 
The limiting points of the coaxal system will have the co- 
ordinates 

= iyy) [f2/«)± X{yz)^-{yy)\zz)] yi- (58) 

If r and r' be the radii of (y) and (z), while their angle is 6, 
the limiting points are 

p^i = '■''iyy) (-^) yi- 

The fact that if two circles be orthogonal to two others, 
every circle coaxal with (orthogonal to) one pair is orthogonal 
to (coaxal with) the other appears at once, for if 

iyy) = iy^') = i^y') = (^-') = o, 

then 

2 (^2/i + i^'yi+p^i) = 0- 

^ 0 

Such conjugate coaxal systems will appear in three dimen- 
sions as pairs of lines conjugate with regard to the absolute 
quadric. The circle coaxal with (y) and (z) which is orthogonal 
to (s) will be 

(ys) {z)-iyz) («). 

Theorem 23.] If three circles he given, the three circles each 
cocacal with two and orthogonal to the third are coaxed. 


( 54 ) 

( 56 ) 

( 66 ) 

( 57 ) 
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Theorem 24.] If three circles he given, the three circles each 
coaxal ivith t'wo of them and orthogo7ial to a fourth circle are 
cuaxal. 

The concuiTeuce of the radical axes appears as a limitiog 
form of this. Let the reader devise an analytic proof of I. 201], 
namely, the radical circle is the locus of the centres of circles 
cut by one circle orthogonally, and by the other in diametri- 
cally opposite points. 

A system of circles whose coordinates are proportional to 
analytic functions of one variable yet not bearing to one 
another constant ratios shall be called a series of circles. 
A coaxal system is the simplest type of series, and the only 
one lacking a curved envelope. If the circles be orthogonal to 
a fixed not null or isotropic circle, the envelope is anallagmatic 
with regard to this fixed circle. This was proved geometrically 
in what followed I. 15] ; the easiest analytic proof is found by 
taking the fixed circle as fundamental for a tetracyclic coordi- 
nate system ; the corresponding coordinate will be lacking 
in the generating circles and in the envelope. 

Plane tt. Space S. 

Anallagmatic envelope. Plane curve. 

In general the circles of a series will touch their envelope 
in pah's of distinct points. In special cases there will be but 
one point of contact. It is tolerably clear geometrically that 
this occurs when we have the circles osculating a given curve, 
and then only. Let us give an analytic demonstration. Let 
the variable circle be 

Vi = Vi (0. 

then, if adjacent circles tend to touch one another, 

(2/2/) (2/y) - iyy'f = 0 . 2// = 

(2/2/) kv ' y ") = (2/2/0 (2/2/'0- 

The point of contact will have the coordinates 
P«i= (2/2/) 2// - (2/2/02/i- 

( 2 /«) = kv^') = kv^”) = 0 , 


But from this 



II CARTESIAN PLANE GEOMETRY 157 

which *shows that the circle osculates the envelope. Con- 
versely, take three adjacent points of the envelope 

{x) + {x') dt^ {x) + 2 {x') dt + (x'') dt^. 

We have identically 

(xx) = (a^') = 0, 

The osculating circle will have the equation 

(yX) = I xx^x'' X\ = 0. 

The adjacent osculating circle is 

I xx' X*' X I 4- 1 xx'x'" X I dt = {yX) + {y' X) dt = 0. 

The condition of contact for {y) and (y) -f (2/') dt gives 
{xx") (ccV) {xx") {xx"') (x'x') {xx"') — [{xx'") [x'x') {xx")Y = 0. 

Theorem 25.] A necessary and sufficient condition that 
the circles of a series should touch their envelope but once each 
is that they should he the osculatiug circles thereof. 

Plane tt. Space 8, 

Series of osculating circles. Curve of length zero. 

Next to the linear or coaxal series, the simplest are those 
whose coordinates are quadratic functions of the variable. 
Such will correspond to a conic in 8^ and we shall call it 
a conic series. We exclude the case where the series is re- 
ducible. 

Theorem 26.] If a circle move so that it is orthogonal to 
a fixed circle not null or isotropic^ and the sum or difference 
of its angles with two fixed circles he constant^ it traces a conic 
series.^ 

We see, in fact, that in 8 we have the intersection of a plane 
with a quadric of revolution. If we accept that the pro- 
perties of confocal quadrics (which are nearly the same in 
non-Euclidean as in Euclidean space), in particular the relations 
of their focal conics, we have, from the known relations of 
three such conics, 

* For the proofs of the theorems about non-Euclidean conics and quadrics 
on which our present circle theorems are based see the Author's Non-Eudidean 
Geometry^ cit., ch. xii and xiii, 
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Theorem 27.] The ge^wral come series contains four dis- 
tinct null circles. If such a series he giveUy there are associated 
therewith two other general conic series. The sum or difference 
of the angles which all circles of one series make with any two 
of another series depends merely on the choice of the latter. 

We shall prove this theorem in a later chapter without the 
use of non-Euclidean geometry. 

Theorem 28.] The radical aa^s of the circles of a conic series 
and a fixed circle will envelop a conic; the radical centres of 
these circles and two fixed circles generate a trinodal quartic. 

Theorem 29.] The locus of a circle orthogonal to a fixed 
circle^ and to corresponding circles in two q^'^'ojective pencils^ 
neither of wh ich includes the fixed circle^ is a conic series. 

Since a central non-Euclidean conic has three axes of 
symmetry. 

Theorem 30.] A conic series which includes four distinct 
null or isotropic circles is anallagmatic in three mutually 
orthogonal circles^ all orthogonal to that circle tvhich is ortho- 
go)ial to all circles of the series. 

From the focus and directrix property of central conics. 

Theorem 31.] If a circle move so that it is orthogonal to 
a fixed not null or isotropic circle, and the sine of its angle 
with one circle orthogonal thereto hears a constant ratio to the 
cosine of its angle with another circle also orthogonal thereto^ 
it generates a conic series. 

Since the coordinates of a circle of a conic series are quad- 
ratic functions of an auxiliary variable, the same is true of the 
cartesian coordinates of their centres. 

Theorem 32.] The locus of the centres of the circles of a conic 
series is a conic. 

To find the envelope of the circles of a conic series, we put 
Vi = (liT^ + 2 (69) 

We then eliminate r and s between (a? f = 0 and (a; — 'l = o. 
and replace the x/s by their cartesian values. 
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Theorem 33.] The envelope of the circles of a conic series is^ 
in general^ a curve of the fourth order with a double point 
at each circular point at infinity. 

As we shall study this curve in some detail in a subsequent 
chapter, we shall say no more about it now. 

We pass next to the general cubic series. We shall define 
this as an algebraic series whose members are not all ortho- 
gonal to one circle, but whereof three are orthogonal to an 
arbitrary circle. In three dimensions we have a non-planar 
curve which is algebraic and of the third order, and there is 
only one such type of curve (under the general projective 
group). 

Theorem 34.] The common orthogonal circles to correspond- 
ing triads in three projective pencils of circles whereof no two 
have a common member will generate a general cubic series^ and 
every general cubic, series may be so generated in go ways.^ 

Theorem 35.] The coordinates of the circles of a general 
cubic series are homogeneous functions of the third order of two 
variables. 

Theorem 36.] The locus of the centres of the circles of a, 
general cubic series is a rational curve of the third order. 

Since the osculating planes of a space cubic generate 
a developable envelope whose properties are dual to those of 
the curve. 

Theorem 37.] The common orthogonal circles to sets of three 
successive circles of a general cubic series generate another such 
series. The relation between the two series is reciprocal. 

Theorem 38.] The envelope of the radical axes of successive 
circles of a general cuhie series is the locus of the centres of the 
circles of the reciprocal series, 

A theorem analogous to this is clearly true of any series 
not orthogonal to one circle. The general cubic series is 

* For a general purely geometrical account of this series see Timerding, 
‘ Ueber eine Kugelschar CrelWs Journal^ vol. cxxi, 1899. Also Tauberth, Die 
Ahhildung dss eben$n Kreissystemes auf den Raum^ Dissertation, Jena, 1885. 
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distinguished by the fact that it is not the same type as the 
reciprocal series. 

Theorem 39.] The envelope of the circles of a general cubic 
series is a curve of the eighth order with a quadruple poiui 
at each circular q^oint at infinity. 

Theorem 40.] The tangents to the loci of the centres of the 
circles of two reciprocal general ciihie series can he put into 
such one to one correspondence that corresp)onding lines are 
mutually orthogonal. The asymptotes to one curve will corre- 
spond to the inflexional tangents to the other, 

A two-parameter family of circles, that is, a system whose 
coordinates are proportional to analytic functions of two 
independent variables, not having ratios all functions of one 
variable, sliall be defined as a congruence of circles. Such 
a system, when algebraic, is best represented by means of an 
equation 

= 0 . 

Remembering that in non>Euclidean space, as in Euclidean, 
every surface not a developable circumscribed to the Absolute, 
is covered by a double network of curves of zero length, 
isotropic curves, we have 


Theorem 41,] Every congruence of circles may he either 
generated on a one-parameter family of pencils of tangent 
circles^ or, in two ways, try the osculating circles of a one- 
parameter family of curves. 


If (x) be a circle of the congruence, the circle 



called its correlative circle. It is orthogonal to {x), and, to the 
first degree of approximation, to all infinitely near circles 
of the congruence. If we take two adjacent circles of our 
congruence, the pencil which they determine is not, in general, 
orthogonal to the pencil determined by their correlative 
circles. If we take the pencils determined by {x) (x + dx) and 
(x)(x’hdx), then, if the first be orthogonal to the pencil 
determined by the correlatives of the second two circles, 
the second pencil is orthogonal to that determined by the 
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correlatives of the first two circles. Two such pencils are said 
to be pseudo-conjugate \ they correspond to conjugate direc- 
tions on the surface in S which corresponds to our congruence.* 
Since the only surface where the asymptotic lines fall 
together is a developable, we have 

Theorem 42.] A congruence of circles is either determined 
by a one-parameter family of coaxal systems each determined 
by successive circles of a series, or else each coaxal system 
determined by a circle of the congruence in general position 
and an adjacent circle is 2^seiido-con jugate to another such 
coaxal system. Each circle will belong to two coaxal systems 
pseudo-conjugate to themselves which cannot coincide for every 
circle of the congruence. 

We mean by a circle in general position one whose cor- 
relative exists. Since there are two sorts of ruled surfaces 
in space, 

Theorem 43.] Congruences of circles generated by one- 
parameter families of coaxal systems are of two sorts. In the 
first case the coaxal systems are determined by adjacent circles 
of a series, in the second case they are not so determined. In 
the first case all circles of a coaxal system have the same cor- 
relative circle, in the second case no tivo have the same. 

If we define as the order of an algebraic congruence the 
number of its members in an arbitrary coaxal system, we see 
that this is equal to the order of the equation of the con- 
gruence. A congruence of the first order is the system of 
circles orthogonal to one circle. 

The most interesting congruences of circles are the quadric 
ones. We shall define such a congruence as the totality of 
circles satisfying an equation 

'^ayXiXj=0. ( 60 ) 

*, j = 0 

We may classify these in various ways. The broadest 
classification is under the fifteen-parameter group of all linear 

* We call these coaxal systems ‘ pseudo-conjugate as ‘conjugate^ coaxal 
systems have already been otherwise defined, p. 99. 

L 
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transformations of our circle coordinates. Here we have the 
following types : * 


I* I ^ij I ^ 

II. I «... I = 0, 

^ I I 

III. 4-^ ' = 0, 


^0. 


^ I (H j I 


^<^id 


^0. 


IV. 


2)^ I «... 


^ ^ ^rj 


= 0 . 


We shall call I the gemral qvadratic congruence. 


Theorem 44.] The general quadratic congruence contains 
two famil ies of coaxal syt^tems ; each circle belongs to one coaxal 
system of each family^ each two systems of different families 
share a circle, hut not two of the same family have any common 
circle. The congruence may he generated in 2 go^ ^vays hy the 
coaxed systems, determined, hy corresponding members in hvo 
given projective coaxal systems which have no common circle. 
The lines of centres of the coaxal circles of the two families 
envelop one same conic. 

To prove this last part of the theorem, the line of centres 
of a coaxal system in tt will correspond in S to the point 
where the polar in the Absolute of the line corresponding to 
the coaxal system meets that plane which represents the 
totality of straight lines. The totality of lines of centres will 
be represented by the intersection of this plane with the 
polar in the Absolute of the quadric representing the series. 


Theorem 45.] The assemblage of all circles meeting a given 
not null or isotropic circle at a given angle or its supplement 
is a quadric congruence. 


Theorem 46.] Tlic correlative of a general qvadric con- 
gruence is a second such congruence. 


* The best discussion of these congruences is in a pleasantly written 
paper by Loria, ‘ Remarquos sur la g^om^trie analytique des cercles du plan \ 
Quarterly Journal of Mathematics, vol. xxii, 1886. 
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Theorem 47.] If two correlative quadric congruences he 
given ^ the coaxal systems of one will correspond to those of the 
other. All circles of one coaxal system cut all those of the 
correlative system at right angles- 

Theorem 48.] The locus of the centres of the null circles 
of a quadric congruence includes the locus of the points 
common to coaxal systems of the correlative congruence- 

Two quadric congruences which have the same null and 
isotropic circles shall be called homothetic ; if their correlatives 
have the same null circles they shall be called confocal. 

Plane tt. Space S. 

Homothetic quadric con- Homothetic quadric surfaces. 

gruences. 

Confocal quadric congruences. Confocal quadric surfaces. 

Theorem 49.] There are oo^ general quadric congruences 
coofocal ivith a given general congruence ; an arhitra/ry circle 
will belong to three of these. 

The system of congruences confocal with (60) will bo 

^00 " 1 “^ ^11 ^02 ^0 

"^10 "^11 “ 1 "^ •^12 "^13 ‘"^1 

^20 ^21 ^ 22 * 1 '^ "^23 ^'2 = 0 . (^ l ) 

■^30 -^31 “^32 -^33 + ^ X .^ 

Xq X, x^ 0 

Theorem 50.] In a homothetic system of quadric con- 
gruences there unit, in general, be four congruences of type IT. 
The correlative to each of these will he a conic series of circles 
vjliich envelop the locus of the centres of the null circles of the 
given homothetic congruences. 

The meaning of the words in general as here used will 
appear more fully in Ch. IV. 

Theorem 51.] The assemblage of all circles the sum or 
difference of %chose angles with two given not null or isotropic 
circles is constant is a quadric congruence. 

n 2 
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In non-EucHdean space there are two types of parallel 
lines. The first are Lobachevski and intersect on 

the Absolute, the second are Clifford j^wirallels and intersect 
the same two generators of one set of the Absolute. Let 
us reserve the name j>a7’aZZeZ for the first kind and use 
paratactic for the second. 

Plane tt. 

Coaxal systems with common 
limiting point. 

Coaxal systems whose null 
circles are orthogonal in 
pairs. 

Theorem 52.] If a coaxol system of circles he (jiven linth 
two distinct null circles^ an arbitrary not null circle ivill 
beloncf to two coaxal systems each sharing one limiting 2 ^oint 
with this coaxal systeniy and to huo whose limiting p)oint8 are 
in 2 )ciirs at null distances from those of the given system. 

In special cases the coaxal system may be concentric and 
have no limiting points ; the reader can easily find for himself 
the slight modification here needed. 

Paratactic lines are at a constant distance from one another, 
and have an infinite number of common non-Euclidean per- 
pendiculars. These generate a quadric, whose generators of 
each set are paratactic.* 

Theorem 53.] If ttvo coaxal systems have their limiting 
2 ^oints in pairs at null distances from one another ^ but no 
point is at a null distance from all four, nor do they lie on one 
isotropic line, then their circles may he so p>Giired that corre- 
sponding circles make a constant angle with one another, the 
least angle which any p>'^ 02 ^cr circle of one system makes with 
one of the other. The coaxal systems determined by such sets 
of circles will generate a quadric congruence. Two coaxal 
systems of the same family in this congruence will have their 
limiting p)oimts in at null distances. 


Space S, 
Parallel lines. 

Paratactic lines. 


See the Author’s Non-Euclidcan Geometry, cit., pp. 114, 129, 130. 
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It is clear that our quadric congruence of type II will 
correspond to a cone in and, as we have seen, its correlative 
is a conic series. 

Theorem 54.] A quadric congruence of type II may he 
generated in oo^ ways by coaxal systems determined by one 
fixed circle and the circles of a conic series. 

Theorem 55.] A quadric congruence of type III is re- 
ducible, and consists in the totality of circles orthogonal to 
either of two distinct circles. A congruence of type IV consists 
in the circles orthogonal to a given circle all counted twice. 


It is clear that although the subject-matter of the present 
chapter does not offer such a wide field for further study 
as did that of Ch. I, yet there is room for further advance. 
It is probable that there is little to be gained by a further 
study of the circle in trilinear coordinates. On the other hand, 
there is no knowing how much more may be obtained by 
a further study of the Frobenius identity. The subject of 
Hart circles and the circles inscribed or circumscribed to 
arcual triangles seems almost illimitable. It seems likely that 
the Frobenius identity should yield a simpler proof of the 
existence of the Hart circle than any yet found, and this would 
be a real gain.f There is also room for much new material 
connected with the interpretation of non-Euclidean three- 
dimensional space in the geometry of the circle.* 

* An extended account of how the geometry of the circle may be used to 
interpret non-Euclidean geometry will be found in Weber und Wellstein, 
‘ Encyklopildie der Elementar-Mathematik Second Edition, vol. iv, Leipzig, 
1907. 

f Since the present work went to press the Author has noticed that 
either the transformation of p. 161 or a dilatation will carry three proper 
circles in general position into three circles through one point. Hart’s 
theorem will then come at once from Feuerbach’s, generalized by inversion. 
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FAMOUS PROBLEMS IN CONSTRUCTION 

Thebe has been one conspicuous lack in all the work that 
we have done so far in the geometry of the circle ; we have 
paid next to no attention to any problems in construction. 
This omission, let us hasten to say, has been intentional, as 
it is much easier to attack such problems satisfactorily if both 
algebraic and geometric methods are available. No one would 
ever have found by the aid of pure geometry alone that it 
was impossible to square the circle. The time has now come 
when certain problems in construction must be seriously faced. 
It is clear that the number of such problems is illimitable; 
we shall restrict ourselves to a very few which have become 
famous in the history of the subject. 

In discussing problems of geometrical construction one has 
frequently to face the question, ‘Which of the various solutions 
is the simplest?* Such a query cannot be answered categori- 
cally, What is a simple solution? Is it one that involves 
very little drawing, or one that is based on elementary 
theorems, or one that can be explained and proved in a few 
words ? These desiderata seem to vary almost independently 
of one another ; there must be a great measure of arbitrariness 
in any criterion of simplicity. 

The best known and least undesirable tests for the sim- 
plicity of a geometrical construction are those originally 
devised by fimile Lemoine.* Three distinct operations are 
recognized for the compass, two for the ungraded ruler : 

(1) To place one point of the compass in a given position, 

(2) To place one point of the compass on a given line. 

* Hia various writings on this subject are summed up in his Geometrographie, 
Paris, 1902. For convenience we shall refer to this work by page number. 
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(3) To draw a circle. 

(4) To place one edge of the ruler on a given point. 

(5) To draw a line. 

The sum of the number of times that all of these operations 
are performed is called the slm^plicity of the construction, the 
sum of the number of times that the first, second, and fourth 
are performed is called its exactitude, Lemoine recognizes 
that these names are ill chosen, and suggests that the word 
simplicity might better be replaced by ‘ measure of com- 
plication but neither he nor his followers have seen fit to 
adopt this improvement in terminology. Moreover, as tests 
they are of the roughest. As the area of a parallelogram is 
equal to the product of its altitudes divided by the sine of the 
angle formed by intersecting sides, the exactitude of the 
operation of drawing a line through the intersection of two 
others will vary directly with the sine of their angle. It is not, 
however, our present business to devise tests of geometrical 
simplicity, but to apply certain recognized tests to concrete 
problems. We shall start with the most lamous of all, the 
problem of Apollonius, To condruct a circle taiKjent to three 
give lb circles.^ 

Let us begin by examining how many real solutions can be 
found for the problem. The answer to this is intuitively 
evident in any particular case by examining the figure. It is 
more sijortsmanlike, however, to use II (48), which we rewrite 
for the case of contact, 

I 1 Gos/^yz cos 4 - ys 
cos 4- zy 1 cos4-^s 
cos 4- sy cos4^bz 1 6.J 

€i 1 

Remembering that 2 rr'cos 0 = 4- 

if {y) and {z) lie outside one another, 

cos4-yz < — 1 , sin^ ^4-y^ > 

* Simon, loc. cii., pp. 98 ff., mentions some seventy works dealing witli 
this problem which appeared in the nineteenth century. 
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If they intersect in real points, 

— 1 < < 1, sin^^^T/^ > 0 , > 0. 

If one include the other, 

co^T^yz > 1, \'4^yz < 0, cos*’ - 1 ^ 2 /^ > 0. 

(A) A circle having like contact with all three, 

sin^ ^^zs sin*^ ^ ^ sy sin^ ^4-yz > 0, = ^2 = € 3 . 

The construction of two circles satisfying the given con- 
ditions is real unless one circle separate the other two, or 
unless two intersect and the third surrounds or lies within 
the one but not the other. 

(B) A circle having with (y) a contact opposite to that with 
(z) and (s), 

sin^^^^scos'^^^sycos^ ^ 0, —6^ = 62 = 63. 

The construction is possible unless two circles are separated 
by the third, or (z) and (s) intersect, while (y) lies within one 
but not within the other, or surrounds the one but not the 
other. 

The first method which we shall employ for the solution of 
the problem is that ascribed to Apollonius himself.* 

Problem 1.] To construct a circle which shall pass through 
two given points and touch a given circle. 

It is clear that to obtain a real solution we must have two 
points not separated by the circle. We see also that the 
common secants of the given circle and all circles through the 
two points will be concurrent on the line through these two 
points. — We therefore make the following construction. Draw 
a convenient circle thromjh the two points^ find where the 
radical axis meets the line through the tvoo 2 ^ointSy and dratv 
tangents thence to the given circle, A circle through the given 
points and either 2 >oint of contact will satisfy the given con- 
ditions^ and there are no other circles ivhich do so. 

Let us apply Lemoine’s criteria. To construct a circle 
through two given points involves drawing two circles with 

♦ Killing-Hovestadt, Handbuch des mathematischm UnterrichiSf Leipzig, 1910, 
p. 414, A very clear and easy discussion of the method will be found in 
Cranz, Das apollonische Beruhrungsprobhm^ Stuttgart, 1891. 



Ill FAMOUS PROBLEMS IN CONSTRUCTION 169 


the same compass opening and the given points as centres, 
and a third circle with the same radius and a given centre 
S. 6, E. 3. 

We next connect the two intersections of two circles by 
a line, S. 3, E. 2. Then draw tangents to a given circle from 
an exterior point, S. 18, E. 12 (p. 33; the usual construction 
has S. 19). Then construct two circles through two common 
points, one through each of two given points, S. 23, E. 14. 
We have for the total construction 

Simplicity 38, Exactitude 25. 

Problem 2.] To construct a circle through a given point 
tangent to two given circles. 

Let us, to be specific, take a point P external to both circles 
and imagine them external to one another. A shall he the 
extermal' centre of similitude. We find Q on AP so that 

{AP){AQ) is the square of the radius of the circle of anti- 
similitude corresponding to A, Then a circle through P 
and Q tangent to one of the given circles is tangent to the 
other also. 

We first construct the common tangents to two mutually 
external circles, S. 35, E. 22. (These are Lemoine’s numbers, 
p. 43 ; the usual construction runs much higher.) Starting 
with one centre of similitude, let R and P' be corresponding 
points of contact on the same tangent which are mutually 
inverse in the circle of antisimilitude. We must find Q on AP 

so that {AP) X (AQ) = {AR) x {AR), To accomplish this 
we draw AP and PP, S. 6, E. 4, and through R' a line making 
a given angle wdth AR, S. 11, E. 7. There is another point Q 
found in similar fashion from the other centre of similitude. 
These operations give S. 34, E. 22. We then must solve 
problem 1] twice in succession. Our total numbers are 

Simplicity 145, Exactitude 94. 

As an alternative we offer the closely allied solution. Take 
any convenient circle about the given point as centre for 
a circle of inversion, and find the inverses of the given circles. 
Find the common tangents to these circles and invert back. 
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We see that this construction is simpler than the last, in the 
sense that it is described in fewer words. To construct our 
circle of inversion, which we shall imagine cuts the given 
circles in real points, we have S. 1, E. 0. We next find the 
inverses of two given points, one on each circle, S. 19, E. 12 
(p. 64). To find the inverses of our given circles we must 
find the inverse of a point on each and construct two circles 
each through three points; each of these latter constructions 
involves S. 15, E. 9. We next construct the common tangents 
to two circles, S. 35, E. 22. Assuming that these intersect 
the circle of inversion, the construction of their inverses will 
amount merely to drawing a circle through three points four 
times, one point being the same in each case ; this will require 
S. 54, E. 43. For our total construction, 

Simplicity 139, Exactitude 95. 

Problem of Apollonius. To construct a circle tangent to 
three given circles.* We assume for the sake of definiteness 
that they lie outside of one another, so that there are effec- 
tively eight real solutions. Let he the centre of the circle of 
smallest radius /q. Construct a circle or circles throv.(jh 
having external contact with the two circles conrentric with the 
other two given circles, hut whose radii are less than the radii 
of these hy the quantity Vj. Tivo (f the required circles are 
concentric with those last constructed, hut their radii are 
greater. To construct circles tangeid externidly to some of our 
circles and internally to others we must shrink some radii hy 
i\, and increase others hy like amount ; on the other hand, %ve 
shall not in any one case need more than two out of the four 
circles through a given point tangent to two given circles. The 
processes of finding direct and transverse common tangents to 
two circles have nothing in common except the drawing of 
the line of centres, hence the construction of one pair of 
common tangents involves S. 19, E. 12. The construction 
of two of the four circles through a point touching two circles 
will require S. 97, E. 60. This operation will have to be 

* An elaborate geometrographic discussion of various solutions of this 
problem will be found in Bodenstedt, ^ Das Beruhrungsproblein des Apollo- 
nius Zcitachriftfar mathematischen Unterricht, vol. xxxvii, 1906. 
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performed four times. To shrink or swell a radius by a given 
amount will involve S. 10, E. 8, and this operation must be 
performed twice on two of the given circles, and once on each 
of eight constructed. We have, all told. 

Simplicity 508, Exactitude 336. 

It is certain that these numbers can be very greatly reduced 
by ingenuity in construction ; they are sufficiently exact to 
show, however, that the problem is not of the simplest. 

As a second solution of the Apollonian problem we give 
the neatest and most famous of all, that of Gergonne.* We 
saw in I. 217] that if two circles intersect two others at equal 
or supplementary angles the radical axis of each pair passes 
through a centre of similitude of the other. When the given 
circles are mutually external there will exist a pair of circles 
which have either a preassigned type of contact with each, or 
else exactly the opposite type of contact with each. The 
radical axes of the circles sought will bo the lines which contain 
triads of centres of similitude for pairs of the given circles. 
On the other hand, a centre of similitude of a pair of solu- 
tions (wliich have each the same or exactly opposite contacts 
with each of the three given ones) will lie on the radical axis 
of each two given circles, i.e. be their radical centre. The lino 
connecting the points of contact of a pair of circles sought 
with one given circle will go through this radical centre, and 
through the pole with I'egard to this chosen circle of the 
corresponding line containing three centres of similitude, for 
the pole of this lino will lie on the radical axis of the pair. 
We thus get Gergonne’s construction. Find the 'poles %vith 
regard to the given circles of the Lines containing triads of 
their centres of similitude tivo Inj two. The lines connecting 
the corres'jM) tiding 2 >oles with the radical centre of the three 
circles will meet these circles in the 'points of cotdact with one 
pair of the circles sought. 

Let us examine this gcometrographically. The determina- 
tion of the radical centre of non-intersecting circles involves 

* * Recherche du cercle qui en touche trois autres dans un plan *, Amiales de 
Maihematiques, vol. vii, 1817. Inaccessible to the Author. 
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(p. 57) S. 26, E. 16. The construction of the three tetrads of 
common tangents calls for S. 105, E. 66. The determination 
of the lines containing triads of centres of similitude, S. 12, 
E. 8. Determining their four poles of each (p. 55), S. 60, E. 36. 
Twenty-four points of contact, S. 36, E. 24. Construction of 
the eight circles through given points, S. 120, E. 96. Totals, 
Simplicity 479, Exactitude 318. 

As an example of how much the manual labour of geometry 
may be shortened by using constructions which are difficult 
to remember, and ingenious rather than obvious, let us mention 
that, apparently, these numbers can be reduced to 
Simplicity 199, Exactitude 129.* 

It is geometrically evident that Gergonne’s construction 
fails when the centres of the three circles are collinear. Here, 
however, we may employ a very simple method. All circles 
tangent externally to and radical axis at 

a fixed angle by I. 212], the angle which this axis makes with 
a direct common tangent, or the angle which either circle 
makes with the corresponding polar of the external centre of 
similitude. The polar and radical axis are corresponding lines 
in a transformation of central similitude between and the 
circle sought, the centre of similarity being the point of contact. 
The radical axis of c\ and being while the polar is 
and c is the centre of the circle sought, 

= _ ’j , , r = . 

(ca^) (^) '■ (Tjj 

The value of r is thus easily found, and so the circle sought.f 
Gergonne’s construction is also at fault when the radii of two 
given circles reduce to zero. The solution by other means is, 
however, extremely easy in this case, as we have already seen. 

Another problem closely allied to that of Apollonius is 

* Reusch, Planimetrische Konstruktionen in geometrographischer Aus/uhrungf 
Leipzig, 1904, p. 84. Gerard, Scientia^ vol. vi (inaccessible to the Author), is 
said to give a construction of S. 162 ; Lemoine, Geometrographie, cit. p. 62, gives 
one of S. 164. 

t Cranz, loc. cit,, p. 167. 
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tlie problem of Steiner, to construct a circle meeting three 
given circles at given angles.* The easiest way here is to 
throw the problem back on the preceding one. We have 
already seen in 1. 212] that all circles which make given 
angles with two given circles will make constant angles with 
every circle coaxal with them, and this may also be easily 
shown analytically. If, therefore, we assume that the three 
circles lie outside one another, we have 

To construct a circle cutting three given circles Cj, at 
the angles 0^, 6^, 0.^ respectively , Let and Pj be two con- 
venient points on the circles c^ and c - respectively. Through 

them draw lines ivhich make ivith the radii angles x —Oi and 

77 

~ — Oj respectively, and on these lines take and Q- so that 

(PiQi) — (PjQj), Find, the intersections of the circles withcentres 
Cl and Gj, and radii {CiQ,j) and with one of these points 

as centre and radii equal to (PiQi) construct a circle Cj/. This 
will intersect c^ and Cj in the angles 0^ and Oj respectively. 
Construct cf' coaxal xvith c^ and Cj and tangent to cf. The 
circles required will touch c- \ cf\ 

It is to bo noted that whenever the problem can be solved 
at all we shall get the solution by this method. Let us see 
how much has been added geometrographically to our original 
problem. One circle cf will involve S. 36^ E. 23 (p. 22). 
Three such circles will cost but 8. 63, E. 39. We have sup- 

77 

posed that both 0^ and - were known, i.e. constructed. 

It would be easy to find cf' if we supposed and c^ intersected, 
but for the purposes of our present problem it is better to 
suppose them external to one another. We draw the radical 
axis of Cl and C//, S. 3, E. 2, and the radical axis of c^ and Cy, 
which costs, if cleverly done (p. 56), S. 16, E. 10. The radical 
centre of Cy, cf is thus found, and from here we draw 
tangents to cf which will (p. 33) involve S. 18, E. 12. We 
next must di'aw a circle coaxal with c^Cy, and passing through 
a given point of contact. We know a line c^c^ through the 

* ‘Einigo gcomctrische Betrachtungen*, Crelle*s Journal, vol. i, 1826, p. 162. 
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centre of such a circle, and one of its points. We find the 
centre then as the intersection of c^Cj with the diametral line 
of Cj/ through the point of contact. The total labour on 
has been S. 46, E. 30. Multiplying by 3, and adding to the 
price of C//, we have finally 

Simplicity 201, Exactitude 129. 

Here again it is certain that great reductions could be 
effected by sufficient geometrographic ingenuity. 

We pass now to another problem of an analogous sort. To 
construct a circle cutting four given circles cit equal or suiqdle-^ 
mentary angles. We may determine the number of real 
solutions from II (50). The circles sought are orthogonal to 
a circle of antisimilitude of each pair of the given circles. 
Among such circles of antisimilitude we may always find 
three which are not coaxal. The problem then resolves itself 
into that of finding the common orthogonal circle of three 
given circles. Instead of supposing that the given circles are 
mutually external, let us this time assume that each two 
intersect. We first draw tangents to two circles at an inter- 
section (p. 32), S. 18, E. 12. Draw the bisectors of the angles 
of the tangents, S. 12, E. 10. Since the two circles of anti- 
similitude of intersecting circles are mutually orthogonal, the 
tangents to one intersect in the centre of the other. Hence 
the constriction of two such circles will involve in addition 
S. 6, E. 4. Three such pairs of circles must be constructed. 
The construction on the common orthogonal circles of three 
given circles involves (p. 57) S. 44, E. 28, if done in the most 
improved fashion. Hence we may construct the eight solu- 
tions of our problem for the small cost of 

Simplicity 460, Exactitude 302. 

Our next problem has also to deal with contact of circles, 
and is nearly as well known as the others ; the celebrated and 
often-discussed problem of Malfatti. To construct three circlesy 
each of vjhich shall touch the other tvjo, and two sides of a given 
triangle,"^ One reason for the popularity of the problem is 

* Memorie di matematica e di fisica della Sociefa Italiana delle Scienze^ vol. x, 
Modena, 1803, Inaccessible to the Author. Simon, loc. cit., pp. 147 ff., gives 
some forty titles bearing thereon. 
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that Steiner * left the classical solution without proof as an 
example of the power of his methods. His solution is as 
follows : 

Let the vertices of the triangle he Ao, A,y Let 1 he the 
centre of the inscribed circle. Inscribe a circle in each of the 
triangles IA>A^^. The circles inscribed in [\IA-A-^ and 
L^IAjAj^ have lAj as one transverse common tangent. Con- 
struct DjEjj the other such common tangent. The circles 
required are inscribed in the quadrilaterals whose side-lines 
are A ^ Aj , A^Aj.^ Dj Ej , Lj. , 

A. 

E. 


^2 

Ba 


£•3 

A3 

The simplest proof, beyond a peradventure, is that of Hart.f 
Suppovse, first, that the figure has been drawm. The two 
circles which touch (AjAj.) shall touch one another in P;, 
Their common tangent thereat shall meet A jAj. in The 

radical centre of our three circles, the point of concurrence of 
the tangents P^P^y shall be K (not supposed here to be the 
symmedian point). The points of contact on AjAj, shall be 
the former being supposed to be the nearer to Aj, Each 
of the lines P^ D- meets two sides of the triangle. Suppose, 

* Einige geometrische, efc, 

+ ‘Geometrical investigation of Steiner’s Solution of Malfitti’s Problem’, 
Quarterly Journal of Mathematics y vol. i, 185G. 
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to be specific, that and P^D.^ both meet in and 
E.^ respectively. 

{EM-{E,D,) = iE,B,)-{E,C,) = {E,P,)-{E,P,) 

= {E,K)-(E,K). 

It thus appears that is the point of contact of with 

the circle inscribed in the A E^KE.^, The reasoning would 
hold equally well if E^, or E^, or both, were not between 
A^ and A^, We shall therefore inscribe circles in the three 
triangles with side-lines KE^.y Aj.A- y the points of con- 
tact being Dj with Fi with (EiK)^ and Gj^ with 

(EjJ{). We next notice that 

iA,D,)-{A,n,) = 

= {P,0,)-{P,F,) 

= {P,F,)-{P,G,) = {F,G,). 

Hence the other transverse common tangent goes through 
-4^, and a similar phenomenon holds for A^ and A.^^, 

{D,F,) = {D,P,) + {P,F,) 

= {D,G^) + {D,B,) 

= {P,G,)^{D,P,) = {n,G,y 

The circles and D^F^G^ cut equal segments on 

(Dgllji), and so, by I. 170], A^ is on their circle of similitude, 
and, by I. 28] converse, the other transverse common tangent 
will bisect the '^A^, If there be a solution of Malfatti’s 
problem this will be it. Conversely, if a very small circle be 
drawn tangent to two sides of the triangle, the two circles 
each touching this little circle and two other sides will surely 
intersect. But if the little circle swell up, always touching 
the two sides till it become the inscribed circle, the other two 
circles are eventually separated by it. Hence, for some inter- 
mediate value of the little circle, the three will touch. Hart’s 
solution is thus complete. 

It has been objected to Hart’s proof that it makes use of 
theorems which probably Steiner did not know, but were 
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invented ad hoc by Hart.* The criticism seems to ns trivial, 
and certainly not of sufficient importance to justify the great 
pains bestowed by subsequent writers to devise less simple 
proofs of the construction. There is a suspicion which 
naturally arises that, if the first discoverer of a proof had been 
of Steiner’s own nationality, less trouble would have been 
given to disparaging his work. 

Let us find what geometrograpbic numbers should be 
attached to Steiner’s construction. We first bisect the angles 
of a triangle (p. 27), S. 21, E. 12. Inscribe circles in three 
adjacent triangles (p. 27), S. 80, E. 4G. If we take two of 
these circles, we have already one common transverse tangent. 
To draw the other, we find the intersection of this tangent 
with the line of centres, sweep out an arc with a radius equal 
to the given tangential segment to one circle, and thus find 
the point of contact for the other common transverse tangent. 
This tangent will involve S. 9, E. 6. We draw three such 
common tangents, then inscribe circles in three given triangles, 
which can be done at a cost of S. 63, E. 36, since some 
bisectors arc already known. The totals will be 

Simplicity 191, Exactitude 112. 

Let us give another solution of the problem, which depends 
on finding the point of contact of the circles. f The lengths 
of the sides of the triangle shall be, as usual, a.^, the 

distance from to the points of contact of the circle 
which touches (A - Ay) (A^Aj.) shall be x-. We also write, by 
definition, 



The radii of our three circles shall be r... The 

* Sec Schroter in Crelle's Journal, vol. Ixxvii, 1874, p. 232. As .a matter 
of fact some of the theorems objected to wore discovered by Plucker long 
before Hart’s time, though after Steiner’s. 

f These formulae were first found by Schellbach, Sammlung und Auflosung 
mathematischer Avfgaben, Berlin, 1863, pp. 100 If. The form hero given is from 
Mortens, ^Bie Malfattische Aufgabe fiir das geradlinige Droiock’, Zeitschrift fur 
Matkematik und Physik, vol. xxi, 1886. 


1702 


M 
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distance from to the centre of the inscribed circle shall 
be d^. We have the following additional relations : 


P — ^ 3 * 

( 2 ) 

p = cljsin-^t-Aj. 

( 3 ) 

j Ic 

( 4 ) 

dj = sbjCjCy. 

i^) 


The side {AiA-) is made up of distances from A - and Aj to 
two points of contact, and a common tangential segment 

x, + x--h + 

The radical reduces to the simple vahui 2 We 

have also 


Vi = Tj 2 = 2 ^/x^Vx-h,^. 

Xj + Xj + 2 bj. V Xj, •/ Xj — iijf . ( 6 ) 

^ = ‘'k ~ ■''! ’ 

VJj + b,. Xi = Cy Vs-Xi. 

Multiplying those together, and subtracting (G) multiplied 

by h’ __ _ 

(1 _ b,;^) V a: . ^/ Xj = c,,^ ■/ s - X,: v's - Xj - a,, b ,. , 

*/x.l Vxj— Vs — Xj ‘/s — Xj = —shy, (7) 

- ^k V' Xj + Cy V « - Xj , 

^/Xj = — by v'x.f + Cy ■/ S — Xi, 

Vx^V Xj = 6 // Vxi -/ Xj + Cy^ Vs — Xj Vs — Xj 

— byCy {^VXjVs—XjA- VxjVs — Xj\, 

VXjVs — Xj+ V Xj Vs — Xj = SGy. ( 8 ) 

From (7) and (8) we get, permuting the subscripts, 

{Vxj+i Vs-Xj)(Vxj + iVs-Xj) = s(-by + icy}, (9) 


{Xj + i Vs — XjV = 


s(-bj + icj)(-by + icj) ^ 

{ — bj + icj) 
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But 


+ = 1 - 


y Xi + i Vs - Xi = Vs {-hi- ici) {-hj + iCj) i-bj^ + icj,) ( 1 0) 


{Ui + iri)‘^ = 2i(V-s + 2UiVii, 

= s ( — h; — tc^) ( — hj + n-j) ( — bj. + >Ci^), 

^ [s - A f>A + 

= I - dj - dlA- ( “ ) 

These simple equations give us another construction which 
is geometrographically simpler than that of Steiner. Deter- 
mination of (?j, c? 2 ) S. 27, E. 15. Determination of 2 s, S. 6, 
E. 4, that of s — p, S. 11, E. 6. Combining the quantities 
d.^ with these, the total determination of 2x^y 2x,^ 
involves S. 69, E. 41. We next bisect three collinear seg- 
ments 2Xi with one common extremity, which will cost S. 17, 
E. 10. To find a point of contact after x- is known requires 
S. 4, E. 3. We pick one point of contact for each circle, erect 
a perpendicular to the corresponding side-line, and, finding 
where it meets the corresponding bisector (p. 24), already 
drawn, construct circle. These will involve S. 33 , E. 21 , so 
that we have for our total construction 

Simplicity 131 , Exactitude 81 .* 

Let us now try to generalize the problem. We first replace 
side by side-line. The problem then reads 

To construct three circles each of which shall touch the other 
two and two old of three given lines ivhich form a triangle, 

* These numbers also can be wonderfully reduced. Hagge, ‘Zur Kon- 
struktion der Malfattischen Kreise', Zeitschrijt filr mathemaiischen Unterricht, 
vol. xxxix, 1908, p. 588, gives S. 66, E. 42. 

M 2 
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We begin by seeking the number of solutions. How many 
real solutions are possible? There will surely be no fewer 
solutions in the general case than in the special one, where 
the lines determine an equilateral triangle. To count the 
solutions here let us first notice that the two side-lines at any 
vertex form four angular openings, which we shall refer to as 
inside^ verikal, and the two adjacent. We notice also that 
if two circles touch one another, and also the same line at 
different points, their contact must be external, and they lie 
on the same side of the line. These facts premised, it is easy 
to show that we have the following real solutions ; the proofs 
come by simple considerations of continuity. 

Circles in three inside openings . . 8 ways. 

Circles in two inside and one vertical 

opening ...... 3 ways. 

Circles in one inside and two adjacent 

openings . . . . . 15 ways. 

Circles in two adjacent and one vertical 

opening ...... 6 ways. 

Malfatti’s problem so generalized must usually have thirty- 
two real solutions : how shall we find them analytically ? * 
When we pass from the narrower to this wider form for the 
problem, the quantities must be allowed to take either 
positive or negative values, the quantities « *, Sy, s — will be 
permuted among one another. More specifically, as reversing 
the signs of all three quantities a.^ may be looked upon 

as leaving everything unaltered, wo see that the quantities 
b-, hjj may take the following sets of values: 



The product, multiplied by the common denominator within 


* Taken with some alteration from Pampuch, ‘Die 32 LOsungen des 
Malfattischen Problems’, Gruneris ArchiVj Series 3, vol. viii, 1904. 
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the radicals, will be the radius of an inscribed or escribed circle. 
We now write 

4 (s-uj,) XfXj = 

('i^ = Ai, af r= Aj, = Aj,, (12) 

assuming that Aj, A^^ are known values. These equations 
have sixty-four solutions, which include the thirty-two real 
solutions of the problem in hand and thirty-two others 
obtained by altering the signs of all the a/s and ir/s, which 
gives nothing new geometrically. These equations will thus 
contain nothing extraneous if we impose the restriction 
> 0. They give the thirty-two real solutions of the 
problem and nothing besides. The quantities are 

capable of taking four sets of values. We pick out one set, 
and write the equation 

Xj + 2 Xi V X I = cl]^ , 


i 3 



X‘ — [(T — A + g,. — 

Of the quantities here involved o- is single valued, and yi 
double valued in (oc). To be specific let us assume that 
Then, since = A is the radius of an 

inscribed or escribed circle, we shall have 

^ ~ ± i i 

The quantities here involved are all single- valued functions 
of 0 ^ 2 , OL-s radius of the inscribed or escribed circle 

while ^ 1 , ^3 distances from the centre of that circle to 

the vertices of the triangle. 



182 FAMOUS PROBLEMS IN CONSTRUCTION ch. 

The analytical expression of the distance from each vertex 
to the points of contact of the corresponding circle in the thirty - 
two cases of the extended Malfatti problem is of the same type. 

It would be tedious to determine which value of and 
which sign for each 6^ should be used in every case. On the 
other hand, let us notice that Hart's proof may easily be 
extended to every case, so that 

Steiner s construction may be extended to all thirty-two cases 
of the extended Malfatti problem, the triangles abutting at 
the centre of the inscribed circle being replaced in twenty-four 
cases by those abutting at the centre of an escribed circle. The 
triangles being chosen, we can associate with each, either its 
inscribed circle, or the escribed one which actually touches the 
side which it shares with the original triangle. 

There is a further extension of Malfatti’s problem due even 
to Steiner himself. To construct three circles, each of ivhich 
shall touch two out of three given uon-coaxal but intersecting 
circles, and also the other two circles sought.^ 

When the three given circles are concurrent, we get tlie 
construction at once by inversion. Steiner’s own construction 
for the general case is as follows : 

Find a circle of antisimilitude of each pair of the given 
circles. Inscribe circles in the arcual triaicgles each deter- 
mined by one given circle and two circles of antisimilitude. 
The remaining circles orthogonal to the common orthogonal 
circle of the original three, each touching a 'pair of the con- 
structed ones, and belonging to the same system as the common 
tangent circle of antisimiUtude will, in pairs, touch the circles 
sought. 

The proof of this is given by Hart immediately after his 
proof of the simpler case. The reasoning is as follows. Hart’s 
proof for the Steiner construction holds just as well on the 
surface of a sphere as in a plane, provided that straight lines 
be replaced by great circles, and that I. 28] and 170] be 
extended to the sphere, which can be done as follows. If two 


Einige geometrische, &c., loc. cit., p. 180. 
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small circles cut equal arcs on a great circle, we find, by the 
formulae for a right spherical triangle, that if a circular 
triangle be formed by this great circle and tangents to the 
small ones at a pair of points of intersection that do not 
separate the other pair, then the sines of the legs of this 
triangle are proportional to the tangents of the radii of the 
small circles, i.e. the two small circles will subtend equal 
angles at the opposite vertex of the triangle. On the sphere 
then, as in the plane, the second transverse common tangent 
of the circles will bisect the This 

established, the previous proof holds word for word. We next 
see that any three circles of the plane which are not concurrent 
may be carried by a real or imaginary stereographic projection 
into three great circles. Wc have but to take the sphere 
whose equator circle is concentric with but orthogonal to the 
common ortliogonal circle of the three. This transformation 
is conformal and carries great circles bisecting the angles of 
given great circles into circles of antisimilitude in the plane. 
The number of solutions is seen to be sixty-four. 

The most systematic attempt ever made to reduce to a 
uniform method the solution of all problems involving the 
construction of circles subject to given conditions was made 
by Fiedler,* and we must now give some account of his 
method. 

In the preceding chapter wo showed how the circles of 
a plane may be represented by the points of a three-dimen- 
sional space. A more direct method of accomplishing the 
same end, when none but proper circles are involved, is as 
follows. At the centre of each proper circle in the plane, erect 
a perpendicular on a specified side of the plane, which we 
shall call ahove, equal in length to the radius of the circle. 
The extremity of this perpendicular shall be taken to repre- 
sent the circle. Conversely, if any point (in the finite domain) 
bo given above the plane or upon it, the circle whose centre 
is the foot of the perpendicular from the point to the plane, 
and whose radius is the length of this perpendicular, will be 

* Cyklographie, Leipzig, 1882. Sco also Muller, ^ Beitrage zur Zyklographie 
Jahreshericht dev deiitschen Mathematikeivereinigxmg^ vol. xiv, 1905. 
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the circle which is represented by the point. There is thus 
a one to one correspondence between the proper circles of the 
plane and the finite points above ; the points of the plane will 
represent the null circles whereof they are centres. 

The circles of one system tangent to two intersecting lines 
will be represented by the points of two half-lines above the 
plane, intersecting in the intersection of the lines, and making, 
with the plane, angles whose cotangents are equal to the 
cosecant of the corresponding half-angle of the given lines. 
Convei-sely, the points of every half-line above the plane will 
be represented by circles tangent to two intersecting or parallel 
lines which will be real if the angle which the half-line makes 

with the plane be ^ ^ • The reflection of the opposite half- 
line in the same plane will represent the remaining circles 
tangent to the two lines and belonging to the same system. 

The points of a half-plane above the given plane, and of the 
reflection in that plane of the opposite half-plane, will represent 
the circles intersecting at a fixed angle the line common to 
the two half-planes and the given plane. The cosine of this 
angle will be the cotangent of the angle between the half-plane 
and the given piano. Conversely, every such system of circles 
will be represented by a half-plane and the reflection of its 
opposite. 

We next observe that every line in space, not parallel to 
our plane or lying therein, may be represented by its inter- 
section with the plane, and by the intersection therewith of a 
parallel to the given line through a fixed point above the plane. 
The line connecting the two points will be the intersection 
of our given plane with the plane through the given line and 
the fixed point. The circles tangent externally to a given 
circle will be represented by the portion above the given plane 
of a cone of revolution through the given circle, with its 
vertex at a radius distance below. The circles which touch 
the given circle internally will be represented by the reflection 
in that plane of the remainder of the same cone. The word 
cone is here used in its widest sense to indicate a conical surface 
of two nappes. 
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Let us make two specific applications of these methods. 

Problem 1.] To construct a circle having contact of a pre- 
assigned sort with each of txco given intersecting lineSy and 
with a given proper circle.'^ 

Analysis. The given circle shall be c with its centre C. 
The vertex of the corresponding cone, which we shall assume 
below the plane, shall be V, The lines shall be I and V meeting 
in P at an angle 0, Their bisector orthogonal to the circle 
sought shall be K We wish to find the intersection of the 
cone with a line through P whose projection on the plane 
shall bo h, and making with the plane an angle whose cotan- 

Q 

gent is cos - • A plane through this line and V will meet the 

given plane in the line from P to the intersection with a 
parallel to the given line passing through F, and will meet 
the circle c in the points of contact desired. 


Construction. Through C draco a li\ce parallel to h, and 
take thereon points ivlcose distances from C a re 2 cos • Connect 

dt 

these points ^oith P, These lines will intersect the given circle 
in the points (f contact desired. 


Problem 2] of Apollonius. To construct a circle tangent 
externally to three mutiiaUy external circles.^ 

Analysis. Let the cones of revolution be constructed as 
before, the vertices being V^V.^V.^, Each two of these have 
a common conic in the plane at infinity, hence they intersect 
also in a finite conic. We wish to find the intersections of 
two of these conics, as one intersection will represent the 
circle desired. Let be the intersection of the given plane 
with Fgj ^33 assuming no two circles are of equal radius; 
it is the external centre of similitude of C 2 , The plane 
through the line tangent to Cg, will touch the 

finite conic, but at infinity, since it is there that the finite and 
infinite conic intersect. Hence a plane through parallel to 

* Fiedler, loc. cit., p. 30. 
t Ibid., p. 161. 
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the plane of the finite conic, will intersect the given plane 
in the polar of with regard to The plane of the finite 
conic will meet the given plane in the radical axis of and C3. 
The line common to the planes of the three finite conics may 
be represented, if be the fixed point without the plane, 
by the radical centre and the pole with regard to of the line 
containing the three external centres of similitude. 

Construction. Find ihe 2>oles with reyard to each cinie of 
the line coataiaiag the cd'tental centres of similitude. Tlte 
lines connecting these 'poles tvith the radiccd centre ^nnll 'meet 
the circles in tlte points of contact sought. 

It is certainly striking that Fiedler’s method should lead us 
back to the Gergonne construction. 

The work which we have done in problems of construction 
not unnaturally raises the old question of what constructions 
are possible and what ones are not with the means allowed 
in elementary geometry, namely, the ungraded ruler and the 
compass. Various suggestions have also been made for sub- 
stituting other instruments for these. Steiner employed the 
ruler and one circle completely drawn. Others have studied 
the constructions possible with the ruler and compass of 
a single opening, the two-edge ruler, and even the constructions 
possible with the aid of paper folding.* The most interesting 
attempt of this sort from our present point of view is that 
originally made by Mascheroni,*j' to see what constructions 
are possible with the aid of the compass alone. Mascheroni’s 
original procedure may be greatly shortened by the aid of 
inversion. 

What are the constructions possible with ruler and compass ? 
To connect two points by a straight line, and to describe 
a circle of given radius about a given point. Clearly no 
compass alone will enable us to perform the first of these. 
At the same time the primary uses which we make of these 
constructions are to determine certain points, and, so con- 

* For an excellent account of all these attempts, as well as the construc- 
tions that follow, see Enriques, Quvstioni riguardanti la geoinetria elemenlrn'e, 
Bologna, 1900. 

t La yeo7netria del compasso^ Pavia, 1797. 
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sidered, the fundamental problems are three in number: (1) 
To find the intersections of two circles given by radius and 
centre. (2) To find the intersection of a line given by two 
points with a circle given by radius and centre. (3) To find 
the intersections of two lines, each given by two points. The 
primary object of the geometry of the compass is to show that 
all three of these problems may be solved by the aid of that 
instrument alone. About the first nothing need be said ; the 
last two may bo thrown back upon the first by means of 
inversion. It is only needful to show, therefore, that with the 
aid of the compass alone we can find the inverse of a given 
point with regard to a given circle, and can find the centre of 
a circle through three given points. 

Problem 1.] To condruct the multiples of a given seg- 
ment (^0), 

Construct a circle witli centre 0 and radius {OA), Inscribe 
a regular hexagon with one vertex at A. The opposite vertex 
B will determine a segment {AB) whose middle point is 0. 

Problem 2.] To construct a fourth proportional to three 
given lengths m, n, p. 

Take a convenient centre 0 and construct concentric circles 
with radii m, n. Let A and B be two points of the first 
separated by a distance If 2m < we replace our circles 

by concentric ones of radius km, kti, both > and proceed 

u 

as before. With A and B as centres and the same radius, 
construct circles intersecting the other circle in two pairs of 
points. We then take the points A^ and B\ one belonging 
to each pair. {A'B') is the length sought. 

We may, in fact, take such a radius at A and B that the 
radii {OA), (0//), {OB), {OA') follow around in order. Then, 
since A AO A' = A BOB^ by three sides, 

i^A0B=:i^AVB', 

Hence the isosceles triangles AOB and A'OB' are similar. 
(OA) : (OA') = (AB) : {A'B'), 
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Problem 3.] To construct a circle through three non-collinear 
points. 

The points shall be A, B, G. With B as centre and (BA) as 
radius, and with C as centre and (GA), construct circles meeting 
again in A', the reflection of A in BG. If 0 be the centre 
of the circle sought, the triangles BAA', OAG are clearly 
similar. Hence the radius sought is a fourth proportional to 
{AA'), {AB), {AG). The radius being found, the centre is 
found at once, and so the circle. 

Problem 4.] ?'o construct the iiicerse of a given point with 

regard to a given circle. 

The given point shall be P, the centre of the given circle 0, 

T 

and its radius r. Suppose, first, that (OP) > - • Take P as 

centre, and radius (PO), and construct a circle cutting the 
given circle in A and B. With A and B as centres construct 
circles intersecting in 0 and P'. Then P' is the point sought. 
We see, in fact, that by symmetry F' is on the line OP. 
Moreover, A OPA and A OAP' are similar. 

(OF) X {OF') = {OA) X {AF') = r'^. 

When (OP) < let us find {OM) = h{OF) > - • 

u u 

Then, if {^l)x{m') = ‘,^, 

k (OP) {m') = 7'^ 

{OP') = k {OM'). 

We can now find the intersection of a line and a circle or 
of two lines by finding those of their inverses, and our funda- 
mental problems are solved. It is surely a remarkable fact 
that with the single instrument we can find any individual 
point which normally we reach only with the aid of both. 



CHAPTER IV 


THE TETRACYCLIC PLANE 

§ 1. Fundamental Theorems and Definitions. 

Any set of objects which can be put into one to one corre- 
spondence with the sets of essentially distinct values of four 
homogeneous coordinates not all simultaneously 

zero, but connected by the relation 

■\-x^ = {xx) = 0, (1) 

shall be called j^oints ; their assemblage shall be called a 
tetracyclic plane. The assemblage of all points {x) whose 
coordinates satisfy a linear equation 

iy.r) = 0, 

where the values of {y) are not all simultaneously zero, shall 
be called a circle, to which the points {x) are said to belong, 
or be upon. The coefficients {y) are called the coordinates of 
the circle. If they satisfy the identity (1) the point {y) is 
called the vertex of the circle, which is then said to be null. 

If (y) and (z) be two not null circles, the number 0 defined by 

cos 0 = ~ y- (2) 

-/ iyy) -/ (zz) 

is called their angle. If one possible value for the angle be - j 

the circles are said to be mutually perpendicular or orthogonal, 
or to cut at right angles. If one possible value be 0 or tt the 
circles are said to be tangent. The conditions for orthogonality 
and tangency are, respectively, 

(yz) = 0. 

iyy) i^z) - iy^Y = o. 


(3) 

(4) 
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If (y) and (z) be two mutually orthogonal null circles, i.e. 
two null circles whose coordinates satisfy equations (3), (4), 
every circle of the system 

+ 

is null and orthogonal to every other. The locus of the ver- 
tices of the circles (x) shall be called an isotropiv. Through 

each point in the tetracyclic plane will pass two distinct 

isotropies which together constitute the null circle having the 
given point as vertex. 

The coordinates of each point in the tetracyclic plane may 
be parametrically represented by means of the isotropies 
through it as follows. Let i be supposed to be a well-defined 
value of a/— 1 , a given irrational adjoined to the number 
system. We may write 

iXf ) : : Xo : 

= ('^iMi + ^2/^2) • — ^2/^2) * (^i /^2 + '^ 2 Mi) • 

= (ix^ + Xi) : + — .Tj), 

: IX. = + : (x. 34 - /X 3 ) == {\o- ix,^) : {ix,,-x^), (5) 

If {x) and {x') be two points, we shall have 

p (xx')~ (AiAZ — A^A/) — M 2 ^/)- 

It thus appears that if wo keep either A ^ : A^ or fx^: fx,^ fixed we 
have the points of an isotropic. 

The system of all circles through the intersections of two 
given circles, i.e. that of all circles whose coordinates are 
linearly dependent on those of two given circles, shall be called 
a coaxal system. 

Tw^o points are said to be mutually inverse in a circle (which 
is supposed not to be null) when every circle through them is 
orthogonal to the given circle. The vertices of the null circles 
orthogonal to those null circles whose vertices are the given 
points must lie on the circle of inversion ; hence the coordinates 
of the circle of inversion are linearly dependent on those of 
the given points. If the points be (x) and (x'), while (y) is the 
circle of inversion, 

P = (yy) Xi -2 (xy) Vi . (6) 
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The transformation from {x) to {x^), being linear, carries 
a circle into a circle, and we see also that equation (6) may be 
interpreted as giving the relation between any two mutually 
inverse circles. They are coaxal with the circle of inver- 
sion, and make equal or supplementary angles therewith. We 
shall also speak of (y) as a circle of antisimilitVyde for {x) 
and {x'). 

The definitions so far given have been apparently arbitrary. 
Let us see whether there be any sets of familiar objects which 
obey all the rules prescribed for the points of a tetracyclic 
plane. Obviously a Euclidian sphere is a perfect example 
of such a plane, and the definitions of angles, inversions, &c., 
for the tetracyclic plane arc entirely in consonance with what 
we should have on the surface of such a sphere. Again, the 
relation between the tetracyclic coordinates of all finite points 
of the cartesian plane is the same as that for all points of the 
tetracyclic plane. We rewrite the equations: 

X :y :t = ; x^^ : — (IXq + x^), (7) 

: x^ : : x.^ = I {x? + — i^) : 2 xt : 2 yt. 

Every finite point of the cartesian plane {t ^ 0) will be 
represented by a definite point of the tetracyclic plane for 
which Ixq 4- 9 ^ 0, and conversely. If, however, we make 

the cartesian plane a perfect continuum by adjoining the line 
at infinity, the correspondence ceases to be unique, for all 
infinite cartesian points other than the circular ones will 
correspond to the same point of the tetracyclic plane. We 
may extend the finite cartesian plane to a tetracyclic plane 
by first omitting the line at infinity, then extending the plane 
to be a perfect continuum as follows : * 

The set of coordinates x ^ : ctq : ^ : 1 : 0 ; 0 shall be 

said to represent the 'pol)ht at infinity. Every other set of 
coordinates (y) satisfying the equations 

«/o+?/i = (?jy) = 0 

* Conf. Beck, ‘ Ein Gegenstiick zur projektiveii Geometrie Grunerts 
Archiv, Series 3, vol. xviii, ]911, and BOclier, ‘ The Infinite Regions of various 
Geometries’, Bulletin American Math. Soc.y vol. xx, 1914. 
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shall be taken to represent a minimal line 

^2® + y-iV + i (i-Vo - 2/i) «^ = 0- 

The point at infinity and the totality of such minimal lines 
shall be called improper points. By adjoining them to the 
finite domain, the cartesian plane becomes once more a perfect 
continuum, and obeys all the laws for a tetracyclic plane. 
The definitions of circle, angle, inversion, &c., given in Ch. II 
for the cartesian plane, and here for the tetracyclic one, are 
entirely compatible. Care must be taken not to confuse 
minimal Ihies^ looked upon as improper tetracyclic points, 
with isotropies which are point loci. If we take as our tetra- 
cyclic plane the cartesian plane rendered a perfect continuum 
in this fashion, the following expressions are synonymous : 

Circle orthogonal to point at Line, 
infinity. 

Inversion in such a circle. Reflection in line. 

Null circle whose vertex is Totality of minimal lines, 
point at infinity. 

Null circle containing point Points of a minimal lino 
at infinity. and minimal lines parallel 

thereto. 

Improper points of a circle Asymptotes of a circle, 
not through the infinite 
point. 

We shall moan by the cartesian equivalent of a tetracyclic 
figure the following: If the tetracyclic plane be taken as 
a Euclidean sphere, we take the stereographic projection of 
this sphere. If the tetracyclic plane be built on the cartesian 
one in the present fashion, we replace the coordinates of each 
proper tetracyclic point by their cartesian equivalents from 
( 7 ), then render the plane a perfect continuum by the adjunc- 
tion of the line at infinity. Jn either case, if wo mean by the 
degree of an algebraic curve of the tetracyclic plane the 
number of its intersections with a circle, we see 

The cartesian equivalent of an algebraic curve of order n 
ivith a multiple point of order k at infinity^ is an algebraic 
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curve of order n — Ic with a combined multiplicity of order 
n —2k at the circular points at infinity. 

It is worth while to look also at cross ratios in the tetra- 
cyclic plane. We start with the circle = 0. Let {yQypjpj^ 
and (2/0 2/i 2/2 “2/3) ^wo points mutually inverse therein. 

Let {0) be any circle through these points, cutting the funda- 
mental circle again in (oc) and (y), 

Vo Vl ?/2 ^ 

a„ a, a., = 2 (ay) iyy)-(ay)y.f = 0. 

70 71 72 


Our circle Xn = 0 may be represented parametrically by the 
equation 

OJ,; = + 0/3) + 2(ay) =0, 0, 1, 2. (8) 

The circles through the points (2/()2/i 2/2 2/;}) O/oZ/i /A “*2/3) 
the points with parameter values t^ and will be 


(1) z, = t,^ 

aj a,, 
Vj Vh 


y.i 2 /A' 

7j 71; 

Vj Vk 

(2) 

aj a,, 
Vj Vh 


+ 

Vj Vk 

7} 71; 1 


For the cosine of the angle between them we have 

_ t;Hf{ayY -f 3 iff' + ff-) ((xy) (yy ) -4 2^ f, (ay) (pj) -\-(yyY^ 

” Pi"(«2/) (72/)] lff{<^y) + ( 72 /)] 

• 2 ivz ^ -( ^ y) (yy ) 

2 [tY {Oiy) + iyy)] [t/ {ocy) + (yy)] 


Giving the parameter t four sets of values 2j, /g, t^, we 

have 

sin ^^^sin 

• • ^32 (^1-^4) (^3 

sin sin ^ ^ " 

2 2 


This expression is independent of (y) and is defined as 
a cross ratio of the four points of the fundamental circle 

N 


1702 
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a ?3 = 0. Had we taken any other pair of points besides (a) 
and (y) to use in the parametric equation (8), we should have 

replaced t by i ^he right-hand side of the equation would 

have been unaltered. Moreover, every not null circle can be 
expressed parametrically in this form, and our two expressions 
(9) for a cross ratio will be the same for all such circles. If 
this cross ratio have the value —1, the points and are said 
to separate the points and harmonically. The relation 
between the two pairs is i-eciprocal. If we take the harmonic 
pairs of parameter values 0, oo , we see that the circle (/3) 

is orthogonal to every circle tlirough the last two points. Our 
four points are thus both concyclic and orthocyclic if we 
extend the definition of p. 100 to the tetracyclic plane, and, 
in fact, we find that 


A necessary and sufficient comlition for harmonic separa- 
tion is that the concyclic jyoi/rds should also he orthocyclic. 

If we pass a circle through the fundamental circle meeting 
it orthogonally at the points t-^t.^^ while another orthogonal 
circle meets it at the points and if 6 be the angle of these 
circles, we easily find 





For harmonic sets, our new circles will be orthogonal to one 
another. 

We must next consider the cross ratios of four points of an 
isotropic. If (oc') and (y') be two points of one isotropic, then 
every point thereof will have coordinates of the form 


y/. 


We shall define the right-band side of (9) as a cross ratio 
of the four points corresponding to the parameter values 
^ 1 , t^i t.^ t^. Harmonic separation shall be as before. We 
find the geometric meaning of the cross ratio of four points 
of an isotropic as follows. What point of the circle (8) will 
lie on an isotropic with a given point of the isotropic (10) ? 
Writing the condition of orthogonality for the corresponding 
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null circles, we have an equation quadratic in t and linear in 
This must be reducible, if looked upon as an equation in for 
one point sought is the intersection of the circle and isotropic. 
The other root is a fractional linear function of and, since 
a linear transformation leaves cross ratios invariant, we see 
that the cross ratio of four points of an isotropic may he 
defined as that of the points where the other four isotropies 
through them meet any not null circle. 

We next take up the question of problems of construction 
in the tetracyclic plane.* What constructions shall be allowed 
here ? The point at infinity shall play no special role, and we 
shall require our constructions to be invariant for inversion. 
We next remark that there are two different ways in which 
we may suppose that a circle is known. We may know all 
of its points, or all in a domain called real. Or, secondly, we 
may know how to find the inverse of any known point. In 
the first case we say that the circle is known by p>oints, in the 
second that it is knovjn by inversion. 

Suppose that we took for our tetracyclic plane the real 
domain of a real sphere and represented each circle known by 
points by the pole of its plane. Points of the sphere collinear 
with this pole would be mutually inverse in the circle. On 
the other hand, if we took an interior point of the sphere it 
would be the pole of a self- conjugate imaginary circle of the 
sphere whoso points are not in the domain ; at the same time 
we know the circle by inversion, for we can join any point 
of the sphere with the interior pole and find where the line 
meets the sphere again. Moreover, in three dimensions, we 
assume that we can connect two points by a line, three points 
by a plane, and find the intersection of lines, planes, and 
sphere when such intersections exist. This leads us naturally 
to the following postulates for constructions in the tetracyclic 
plane. 

Postulate 1.] If three points he knoivn, all points of their 
circle are knoiun, 

* The whole question of tetracyclic constructions is elaborately discussed 
by Study, loc. cit. 
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Postulate 2.] If tivo circles he known hj points^ their inter- 
sections^ if in the known domain^ are also known,^ 

If we considei* as known the whole tetracyclic plane, then 
the intersections are always known. On the other hand, we 
might limit ourselves to such a domain as one where Xq was 
proportional to a pure imaginary value, while the other 
coordinates were proportional to I’eal values, in which case 
it is not certain that intersections will be real. We make, 
therefore, the further assumption 

Postulate 3.] If ivjo not null circles known % points have 
one common knoivn pointy they have a second such point unless 
they he tangent to one another. 

Theorem 1.] A circle is completely known hy inversion if 
two pairs of inverse points he knoivn. 

Suppose, in fact, that we have two pairs of inverse points 
QQ\ RR\ to find the inverse of any point P we have but to 
construct the other intersection of the circles PQQ\ PRR\ 
The construction is of the first degree. 

Problem 1.] Given two circles hy inversion^ to find hy 
points a circle through a given point orthogonal to them.. 

We have but to find the two inverses of the point, then 
apply postulate 1]. 

Problem 2.] Given a circle Iry points^ to determine it hy 
inversion. 

Take four points thereon. They may be divided into two 
pairs in three different ways. The product of the three inver- 
sions, each of which interchanges the members of two pairs, 
will be the inversion sought. The proof comes by easy 
analysis, which we leave to the reader. 

Problem 3.] Given two circles hy invention, to construct hy 
points the circle coaxal with them, passing through a given 
point. 

♦ Study, loc. cit., p. 53, makes a different assumption. He is not interested 
in separating real from imaginary, and so assumes iliat if two circles be 
mutually orthogonal, and one be known by points, their intersections are 
known. It will easily follow from this that if a circle be known by 
inversion it is also known by points. 
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We construct by points two circles orthogonal to these two. 
Then we find these same two by inversion, and then the circle 
through the chosen point orthogonal to them. 

Problem 4.] To construct hy inversion the circle orthogonal 
to three non-coaxal circles given hy inversion. 

Through any point pass three circles, each coaxal with two 
of the given circles. These three are concurrent again in the 
point inverse to the given one in the circle sought. 

Problem 5.] To pass a circle through two p>oints of a circle 
given by points which shall be orthogonal thereto. 

We pass any circle through these points, find the inversions 
in both, then find by points, and so, by inversion, two circles 
orthogonal to the given ones. Lastly, find by points the circle 
orthogonal to these last two circles, and to the original one. 

Problem 6.] Given the points A, jB, and C\ to find the 
harmo)bic conjugate of B with regard to A and C. 

We assume that these points are not on one isotropic. We 
take two other pairs of points A'C' and A^'C^\ both concyclic 
with AC, We next find the inversion which interchanges A 
with Gy A' with and that which interchanges A with (7, 
A'^ with G^\ We pass a circle through B coaxal with these 
last two circles of inversion. It will meet the circle ABC 
again in the point required. 

Definition. Two ranges of points on the same or different 
circles shall be said to be projective if their members are in 
one to one correspondence, and corresponding cross ratios are 
equal. We have at once 

Theorem 2.] Tivo ra)tges of points on the same circle har- 
monically separated by two fixed points of the circle are 
projective. 

Two such ranges are said to form an involution. 

Theorem 3.] The circles through a fixed point and through 
the pairs of an involiitio)o tvill be a coaxal system. 

We see, in fact, that all of these circles will pass through 
the inverse of the given point in the circle orthogonal to the 
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given circle, and passing through the two points which 
separate the pairs of the involution. These separating points 
shall be called the double points of the involution. We shall 
also extend the meaning of the word involution to validate 
the converse theorem, i.e. 

Definition. The pairs of points where a fixed circle inter- 
sects the circles of a coaxal system not including this circle 
form an involution. Wo see that if any circle of the coaxal 
system (in the given domain) touch the given circle, the point 
of contact, which is said to be double for the involution, lies 
on the circle orthogonal to the given circle and to those of the 
coaxal system, and that an inversion in this circle interchanges 
the pairs of the involution, i.e. they are harmonically separated 
by the double points. The coordinates of these double points 
may always be found, even though the corresponding points 
may not be in that domain which for the purposes of our 
construction we define as real ; hence the two definitions of 
involution amount to the same thing if we include the limiting 
case where the double points fall together. 

Problem 7.] Given hvo [mirs of an involution^ to find the 
double points if they exist in the given domain. 

The solution comes at once from what immediately precedes, 
and from problem 4]. 

Theorem 4.] If two projective ranges have three selficor re- 
sponding points, every point is selficorresponding. 

The proof of this is immediate from the definition, and from 
the fact that a point is uniquely known as soon as we know 
a cross ratio determined thereby with three given points. 
Equally evident is 

Theorem 5.] The projective transformation between two 
ranges is completely determined by the fate of three points. 

The analytic formula for a projective transformation is found 
immediately if we write our circle in the paramethic form (8) 
and then make the transformation 


n _ -f 


— 9^ 0. 
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The whole theory of projective ranges may be at once 
deduced from this familiar analytic form by simple methods 
known to every student of geometry. Nevertheless, we shall 
continue to follow a geometric development more closely akin 
to the fundamental methods of the tetracyclic plane. We 
next have 

Theorem 6.] Four points of a circle correspond project ively 
to the points obtained by interchanginy them two by tiuo. 

We see, in fact, that this may be done by an inversion.* 

Theorem 7.] If in a projective transformation of a circle 
into itself^ MAA^ correspond to MA^A.,^ and M and A^ be 
separated harmonically by A and A.^, then M is the only self- 
corresponding point. 

Consider the involution with double points M and A^, The 
given projective ranges are carried hereby into those deter- 
mined hy MA.^A^C, MA^AG^, and were it possible for 6^ to 
be identical with G we might find an involution to carry 
GMAA^ into MGA^A, Hence MA.,A^G, T^MA.AG, 7\GAA^M, 
if we use the symbol 7^ for projective, and (7il/, 
pairs of an involution. But ilfi/, AA ,^ pairs of an 

involution, and two involutions cannot share two pairs. 

Theorem 8.] Given hvo projective ranges of points. They 
have either a single telf-cor responding point which may be 
found by a linear construction^ or the problem of finding their 
self-corresponding points is the problem of finding the doulle 
'points of an involution. 

If the projective ranges form an involution, nothing need 
be said. If not, let AA^^ in the first correspond to in 

the second. Let be the harmonic conjugate of with 

regard to A and A^^ If be self-corresponding, it is the 
only such point, by the last theorem. If not, suppose that 
in the first corresponds to in the second. Suppose 
that there is a pair of points MN which are double for the 

* For the next three theorems see Von Staudt, Beitrdge zur Geomeirie der 
Lage, Nuremberg, 1868, pp. 144 6, or Wiener, ‘ Verwandtschaften als Folgen 
zweier Spiegelungen Leipziger BerichtCj vol. xliii, 1891, pp. 651 ff. 
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involution There is also an involution with 

double points A^H^^ and in this i/A^, AA^, three 

pairs, so that 

MNAA^, 7:iVi/yl,A,, 7:MNA^A.,. 

Similarly MN'A II , , X MX A , H., . 

Hence MXAA,!!,, X MX A, AM.,, 

and M and X are the selLcorresponding members of our two 
projective ranges. The reasoning is reversible, so that the 
theorem is proved. 

Problem 8.] Given two pairs of an involution, to find the 
mate of any point. 

This comes by a simple construction which we leave to the 
reader. 

Problem 9,] Given ABC, 7\ A'B'C\ to find the mate of any 
chosen point. 

This transformation is the product of two involutions, 
ABO, TiB'A'C, and B'A'C,, 1KA'B'G\ Incidentally, we have 
proved that in a projective transformation the mates of three 
members may be chosen at random. 

Problem 10.] To construct the circles of antisiinilitude of 
two given circles. 

We mean, of course, the circles which invert the given 
circles into one another. Any circle orthogonal to both our 
circles is anallagmatic with regard to every such circle of 
antisimilitude, and it will intersect the circle of antisimilitude, 
if at all, in a pair of double points of the involution deter- 
mined by the intersections with the given circles. The prob- 
lem thus reduces to that of finding the double points of an 
involution, or the intersections of two circles given by points. 

Problem 11.] Of Apollonius, To construct a circle tangent 
to three given circles. 

We begin by finding their circles of antisimilitude two by 
two. These, when they intersect in our domain, will pass 
by threes through at most eight points, inverse in pairs in 
the circle orthogonal to the three given circles. Through each 
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such pair of points pass a circle orthogonal to each of the 
given circles ; when the points of contact of the ciides sought 
exist in our domain they will be found in this way.* The 
proof consists in noticing that this is exactly the construction 
for finding the circles which touch three great circles of 
a sphere. 

Before proceeding to discuss further loci in the tetracyclic 
plane, let us look once more at the parametric representation 
already touched upon.f We begin with a slight change of 
notation, writing 

Hq zz: ~ ^2’ ~ ^‘ti* 

A point shall be said to be real if the homogeneous coordi- 
nates (x) be proportional to real values. The real domain of 
a sphere will serve as the best example of a real tetracyclic 
domain, the identical relation being 

— x^j^ -f- X^-^ -f- x^^ -f x.,^ = 0, 

Ao = (Xq “h Xj^) : (x.j = (^*2 • (^0 

Ml • M2 ^ (‘^’0 * 1 " ^’1) • (^2 "t ^^’3) = (^2 ^^3) • (^’0 

For a real point the isotropic parameters A^^ : Ag and : /otg 

must take conjugate imaginary values. We therefore write 

Aj : Ag = ’ ^2’ Ml * M 2 ~ • ^2* 

A real circle, or a self-conjugate imaginary one, will bo 
given by an equation bilinear in (f) and (£), which is unaltered 
by interchanging conjugate imaginary values, i.e. by a Hermite 
form 

Here a and c are supposed to be real, ft and ft conjugate 
imaginaries. This may be written in a satisfactory abbreviated 
form by the aid of the Clebsch-Aronhold symbolic notation 

a^d- = 0 . ( 11 ) 

* Cf. Pliicker, ^ Analytisch-geometrische Apliorismen Crelle's Journal, 
vol. X, 1833. 

+ See Kasner, ‘The Invariant Theory of the Inversion Group 2'ransactions 
American Mathematical Society, vol. i, 1900. 
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If p and O' be fixed complex multipliers, while I and m are 
real variables, the assemblage of points 

ii = hvi + maCi ; ii = Ipn^ + md-Ci ( 12 ) 

are said to form a chain. These equations are equivalent to 
requiring t to be real in our equations (8). The cross ratio 
of any four points of a chain is real, and, conversely, every 
set of points on a circle, such that the cross ratios of any four 
are real, will belong to one chain,* If, in these equations, we 

allow ^ to take all values, real and imaginary, we have a 

parametric representation of a circle connecting the points 
{rj) and (f) ; by changing the constant multipliers p and cr, we 
get every circle through these two points in this fashion. 

Let us write the relation between the binary and quaternary 
coordinates once more : 


If thus 


Xq z = + 

^’l = (^1^1 ^2^2)’ 

^2 ^ (^1^2^ ^2^1)? 

*^3 = (^1^2 ^2^l)* 

{h X) = 


( 13 ) 


4- , a j a,^ — — ta .,^ , ^ a., — u^y — , 

( - + + = -i \ a b \- \ dl [. 

The cosine of the angle of the circles (n) and (v) will take 
the simple form 

[ ab \ - \ db \ 


cos 0 = 


V\aa\- 'dd'\ V\bb'\^ l)l/\ 


( 14 ) 


Here a and a' are equivalent symbols, as are b and b\ The 
condition for orthogonal intersection of two circles will be 

I a i I • I I = 0. (15) 

To find the inverse of the point (rj) in the circle (11) we 


♦ The corresponding concept in projective geometry is due to Von Staudt, 
loc. cit., p. 137. 
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have merely to require that every circle through them shall be 
orthogonal to this circle : 


Afi = 
A ^2 — 


(16) 


§ 2. Cyelics. 

The only loci which we have so far discussed in the tetra- 
cyclic plane are circles (or chains). Let us now take up others 
of a more complicated sort. 

Definition. The locus of the vertices of the null circles of 
a quadric circle congruence shall he called a cyclic. We mean 
by a quadric circle congruence of the tetracyclic plane exactly 
what was meant by that term in the case of the cartesian 
plane. Every cyclic will have two equations of the type 

y = 3 

2 == ^5 = t), a^j = (1^) 

j = 0 

The first of these equations has ten difterent coefficients. 
As, however, the cyclic is unaltered if we replace that equa- 
tion by 

/, ./ = 3 

2 aijSCiXj + k{xx) = 0. 

Theorem 9.] Eight ‘points in general position will deter- 
mine a single cyclic^ hut all cyclics through seven p)oints have 
an eighth common p)oint also. 

The problem of classifying cyclics under the inversion 
group, that is, under the group of quaternary orthogonal 
substitutions, is the problem of classifying the intersections 
of two quadric surfaces in three-dimensional projective space, 
of which one surely has a non-vanishing discriminant. The 
modern way to do this is by means of Weierstrassian elemen- 
tary divisors applied to the two quadratic forms. We may 
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take this problem as solved, merely interpreting the known 
results in the language of our tetracyclic plane.* 



General cyclic. 

1(1 1) 1 1] 

Two circles, not tangent and 


neither null. 

[(1 1)(1 1)1 

Two isotropies of each set. 

L(i 1 1) 1] 

Not null circle counted twice. 

[(1 1 1 i)J 

No locus. 

[2 11] 

[(2 1) 1] 

[2(1 1)] 

Nodal cyclic. 

Mutually tangent not null circles. 
Null and not null circle, not 

mutually orthogonal. 

[(2 1 1)] 

Null circle counted twice. 

[2 2] 

Cubic cyclic and isotropic, not 


tangent to it. 

[(2 2)] 

Two mutually orthogonal null 


circles. 

[3 1 ] 

Cuspidal cyclic. 

[(3 1)] 

Null and not null circle, mutually 


orthogonal. 

[4] 

Cubic cyclic and isotropic tan- 


gent thereto. 

In what follows, unless otherwise stated, we shall confine 
ourselves to the first type, the general cyclic. A number of 
facts can be at once stated about this curve by considering 
the Cayleyan characteristics of the elliptic space curve of 

the fourth order, and 
terminology, t 

re-interpreting them in our present 

Tetracyclic plane 

TT. Projective space >S'. 

General cyclic. 

Elliptic quartic space curve. 


Twelve osculating circles or- Class of developable 12. 
thogonal to given circle. 


* Cf. Bromwich, Quadratic Forms^ and their Classification by means of Invariant 
Factors, Cambridge, 1906, especially pp. 46, 47. Also Kasner, loc. cit. 

f Cf. Salmon, Geometry of Three Dimensions, Fourth ed., Dublin, 1882, p, 312. 
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Eight circles of arbitrary co- 
axal system orthogonal to 
the curve. 

Sixteen circles have four-point 
contact. 

Sixteen circles orthogonal to 
an arbitrary circle belong 
to two pencils of mutually 
tangent circles orthogonal 
to the curve. 

Eight circles orthogonal to an 
arbitrary circle have double 
contact. 


Order of developable 8, 

Sixteen planes have stationary 
contact. 

Sixteen points on two tan- 
gents lie in an arbitrary 
plane. 

Eight planes having double 
contact pass through an 
arbitrary point. 


A simple construction for a cyclic is suggested by the 
foregoing. There is a theorem ascribed to Chasles whereby 
a line meeting two skew-lines and touching a quadric will 
have its points of contact with the latter on a quartic. The 
easiest proof would seem to consist in writing the condition 
that the line from a point of the quadric to meet two skew- 
lines shall touch the quadric. If we take this quadric to 
correspond to our tetracyclic identity, we have 

Theorem 10.] If two coaxal systems he given, with oio 
coinonon circle, the locus of the jwiiits cohere a circle of one- 
system touches one of the other will he a cyclic, general or special. 
Let us simplify the equation of our general cyclic. This is 
immediately accomplished if we remember that in the case 
of the elementary divisors [l 1 1 l] the two quadratic forms 
may be simultaneously carried by a linear transformation 
into two forms involving only the squared terms ; in other 
words, keeping the identity for tetracyclic coordinates in- 
variant, we may write the equation of the general cyclic 
in the form 

{ax^) = = 0 , ^ 

; =:0 


This last equation is unaltered if we change the sign of any 
one of the xfs, hence 
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Theorem. 11,] The general cyclic is anallagmatic with 
regard to four mutually orthogonal circles. It may be 
generated in four ways by the circles of a conic series. 

The circles vfith regard to which the cyclic is anallagmatic 
shall be called the fundamental circles. To prove the last 
part of the theorem, take the circle 

Vi = + 

If this be orthogonal to one of our fundamental circles, 


A = —(7.. 


It is, moreover, tangent to our cyclic at the point (x). Sub- 
stituting for {x) in the equations (18), 


Vi 

Vi = - ^ 

aj^a^ 


Vk 


ai. — ii: 


4- 


Vi 


- = 0 . 


(19) 


Tlie last part of our theorem is thus proved. Let (z) and 
(s) he inverse in the circle (y) : 


y. = 0, yj = SiZj-SjZi, y,, = SiZj.-f^j.Z^, IJi = 

(S^Zj-SjZi)^ (aiZj.~8,,Z^)'^ (SiZi-HiZiY ^ 

Theorem 12.] The locus of the inverse of a fixed point with 
regard to the generating circles of one system of a cyclic is a nodal 
or cuspidal cyclic^ whose double point is at the fixed point. 

If we take the equivalent cartesian figure, the fixed point 
being the point at infinity, 

Theorem 13.] The general cartesian cyclic is a curve of the 
fourth order with a node at each circular point at infinity ; 
and^ conversely, every such curve is a cyclic. It may he 
generated in four ivays as the envelope of a circle moving 
orthogonally to a fixed fundamental circle, while its centre 
traces a central conic. The four fundamental circles are 
mutually orthogonal^ and each meets the corresponding deferent 
in four of the sixteen foci of the cyclic. 
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We mean by focus of any curve the vertex of a null circle 
having double contact therewith, this definition holding 
equally in the cartesian and the tetracyclic plane. It appears 
also that the inverse of a focus will be a focus. 

Theorem 14.] The general cyclic has sixieen foci lying by 
fours on the fundamental circles. 

If we invert in either the tetracyclic or cartesian plane the 
inverse of a general cyclic will, in the first case, always be 
a general cyclic ; in the second case it will usually be such a 
cyclic except for special positions of the centre of inversion 
which we need not particularize. The foci will be inverted 
into foci also. Now in the case of the cartesian cyclic the 
foci are the intersections of isotropies, not tangent to the curve 
at the circular points at infinity. At each circular point there 
will be two tangents to the curve, and these intersect in pairs 
in four points called the double foci^ which are not invariant 
for inversion but have a certain importance. Let the centre 
of a generating circle pass through a point of contact of a 
tangent to the deferent from a focus of the latter, i.e, a tangent 
from one of the circular points at infinity. The centres of two 
successive generating circles will lie on this line ; hence the 
circles will touch this line and one another at a circular point 
at infinity, or 

Theorem 15.] The four deferent conics of the general 
cartesian cyclic are confocal, their foci being the double foci of 
the cyclic. 

The cyclic is completely determined by one fundamental 
circle and the coiTesponding deferent. The radical axis of 
successive generating circles is the perpendicular from the 
centre of the fundamental circle on the corresponding tangent 
to the deferent. The cyclic will cut the fundamental circle 
at points of contact of common tangents to circle and deferent. 
These four tangents form a complete quadrilateral. Let us 
take a pair of opposite vertices of this quadrilateral and 
construct two circles, with these points as centres, orthogonal 
to the fundamental circle, i.e. cutting it at pairs of points of 
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contact with the tangents mentioned. These circles have 
double contact with the cyclic and, so, are generating circles of 
a second family. The common orthogonal circle to these two 
and to the given fundamental circle will be a second funda- 
mental circle ; the conic confocal with the given deferent and 
passing through the chosen pair of vertices of the complete 
quadrilateral of common tangents is the deferent corresponding 
to the second fundamental circle. We are thus enabled to 
pass from one generation to another.* 

The locus of the centres of gravity of the intersections of 
a cartesian algebraic plane curve with a set of parallel lines 
is a line, the line-polar of the infinite point common to the 
parallels. In the case of a cartesian cyclic, this line will 
meet the line at infinity in the harmonic conjugate of the 
point common to the parallels with regard to the circular 
points at infinity, i. e. this line-polar will be perpendicular 
to the direction of the parallels. The line-polars corresponding 
to two such systems of parallels meet in a finite point 0, 
whose first polar meets the like at infinity foiir times, i.e. 
includes the line at infinity. Hence 0 lies on the line-polar 
of every infinite point. If a point on the line at infinity 
approach one of the circular points as a limiting position, its 
conic polar with regard to a general cartesian cyclic will 
approach as a limit the two tangents to the cyclic at that 
circular point, and its line-polar will approach the line from 
that circular point to 0, This line will be harmonically 
separated from the line at infinity by the two tangents to the 
cyclic at that circular point We thus reach an interesting 
theorem due to Humbert.t 

Theorem 16.] The locus of the centres of gravity of the 
intersections of a general cartesian cyclic v)ith a set of parallel 
lines not passing through a circular point at infinity is the 
perpjendicular on these lines from the common centre of the 
four deferents. 

* Barboux, Sur laie classe lemarquahle de couihes et de sitrfaceR^ Paris, 1873, 
p. 35. 

+ ‘Sur les surfaces cy elides', Journal de V Ecoh Poh/fechnique, vol. Iv, 1885, 
p. 127 ff. 
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If we take the common centre of the deferents as origin, 
the rectangular cartesian equation of the general cyclic will be 

(aj- 4- (xy) = 0. (20) 

Here is a quadrate polynomial from which we may remove 
the term in xy if we choose the axes of the focal conics as 
axes of coordinates. 


Let us return to the tetracyclic cyclic from which we have 
strayed. To find the coordinates of a focus, we have 


X - = ^ ^^2 _ 


a:f ^ X,- 


+ 


aj — Ui — 


= 0 , 


Xf : x- ; .r,, : ,r, = 0 ; Vitij - u^) (a,, - aj) : - a,.) (aj - aj) 

: V{ai-ai](uj-a,,). ( 21 ) 


Let us find the cross ratio of these four, which will clearly 
be an invariant of the curve. In particular, if we take the 
foci on = 0 and seek the corresponding values of from 
( 5 ), we get 


A, : A;, = : [± V{a,^-aQ) -«i) 


The cross ratio of four points of a circle will be that deter- 
mined by four isotropies through them, as we have seen from 
the definition of the latter. Hence we have, as a cross ratio 
for four foci, 




The six possible cross ratios are obtained by permuting the 
four letters Hence we have the same sets of cross ratios 
on all four fundamental circles. 

Let us next seek the points of contact of the cyclic with 
isotropies tangent thereto. If such a point be (y), a tangent 
circle there will be y^ -f ixa^y^. This will be null if (c^^y^) = 0. 
Hence the points sought are the intersections of the cyclic 
with a second general cyclic whose equation is 

(a^y^) = 0. 
o 


1702 
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The coordinates of the points of contact will be 
pyi" = I 

These eight points will also lie on the cyclic 


2{ahf)- 


2«; 

L'-o j 


(m2/^) = 0- 


(23) 


(24) 


which bears to the given cyclic a curious relation. Substitut- 
ing the isotropic parameters from (5) in (18) and (24) we get 

[(a, - a^) + (a, - (•(..) -1- 2 [( - (t^ - o, -1- + ((■) ^2 

+ W'-i ~ ^':i) Pi + “ ^' 0 ) 1^2^] 


Keeping either parameter fixed, we may look on these as 
quadratic equations in the other parameter, and it will be 
found that the simultaneous invariant vanishes identically; 
hence 


Theorem 17.] A general vyelie has a covariant cyclic so 
related that every isotropic of either set intersects the two in 
pairs of harmonically separated points. The relation of the 
two cycllcs is mutwaly and at every intersection each curve is 
tangent to one of the isotrojnes through that imintA^ 

This covai'iant is simply expressed in our symbolic nota- 
tion.f Let our cyclic be 

a ~ 

The co variant is 

\a a' \ >\ da \ a^ d^ d^' = 0. 


* This excellent theorem was discovered by the Autlior’s former pupil, 
Mr. Lloyd Dixon, but never published. 

t Kasner, loc. cit., pp. 480 if., gives a list of concomitants with their 
geometric properties. Those which follow are from this source. 
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We see, in fact, that if (|) be fixed the roots of these two 
quadratics in (f) divide one another harmonically. Or we may 
reason otherwise. The circle 

d^d~^/ = 0 

is called the polar circle of It contains the harmonic 

conjugate of (^') with regard to the intersections of the iso- 
tropies through that point with that cyclic. The covariant 
cyclic is the locus of points whose polar circles are null. If 
we add to our equation (18) such a multiple of {yy) that 

/ 0 

the equation of the covariant becomes simply 

(a^x^) = 0 . ( 25 ) 

The polar circle of (y) will be 

/ =3 

2 = 0 - ( 26 ) 

. = 0 

Another co variant circle is the antopolar circle 

/ ^ 0 ^ 

This is orthogonal to the polar circle of every point on the 
null circle whose vertex is (y). The locus of points lying on 
their own autopolar circles will be another covariant cyclic : 

(J .»«) = 0. (28) 


The circles of different generations of a cyclic are connected 
by an interesting relation which we shall now develop. Let 
(y) be a circle of one generation : 


?y/ = 


Vh 


yr 


aj-ai 


o 2 




= 0 , 
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(1 1 — 0 .! «,• — rt; 

'• Oi-Oi 


mi) = -- 


In the same way, if (z) and {z') be two circles of another 
generation, 

- {o^-ap + ’ 

(«;,■-«/) ^ (« 7 -«/) 

^ + Vl H 


COB l^-yz = 


sin^j/j = + 


iHzMhEEiKT 

V ‘ ' V («;,-« ;) (a I - «,.) 

/(«;.•-«/) 2 


cos ^ 2/^ cos ^ 2 /j' + sin 4- yz sin 4- y^' 

+ i_ .4,^,^, 




2 , 




2/;/ 






(^■« 2 + -.“i, 2 , «*-«.• 2 /«'-«>• .2 , «i-« 


■l-o-j 

Oh- Os , Uj-Oj , 


rt;-a 




Oj-Oj 


V a,,-aj Oi-Oj ‘ V 




This expression is independent of (y), thus giving an 
admirable theorem * 


* Jessop, ‘A Property of Bicircnlar Quartics’, Quarterly Journal of Math., 
vol. xxiii, 1889. 
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Theorem 18.] The sum or difference of the angles which all 
circles of one generation of a general cyclic make with two fixed 
circles of another is constant 

This theorem enables us to give an invariant geometric 
definition of the cyclic. 

Theorem 19.] The envelo 2 )e of circles orthogonal to a fixed 
circle the sum of whose angles %cith two other fixed circles is 
constant is a cyclic. 

This is essentially, II. 26], proved without the aid of non- 
Euclidean geometry. If we pass to the limiting case where 
the cyclic becomes a pair of circles we reach another proof 
of IL 14]. 

The generating circles tangent to our cyclic at the point {x) 
will be 

Vi - 0. Vj = /A- = («/.-«/) Vi = Oi-'-'dH- 

Permuting the indices, and taking the cross ratio of the 
four, we get 

Oi-uj) _ 

Theorem 20.] Tice cross ratios of four generating circles 
tangent at the so, me point are those of the four foci on a)iy 
fu ndamental circle. 

This theorem can be easily generalized. Passing over to 
the cartesian plane, let P and Q be any two points of a general 
cyclic. Inverting, with P as centre of inversion, we get an 
elliptic cubic curve. The cross ratio of the four tangents to 
this curve from the inverse of is independent of the position 
of the latter on the curve, by Salmon’s theorem ; hence 

Theorem 21.] The cross ratio of four circles through two 
2 )oints of a cyclic tangent to the curve at other 2 ^oints is equcd 
to that of four coney die foci. 

We find the coordinates of the osculating circle at {x) as 
follows. We write 

Vi = + 



214 


THE TETRACYCLIC PLANE 


CH. 


Since 


{yd^x) = 0, (dxdx) = — (xd'^x), 2 = *" 2 


A {dxdx) 4- {adx^) = 0. 
Let us assume (udx) = 0. 


^ = 3 

(xdx) = 2 cii^idxi = (uc/a;) = 0, 

. 0 




dxi 

'' \^uja,,ai 


a-j X,. xi 

I > 

Uj ti,, ui i 



*/ Of/Xj. 

Vai3. 


Xj, 



-</ Uj. 

^(>1 




Va. 


Vui 


A ) = 0, 

/y,. = c(^,a^a,,a^(~x^) Xi- {a^x^)a.^Xi^ (29) 

Theorem 22.] Tvjelve osculatiiuj circles to a (jeneral cyclic 
are ortkogo ital to an arhitvai^j circle. 

Theorem 23.] The evolute of the general cartesian cyclic is 
of the Hvelfth order. 

We may get the class of a cartesian cyclic, and also of its 
envelope, from one same formula. The circle tangent at {x), 
which is orthogonal to (.s), will be 

-> = 3 

L; = 0 


Xi-{xs)a.-Xi 


Vi = 
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This will be orthogonal to (t) also if 

J = 3 j = 3 

2 (^0 — 2 

^ 0 ./ -r (J 

Adjoining the equation (18) we see 

Theorem 24.] Eight circles of an arhitrarg coaxal system 
will touch a general cyclic. 

Theorem 25.] The class of the general cartesian cyclic is 
eight. 

This agrees with Plucker’s equations. If the coaxal system 
be a concentric one, we see 

Theorem 26.] The class of the evolnte of a general cartesian 
cyclic is eight, 

A circle in the cartesian plane is an adjoint curve to the 
general cyclic. We may thus apply Nother's fundamental 
theorem and the residue theorem. 

Theorem 27.] If a circle meets a cyclic in ABCD, while 
a seco nd meets it in ABC\D^,an(l a third meets it in A^B^CD, 
then A^BffD^ are concycUc, 

When the cyclic has a node we may invert into a conic. 
The theorem is easily [)roved for a conic ; hence it is true 
of the universal cyclic. 

Numerous simple and easy corollaries follow from this 
theorem.* 

Problem 12.] To construct a tangent circle at a given point 
of a cyclic passing through a nother given point. 

Let the given points be A^B^. Suppose that the pair of 
points A 2^2 coresidual to the pair A^B^ on the cyclic, that 
is, both are concyclic with the same pair of the cyclic. Let 
A^B^ be concyclic with A^B^^ and on the cyclic, i.e. residual 
to ^ 2 /^ 2 ^ tLen and A^B^ are residual, or the circle 

through A^B^B^ is tangent at 

* Of. S.iltel, ‘ Thuoremes sur les cycliques planes’, Balldm dc la Societc 
mathematiquo de Frame vol. iii, 1874, pp. 90 ff. 
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Problem 13]. To construct the osculating circle at a given 
point. 

Let be the point. Construct a tangent circle there, and 
let be the residual pair. Let ^ 3^3 be residual to 

and let A^ be residual to A^A.^B.^. Then the circle tangent 
at A^ and passing through A/, which can be constructed by 
the last problem, is the circle required. 

Theorem 28.] The locus of pairs of poi) its concyclic with 
each of three given pairs of points, no two of which are con- 
cyclic, is a cyclic. 

We may, in fact, pass a cyclic through the six given points 
and through one pair of the locus. The residiiation with 
regard to this cyclic will give pairs of points concyclic with 
the given pairs. 

Problem 14.] To construct a cyclic through eight given 
points. 

Let the points be A^, B^ , A, B, (J, D, E, F. Omitting the point 
Fj we have cyclics with one other common point L, by 9]. 
We find this point as follows. Let the circles Aj B^ G and A^C' 
meet again in G ' ; let the circles A^B^ D and ABD meet again 
in D'; let GG'E and DD'E meet again in E'. The cyclic deter- 
mined by pairs of points concyclic with A^B^, AB, EE' will 
contain all of our given points but F. A second such cyclic 
may be found by interchanging the roles of D and E. Now 
take an arbitrary circle c through A^B^. The pencil of cyclics 
through Aj, B^, A, B, C, D, E meets c in pairs of points. The 
circles through such pairs, and through a fixed point V, will 
be a one-parameter family linearly dependent on two of its 
members, i.e. a coaxal system. Two circles of the system 
may be determined from the two cyclics just found, and so 
the other fixed point of the coaxal system. Replacing E by F 
we find which plays the rdle formerly played by V^. Let 
the circle meet c in A.j^B,^, Then A^B^^ are two points 

of the cyclic sought. We may find two such on every circle 
through AjR^; the construction is thus complete. We may 
also, with the aid of the two preceding theorems, find tangent 
and osculating circles to the cyclic given by eight points. 
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Suppose that we have in the cartesian plane two sets of 
four circles. By taking one circle from each set we have, 
in all, sixteen pairs of circles. Let one intersection of each 
of fifteen pairs lie on a given cyclic ; one intersection of the 
sixteenth pair will lie thereon also. We see, in fact, that 
a linear combination of the product of the equations of the 
first four circles and of the product of the equations of the last 
four will be a curve of the eighth order, with each circular 
point at infinity as a quadruple point. These curves have 
sixteen infinite and fifteen finite fixed intersections with our 
cyclic. If there were one variable intersection the cyclic 
would be a rational curve, which it is not. Hence our cyclic 
contains sixteen intersections of pairs of circles. It is to be 
noted that the other sixteen lie on another cyclic, for a curve 
of the family containing a seventeenth point of the given 
cyclic would degenerate into that and another cyclic. We 
may restate our theorem in better form. 

Theorem 29]. If three rinies meet a general cyclle in 

respectively, and if each (f 
the four 2'>^^i^ds D- he residual to the corresponding triad 
AiBfJ^, then are coney cl ic,^ 

The limiting cases of this theorem are more interesting than 
the general one. 

Theorem 30.] The osculating circles at four concyclic p)oinis 
of a cyclic meet the curve again in four concyclic points* 

If the first three circles have four- point contact. 

Theorem 31.] A circle ^vhich meets a cyclic in three points 
%vheTe the osculating circles have four-point contact meets the 
curve again in such a poitd* 

There are, as we have seen, sixteen of these points. Let us 
look a little more closely at their position. To begin with, 
a circle with four-point contact is a generating circle, so that 
our points lie by fours on four fundamental circles. If we take 
two of our points on one fundamental circle they are mutually 

* Lachlan, ‘On a Tlicorem relating to Bicircular Qiiartics Proceedings 
London Math. Soc., vol. xxi, 1891, pp. 276 ff. Cf. Schroter, Grundzuge chier 
reingeomcirischen Theorie der Raumkurven vierttr Otdnung, Leipzig, 1890. 
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inverse in one of the other fundamental circles. Another 
pair of points of four-point contact not on either fundamental 
circle so far mentioned, but mutually inverse, can be found in 
four ways. We may thus find two pairs of points of four- 
point contact mutually inverse in one of the fundamental 
circles in forty-eight ways. Lastly, we may find four points 
of four-point contact, one on each fundamental circle, in sixty- 
four ways. There are thus 116 circles, each of which meets 
the cyclic in four points of four-point contact. The coordinates 
of these points are easily found by taking the intersections of 
the curve with each fundamental circle : 

Xi-O, Xj=± %=+ Vui-uj, xi=± Vcij-a,.. (30) 

We have already seen that twelve osculating circles are 
orthogonal to a given circle. If the given circle be null, its 
vertex on the curve, three of these will be accounted for by 
the osculating circle at that point. 

Theorem 32.] Let the osculating circles at the points 
meet the general cyclic again at A, those at 
jBj, ... meet it at B, those at (7^, meet it at G, 

and those at meet it at' D ; then^ if the points 

A, B, D he coney die, the pyoiats A^, Bj, Di lie on 729 
circles. 

Theorem 33.] If the osculating circles at ..., A^ 

meet the general cyclic again at A, ichile those at A, B-^, ..., B^ 
meet it at B, then the points A^, Aj, A;, lie by threes on eighty • 
four circles, each of which contains a point Bi. 

Theorem 34.] Let A, B, (7, D he four coney die points of 
a general cyclic. Let the four generating circles xdiich touch at 
A touch the curve again respectively at A^ A 2 , A^, A^, and so 
for B, G, D. Then the points A,;, B^, G^., Di lie hy fours on 
sixty-four circles. 

The theorems of intersection and residuation for the general 
cyclic are best handled by the parametric representation of 
the curve with the aid of elliptic functions. This, of course, 
is essentially a familiar process, being one of the classical 
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examples of the application of elliptic functions to geometry.* 
We first replace our equations (18) by 

(Uq - a.^) + (^2 - 

(^0 - c/^) x^ + (a^ - a^) x^ + (a^ - aj = 0. 

Let us then write 


X 


\/ CL^-CI^Xq ^ V " V 


/o2 = 


H- 2/^ — 1 = 0, 
k^x^+z^^ 1=0. 


(31) 


(cq-aa) (aQ-a,) 


It is to be noted that Ic'^ is one of our fundamental cross ratios. 
These equations are equivalent to 


X = sttu, 

y = c/iu, (32) 

0 = dnu. 

The right-hand sides of these equations are the Legendrian 
elliptic functions of periods 4yt, 4cik\ There will be a one to 
one correspondence between the points of the cyclic and the 
values of 'It in a period parallelogram of sides 4k, 4ik\ 
Four points Uo, will be concyclic if f 

itj + tt 2 + ^3 + 'W .4 = 0 (mod 4k, 4ik'), (33) 

To prove 27], let 

Ui + ^^2 + ^ ^ (mod 4k, 4 Ik'), 

+ v.^ 4- = 0 (mod 4k, 4 Ik'), 

i\ + v,^ + Uo H- tt 4 = 0 (mod 4 k, 4 ik'). 

Then 4 - ^3 + ^4 = 0 (mod 4 k, 4 ik'). 

* Cf. e. g. Appell et Lacour, Principes de la theorie desfonctions ellipiiques, Paris, 
1897, ch. V. 
t Ibid., p. 163. 
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To prove 29], If 

-f + % + ^<^4 = 0 (mod 4/c, 4//c'), 

I’l + 1^2 + + ^4 = ^ (mod 4 /c, 4 I//), 

tri + tto + it-^-hw^= 0 (mod 4/i’, 4///), 

H I + = 0 (mod 4 /v, 4 

i\ji - ^12 + ^ 2 = 0 (mod 4/t, 4 I//), 
n.^-h 0 (mod 4/v, 4U/), 

+ 1^4 + ^^^4 + = 0 (mod 4 /o, 4 Ik'). 

Then + uh, + ^'3 4 = 0 (mod 4h\ 4 ik'). 

Let us next take up 34] in detail. If a point ^ be 

chosen, the other points of contact of generating circles tangent 
at A are 

— 'VLy ? — 14 j 4" 2 A’, — Uj -|- 2 / /t , ~ ^6^ 4" 2 /c 4" 2 tk . 

(a) If the generating circles tangent at AAi^ CCj^ 

belong to the same generation, that tangent at DDi belongs 
to the same generation also, for the circles Ay By C, D and 
A-y Bj, Cj^y Di are interchanged by inverting in the corre- 
sponding fundamental circle. 

{h) Let the circles AA^ and belong to one generation, 
while CGj. belongs to a second : we may write 

A — a\y A - = —'tu^ . 

B = >\, 

(J = j G j. '=■ — 'iCj 4" 2 k. 

Then B = ~ (^1 + Vi 4- Di = 4- 4- w^) — 2 k. 

This shows that CCj and DDj. belong to one generation. 

(c) If AA‘y BBjy and GGj. belong to different generations, 
then DDi must belong to the fourth generation, as otherwise 
we should be in conflict with 

* Lachlan, Bicircular QuarticSy cit., seems rather afraid of 34], as he 
says, p. 278: ‘But it would seem in the above reasoning that the three 
bitangent circles at ABC need not necessarily belong to the same system.’ 
Of course they need not ! 
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The osculating circle at v will meet the curve again at 
u = —3?;. 

The point u lies on the osculating circles at the nine points, 
w 4 mh 4 iiik' ^ ^ 

0,1,2, /I =0,1,2. 


The points where the osculating circles have four-point 
contact are 

u = m = 0, 1, 2, 3, tt = 0. 1, 2, 3. 

Besides the study of individual cyclics there is not a little 
of importance in the study of systems of cyclics. The most 
interesting systems arc the confocal ones. We shall define 
these as the loci of the vertices of the null circles of a system 
of confocal quadric congruences, these latter being defined 
exactly as in the cartesian case. Analytically, we replace our 
cyclic (18) by 

I = 

; ~ 0 ^ 


where A takes all possible values. The expression for the 
coordinates of the foci in (21) will be unaltered, so that con- 
focal cyclics have the same foci. We shall presently see that 
the converse is not always the case. If we look upon (x) 
as fixed in (34), we have a quadratic equation in A, for the 
coefficient of A^ will vanish in virtue of our fundamental 
identity. There arc thus two confocal general cyclics through 
each point in general position. If these correspond to the 
parameter values A and A', we have for two tangent circles 
to the two curves at 


yi = i^i+ Yz 




Aa,- 


I x-^ -f- 


1-AV. 


Since (ir) lies on both cyclics, we have 


2 


a: 


1 ■— A«, 


• X ^ ^ — 0 
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Subtracting one equation from the other we get 


i = 3 




This yields, however, 


(y?/) = 


Theorem 35.] Through each point in general position in 
the tetracyclic plane ivill 2 X< 8 s two confocal general cyclics of 
a given system^ and these hvo intersect orthogonally at that 
point. 

We mean by a point in general position one where the 
roots of the quadratic in \ are distinct, i.e. a point not on 
the isotropies, which are the envelope of the system. 

Confocal cyclics in the tetracyclic plane will correspond to 
confocal ones in the cartesian plane. There are some advan- 
tages in studying the latter rather than the former, as we shall 
now show. We begin with the differential equation 

du dv 

>/( 1 — n^) (I — k*^u^) \/( 1 — ( 1 — 

These lead to the solution 


n = snw, 

V = sn{io--OL), 

where a is the constant of integration. Eliminating w, we 
get* 

au^ •Vhxi^V’V cuv‘^ q- dii^ 4- ev^ +fU’\-gv-{'h = 0. 

If we give u and v the following values, 
u ^ x + iyy V = x~-iy, 

we see that we have the general cartesian cyclic. By varying 
oc we get a one-parameter family of cyclics, and these have 
the same foci. We see, in fact, that in (35) 


= 0 if u = + 1 , 



* Darboux, Sur um classe, cit., p. 76 ; Appell et Lacoiir, loc. cit., p. 129. 
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Hence + 1 and + y are the values of the isotropic para- 

meters corresponding to the tangent isotropies of the two 
systems. The fact that we have the same quadratic expression 
on both sides corresponds to the fact, proved at once by 
inversion, that the two triads of tangent isotropies of the two 
systems have the same cross ratios. Suppose, conversely, 
that we have a general cyclic. The tangent isotropies of the 
two systems have the same cross ratios, and, by a linear 
fractional transformation of u and v, we may make these 

tangents correspond to the parameter values + 1 ± -! • Then 

A’ 

the one-parameter family of cyclics given by (35) will include 

dv 

the given cyclic. If v be known, the two values of ^ 

obtained from (35) differ only in sign, i.e. the curves intersect 
at right angles. 

Let us consider what will be the effect on (35) if we subject 
V to such a linear transformation, 

> -f 5 ^ 

that the denominator on the right is covariant. There are 
four conceivable types of such transformation, when the tan- 
gent isotropies are all different. 

(a) The tangent isotropies are interchanged in pairs. This 
will be done by the involution whose double members separate 
the interchanged pairs harmonically, i.e. the double members 
are a pair of roots of the sextic co variant of the quartic form. 
The sextic covariant has the property that each pair (not 
each two) of its roots separates harmonically two pairs of the 
roots of the quartic. If wo take for the roots of the sextic 

0, 00, 1, -1, i, 

the three involutory transformations of the quartic into 
itself are 

/ / ^ / 1 

V = — t?, V = V = ; 

V 

these will change the right-hand side of (35) at most in sign. 
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(b) The roots of the quartic are permuted cyclically. Here 
we reduce the sextic to the previous form. The quartic will 
involve only even terms, and not lack the term in The 
transformation will carry the sextic into itself, and it is easy 
to see that it will leave one pair of roots of the sextic in place. 
Hence we shall easily find that it is of the form * 


±v, 


+ 




4- 1 


.V— 1 


v-\- i 

4 - . 5 

■“ V — i 


v — i 
4 - : 

V -\-'l 


These will all leave the whole right-hand side of (35) in- 
variant, except for sign. 

(c) One root of the quartic is left in place, the other two 
permuted. The roots here have at most two cross ratios, 
instead of the usual number of six, i.c. they must be equi- 
harmonic. Under these circumstances we may rewrite (35) . 


(he _ dv 
4* 1 4- 1 ’ 


(36) 


the transformations to be eftected on the right are 
?/= 00 V, ^/= 00^ V, to® = 1. 

The right-hand side of (36) will be multiplied by +co or 
±(o^, and we get two new confocal systems with the same 


foci. The angle of the curves 




> dv 


1 


dll dxi 


is, by Lagnerre’s 


projective definition, ^ times the logarithm of the cross i-atio 
of the four quantities 0, oo, *7^ * 




e = 


TT 

3 ’ 


The six curves through any point make equal angles with 
one another. 

(d) One pair of roots remain in place, the others are inter- 


* These are the transformations of the tetrahedral group. Cf. Weber, 
Lehrbuch der Algebra, second ed., Braunschweig, 1899, vol. ii, p. 274. 
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changed. Here the roots must form a harmonic set. 
take two of them as 0 and oo, we may replace (35) by 

(hb _ dv 
Vu — l) {v^~l) 


If we 


(37) 


The change of v into — v will multiply the right-hand side 

by ±^. 





Theorem 36.] TJtere Is but one set of cycUcs hiving the 
same foci as a given general cyclic^ namely, those confocalu%th 
it, exce2)t where the tangent isotropies form a harmonic or an 
equiharmonic set. In the harmonic case four cyclics pKiss 
through each point in general i^osition, making successively 

angles of - ; in the harmonic case six cycUcs ivill piass through 

a gemral 'j^oint, making successively angles of 


The tetracyclic plane does not seem to offer such a promising 
field for further study as some other parts of onr subject. The 
subject of problems of construction might certainly be carried 
further. Something might be done to line up our analytic 
work with the large amount of literature dealing with the 
geometry on a sphere in general, and the study of sphero- 
conics in particular. There are doubtless also numerous 
theorems of interest concerning special types of cyclics still to 
be discovered. Some of these, such as the lemniscate, have 
been already extensively treated. It is never safe to say that 
any branch of mathematics has been explored to the end ; 
merely, in this case, the outlook is less promising than in some 
others. 

* Tlie equiliarmonic case seems to have been discovered by Roberts, ^On 
foci, and contbeal Plane Curves^, Quarterly Journal of Mathematics, vol. xxxv, 
1904. It is not clear how he was first led to his results : had lie made an 
exhaustive study of the transformations of the quartic into itself he could 
not have overlooked the simpler harmonic case. 
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CHAPTER V 


THE SPHERE IN ELEMENTARY GEOMETRY 
§ 1. Miscellaneous Elementary Theorems. 

The elementary geometry of the sphere is closely allied to 
that of the circle, or, rather, to certain portions of the latter. 
Theorems about the circle, which are largely descriptive in 
character, carry over easily into three dimensions. On the 
other hand, the sphere has no simple property corresponding 
to the invariance of the angle inscribed in a given circular 
arc. For this reason we fail to find in the case of a sphere 
many theorems corresponding to- the most beautiful metrical 
ones associated with the circle. 

The likeness between circles and spheres extends beyond 
individual theorems to general methods of proof. Often the 
procedure which is applicable in one case may be directly 
transferred to the other. Furthermore, a goodly number 
of theorems, where all the spheres involved have collinear 
centres, may be obtained from the corresponding circle 
theorems by rotation about an axis. For this reason it will 
be possible in the present chapter to omit the proofs of 
a considerable proportion of the theorems, leaving to the 
reader the task of referring back to the corresponding cases 
in Ch. I. To facilitate such reference w^e shall follow much 
the same order as there prevailed. 

All figures considered in the present chapter shall be 
supposed to exist in the finite real domain of Euclidean space, 
the domain of elementary solid geometry. Points, lines, and 
angles have the same meaning as before. Let us mean by 
a 'plane the surface generated by lines meeting in distinct 
points any two sides of a given triangle. The portion of 
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a plane on one side of one of its lines shall be called a half^ 
l)lane. If two non-coplanar half-planes be bounded by the 
same line, the region which includes all segments whose 
extremities lie in these two half-planes shall be called their 
interior dihedral angle, or, more shortly, their dihedral angle. 
The remainder of space shall be their exterior dihedral angle. 
Four non-coplanar points determine four triangles, and the 
figure bounded by them is called a tetrahedron, the triangles 
are its faces, their plane's its face- planes, the sides of the 
triangle are the edges of the tetrahedron, their lines its edge- 
lines. The meanings of such words as vertex, face angle, 
dihedr<d a ngle, trihedral angle of a tetrahedron are immediately 
evident. A line through a vertex perpendicular to the 
opposite face-plane is called an altitude line, the portion 
between the vertex and the intersection with the plane is 
the altitude, the extremities of the altitude are the vertex 
and its foot. 

The locus of points at a given distance from a given point 
shall be called a sphere. Centre, radius, diameter, diametral 
line have meanings conformable to those used for a circle. 
Spheres of equal radius shall be called equal. 

Let a sphere be given with centre 0 and radius r. Let 
P and P' be two such points collinear with 0 that 

{^P)y.t^P') = ( 1 ) 

Each is said to be the inverse of the other in the given 
sphere. The sphere is called the sphere of inversion, its 
centre and radius the centre and radius of inversion. 

Theorem 1.] Every point except the centre of inversion 
has a single definite inverse with regard to a given sphere. 

Theorem 2.] The sphere of inversion is the locus of points 
which are their oivn inverses. Points outside the sphere tv ill 
invert into poinds luithin, points within, other than the centre, 
will invert into points without. 

Theorem 3.] Mutually inverse points are harmonically 
separated hy the intersections of their line luith the sphere 
of inversion. 

p 2 
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Theorem 4.] If If C\ D he fa'll r j)oints, and A\ C\ D' 
their inverses, 

(AB) (CD) _ (A'W) (C'D') 

(AD)(GB) ^ (A'D') (C'B') “ 

Theorem 5.] The angle at ^vhieh t%vo curves intersect is 
equal in absolute value to that made by their inverses. 

This is easily proved when we remember that two trihedral 
angles are symmetrical if two face angles and the included 
dihedral angle are equal to the corresponding parts in the 
other, but arranged in opposite senses. 

Theorem 6.] The angle at nhich tuv surfaces intersect is 
ecjual to that made by their inverses. 

Any locus which is its own inverse shall be said to be 
ancdlagmatic. 

Theorem 7.] An anallagmatic curve or surface cuts the 
sphere of inversion orthogonally at every intersection vjhich 
is a simple point of the curve or surface. 

Theorem 8.] A plane through the centre of inversion is 
anallagmatic. 

Theorem 9.] A sphere through any pair of inverse p)oints 
is anallagmatic ; every sphere cutting the sphere of inversion 
orthogonally is of this sort. 

Theorem 10.] The inverse of a plane not jjassing through 
the centre of inversion is a sphere passing through that qjoi'iit, 
and vice versa. 

Theorem 11.] The inverse of a sphere not passing through 
the centre of inversion is a sphere of the same sort. 

Theorem 12.] The inverse of a circle not passing through 
the centre of inversion is a like circle, the inverse of a circle 
'passing through the centre of inversion is a line not passing 
through that 2ycnnt, and vies versa. 
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Theorem 13.] A circle passing through a pair of inverse 
points, or a circle or line orthogonal to the sphere of inversion, 
is anallagmatic. 

Theorem 14.] If two figures be mutually inverse with 
regard to a sphere, their inverses with regard to a second 
sphere, whose centre is not on the first, are mutually inverse 
in the inverse of the first sphere with regard to the second. 
When the centre of inversion is on the first 82 yhere, the inverses 
are the reflections of one another in the 2 yl<^ue into which the 
first sphere is transformed. 

Theorem 15.] If two figures he mutually inverse with 
regard to two spheres, they are mutually inverse ivith regard 
to the inverse of one sphere in the other, or are reflect ions of 
one another in the 2 )lane which is the inverse of one sjdtere 
in the other. 

Theorem 16.] If an anallagmatic surface do not contain an 
anallagnuit'ic series of circles, it is the envelope of a Uvo-para- 
meter family of anallagmatic spheres whose centres move on a 
fixed surface called the deferent, and, conversely, the envelope of 
every such system of spheres, if a surface, will he an anallag- 
matic one. The line connecting corresponding points on the 
amllagmatic surface is the perpendicular from the centre 
of inversion on the corresponding tangent plane to the 
deferent. 

Theorem 17.] An anallagmatic surface which contains a 
one-^yurauieter family of anallagmatic circles, which are lines 
of curvature, is the envelope of a one-parameter family of 
anallagmatic s^yheres, and vice versa. 

These last two theorems belong more properly in the 
domain of differential geometry, the last one arising from 
the well-known fact that every evolute of a circle is a point. 

Theorem 18.] If two spheres he mutually inverse, the centre 
of inversion is a centre of similitude for them, the ratio of 
similitude being in absolute value that of their radii 

It is immediately evident that two non-concentric spheres 
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of unequal radii have two centres of similitude, the ratio 
being positive in one case, negative in the other. 

Theorem 19.] Any ttvo spheres of unequal radius are 
mutually inverse uolth regard to one real sphere. When they 
intersect in a real circle they are mutually inverse with regard 
to a second such S 2 ^here. When they do not intersect or 
touch and are not concentric, there is another sqdtere of such 
a nature that the hvo are interchanged by an inversion in 
this sphere followed by a reflection in its centre. 

A sphere with regard to which two spheres are mutually 
inverse is called a sphere of a) disimilitude for them ; its 
centre is one of their centres of similitude. Wo shall also 
define as the of a point with regard to a sphere its 

power with regard to any circle of the sphere coplanar 
with it. 

Theorem 20.] The locus of 2 )oints whose ^mvers with regard 
to hvo 'Unequal and non-concentric S 2 )here$ are proportvonal 
to the squares of the corresponding radii is the sphere having 
as diameter the segment bounded by the centres of similitude 
of the two sq)heres. 

This sphere shall be called the sphere of similitude of 
the two. 

Theorem 21.] If three unequal spheres be given, no hvo 
concetdric, a line connecting a centre of similitude of one 
pair %vith a centre <f similitude of a second pair will pass 
through a centre of similitude of the third pair. 

Theorem 22.] If a sphere touch hvo others, the line con- 
necting the two qwints of contact will pass through a centre 
of similitude o?’ be parallel to the line of centres. 

Theorem 23.] If four spheres be given, no two concentric or 
equal, nor with their four centres coplanar, they will determine^ 
in pairs twelve centres of similitude. These lie by sixes in 
planes through three centres of given spheres, and by threes 
on sixteen lines. Four such Urns pass through each centre 
of similitude, four lie in each plane through the centres of 
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three apheres^ and four in each of eight other planes^ lohereof 

two jxiss through each of the sixteen lines. The centres of 

similitude lie by sixes in these twelve lolanes. 

To prove this theorem let the spheres be s^^ s^. The 

external centre of similitude of s,- and S; shall be C/;, their 

^ .y ^ y ' 

internal centre G^j\ Then by I. 31] the following triads are 
collinear : 




Hence (7- Cj.^ Gji Gjf are coplanar, and of these 
there are four. Similarly G-j Gj^i G^f Gj/ Gjf Cj/ are coplanar, 
and here there are three. 


Lastly, Oij 0^,, C\-i Cj,. Gji G,,i are 
coplanar. The twelve planes may be grouped to be the face- 
planes of three tetrahedra. Every face-plane of one tetra- 
hedron, and every face-plane of a second, will be coaxal with 
a face-plane of the third, thus giving the well-known desmic 
configuration of Stephanos.* Three parallel planes are here 
considered coaxal, and the word tetrahedron means any four 
planes, no three coaxal. 


Theorem 24.] The radius of the inverse (f a sp)here not 
through the centre of inversion is equal to that of the given 
sphere multiplied by the square of the radius of inversion, and 
divided by the absolute value of the ^yoiver if the cadre if 
inversion 'with regard to the given sphere. 


Theorem 25.] The inverse of the centre of a sphere not 
thraugh the centre of inversion is the inverse of the centre 
of inversion ivith regard to the inverse of the given sphere. 


Theorem 26.] The inverse of the cetdre of a sphere through 
the centre of inversion is the refection of the centre of inversio)b 
in that plane which is the inverse of the given sphere. 


Theorem 27.] Any two non- intersecting spheres may be 
inverted into concentric spheres, the centre of inversion being 
on their line of centres. 


* ‘Sur los systdmes desmiques do trois tetraedres’, Bulletin des Sciences 
mathematiques, Series 2, vol. iii, 1879, pp. 424 ff. 
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The three-dimensional analogue of Steiner’s chain of sue 
sively tangent spheres is neither easy nor attractive excep 
special cases.* The criterion for five spheres tangent t 
sixth is not neatly expressible except in determinant f( 
so that we pass it over till the next chapter. Let us tur 
the I’elations of a tetrahedron to certain special spheres, 
particular, let us search for something to correspond to 
nine-point circle. It will be remembered that one met 
of finding that circle is to treat it as the pedal circle of 
isogonally conjugate points. In a similar spirit we now t 
up the question of isogonal conjugates in three dimensions 

Let two half-planes be given forming a dihedral ar 
but not coplanar. If P be any point not in either plane, an 
any point in that plane through the edge I of the dihe 
angle, which is the reflection of the plane PI in the bisec 
then the points P and Q are said to be isogonal conjag 
with regard to the dihedral angle ; the 3*elation between 
two is clearly reciprocal. If P^P^q, Q^^Q^ be the feet 
the perpendiculars from P and Q on the two planes, 

(W«)' 

If P move parallel to the edge I till it fall into the p] 
Q(iQQ$ “^^ 5 while Q moves parallel to I till it reaches Q 
the plane P^^PP/^, then, by I. 66], P^' QtxQ/S be on a ci 
whose centre is the middle point of (P'Q), while P^P/S, Qa 
lie in a circle whose centre is the middle point of {I 
Hence P^P/g and Q^^Q/3 lie on a sphere whose centre is 
middle point of (PQ). 

We next take a trihedral angle. The locus of points is< 
nally conjugate to a point which does not lie on any edg 
this trihedral angle with regard to two of the dihedral an^ 
is a line through the vertex, and since the feet of the perj 
diculars from two such points on the three face-planes lie 
a certain sphere whose centre is half-way between them, 
see that they are isogonally conjugate with regard to all tl 
dihedral angles. Lastly, we take a tetrahedron. We see i 


Vahlen, loc. cit. 
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every point not on any edge-line has a dehnite isogonal con- 
jugate with regard to all six dihedral angles. If, thus, we 
define as the pedal sphere of a point that which passes through 
the feet of the perpendiculars, thence to the face-planes of 
a tetrahedron, we get the interesting theorem * 

Theorem 28.] If two points he isogonally conjugate with 
regard to a tetrahedron^ they have the same pedal sphere^ whose 
centre is mid-way between them. 

We reached the nine-point circle as the pedal circle of the 
centre of the circumscribed circle and the orthocentre. Let us 
try a similar method here. We must first notice that, by I. 199] 
and 201], the locus of points whose powers with regard to two 
spheres differ only in sign is a sphere whose centre is mid- way 
between theirs. Let us call this their radical sphere. 

Theorem 29.] The locus of the centre of a sphere which 
is cut by one of two given spheres orthogonally, and by the 
other in a great circle, is their radical sphere or a portion 
thereof. 

Let us anticipate our future work to the extent of assuming 
that if four spheres be given with non-coplanar centres, there 
is just one point which has the same power with regard to 
all four. This shall be called their radical centre. If it be 
without the given spheres, it is the centre of their common 
orthogonal sphere ; if within them, the centre of a sphere cut 
by all in great circles. Suppose, then, that we have given 
a tetrahedron, and the circumscribed sphere. We may find 
four spheres each having as a great circle a circle cut by 
a face-plane from s. The centres of these four spheres are 
not coplanar, there is a sphere s' which is either orthogonal 
to all or cut by all in great circles. If s' be orthogonal to 
the four spheres whose centres are in the face-planes, we see 
that these centres are on the radical sphere of 8 and s'. In 
any case, it is quite easy to prove trigonometrically that the 
centres of s and s' are isogonal conjugates ; hence f 

* Cf. Neuberg, ^ Momoire sur le tetra^^dre Memoires couronms de V Academic 
roijale de Belgique, vol. xxxvii, 1886, p. 11. 

t Roberts, On the Analogues, &c 
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Theorem 30 .] The centre of the circumscribed sphere to 
a tetrahedron and the radical centre of the four spheres^ each 
of which has a great circle through three vertices of the tetra- 
hedron, are isogonal conjugates ; the feet of the perpendiculars 
from these proints on the face-planes and the reflections of 
these feet in the point mid-tvay hehveen the tivo proints are 
co-spherical. 

Let us call this the sixteen-point sphere. It is the first 
analogue to the nine-point circle. We reach another analogue 
as follows.* 

Let the vertices of a tetrahedron be Let us 

first assume A^A^^LA.^A^ and A^A.^LA^A^. The plane 
through ^1^2 altitude line from A^ will be perpen- 

dicular to ^2^4> meet that lino at the foot of the Ag 
altitude line in the A A^A^A^. In the same way the plane 
through A-^A.^ and the A^ altitude line will meet in 

a second altitude line. Hence the altitude line through 
meets the opposite face-plane in the orthocentre of that face. 
Hence each pair of opposite edge-lines will be perpendicular 
in direction, each altitude will pass through the orthocentre 
of the corresponding face, and the four altitude lines are 
concurrent in a point called the orthocentre of the tetrahedron. 
Conversely, if the altitude lines be concurrent, each edge- 
line is perpendicular in direction to two altitude lines, and, 
so, to the opposite edge-line. This special case shall be called 
the orthogonal tetrahedron. 

In the general case we see that if we pass a plane through 
any altitude line and the orthocentre of any face, we have 
a plane perpendicular to the plane of that face. If, further, 
we speak for the moment of parallel lines as meeting at 
infinity, and consider on the one hand the four altitude lines, 
and, on the other, the perpendiculars to each face-plane at 
the orthocentre, we see that each line of one system meets 
each of the other, but in neither case are all four lines 
parallel to one plane. In the general case the altitude lines 
of a tetrahedron are generators of the same system of a 

* See an excellent article by Intrigila, *Sul tetraedro Rendiconti della 
R. Accademia delle Scienze di Napoli, vol. xxii, 1883. 
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hyperboloid.* Let us call this the associated hyperboloid, 
its centre C. Let us prove that the centre of gravity G of the 
tetrahedron is half-way between G and 0, the centre of 



the circumscribed sphere. The orthogonal projection of P 
on the face-plane shall be Poci ; the orthocentre of this face 
shall be H-. Remembering that the centre of the hyper- 
boloid lies mid-way between each pair of parallel generators, 

(Aix.Ga.1) _ j 

But we know, from 1. 72], 

-3 

where is the centre of gravity of this face. Again, from 


* It is highly unsportsmanlike to make use of a hyperboloid in elementary 
geometry. Frankly, the author does not know how to dispense with it in 
this case. 
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the fundamental property of the centre of gravity of a tetra- 
hedron, 

{Aa^G^i) = 3{GajGi), 

(AoCiCai) X (HiOXi) x {GiGoCi) = x (^Oa^) x (Aai<^). 


A I 



Applying Menelaus’s theorem to the AlI^Aoc^O^i we aee 
that the points Oa^, Goc^ are collinear. Reasoning in the 
same way for the other face-planes, GOO must be collinear. 
Again, since Goci is the middle point of (i/^ A cx^), a line through 
it parallel to AotiG^ meets in the middle point of 
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and this is the reflection of Ooci in Hence Goc- 
is the middle point of (Gcx^Oa^), or G is the middle point 
of (00). 

The tetrahedron G^G^G^G^ is inversely similar to the tetra- 
hedron A^Aj.A^A the ratio of similarity being — while 
the centre of similitude is G, Hence 0\ the harmonic con- 
jugate of 0 with regard to G and (7, which divides {GC) in 
the ratio — is the centre of the sphere about G^G^G^G^: 
G and G are the centres of similitude for the spheres circum- 
scribed to our two tetrahedra. The four points, one-third of 
the distance from G to the vertices of the tetrahedron, lie on 
the new sphere. If such a point be we see that and 
G^ are diametrically opposite on the new sphere, since 
A^B^GO GGi are in a plane through the centres of both 

spheres. Hence, since 4-B,-BociGi = , Boc^ is on our new 

sphere. We also see that Boc^ is the harmonic conjugate of 
11- with regard to GoCf and Aoci, 

Theorem 31.] The centres of gravity of the faces of a tetra- 
hedron, the points on one-third of the distance from the centre 
of the associated hyperboloid to the vertices, and the harmonw 
conjugates of the orthocentre of each face with regard to the 
orthogonal projections on its plane of the opposite vertex, and 
the centre of the associated hyperboloid, are on one sphere. 

We shall call this the twelve-point sphere of the tetrahedron. 

Let us now take up the special case of the orthogonal 
tetrahedron. Here G will coincide with H, the orthocentre of 
the tetrahedron. The points Ga^, Hi coalesce. 

Theorem 32.] In aio orthogonal tetrahedron the centres of 
gravity of the faces, their orthocentres, and the 2 ^olnts one-third 
the distance from the orthocentre to the vertices are co-spdieruad.^ 

Let us call this the first tivelve-point sphere of the orthogonal 
tetrahedron. We might naturally guess that it was identical 
with the sixteen-point sphere, but such is not the case. The 


* Cf. Prouhet, ‘Analogies du triangle et du tetraedre ’, Nouvelles Aywales de 
Math., Series 2, vol. ii, 1863, p. 138. 
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sixteen-point sphere passes through the centres of the circles 
circumscribed to the face triangles, while the first twelve-point 
sphere passes through their orthocentres and centres of gravity, 
and these three points are collinear. It is true, however, that 
the first twelve-point sphere passes through sixteen notable 
points, for 



Fig. 29. 

Theorem 33,] If each altitude of a n orthogonal tetrahedron 
he extended hey and its foot hy double the distance from that 
foot to the orthocentre^ the points so found lie oit the first twelve- 
2 )oint sphere. 

Besides the first twelve-point sphere we have a second one 
reached as follows : 

Theorem 34.] The nine-point circles of the four faces of an 
orthogonal tetrahedron lie on the second twelve-poiid. sphere. 
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The centre of this sphere is the ceidre of gravity of the tetra- 
hedron. 

The four vertices and orthocentre of an orthogonal tetra- 
hedron shall be called an orthogonal system ; each point is the 
orthocentre of the tetrahedron whose vertices are the other 
four. We thus determine four circumscribed spheres, four 
twelve-point spheres of the first sort, and four of the second 
sort. Each face-plane is the radical plane (i.e. the locus of 
points having like powers) for two circumscribed spheres, 
and two twelve-point circles of each sort. 

Theorem 35.] Each point of an orthogonal system is the 
radical centre for four circumscribed spheres, four twelve- 
point spheres of the first sort, and four twelve-point spheres 
of the second sort. 

Turning especially to the twelve-point spheres of the first 
sort, we see that the centre of gravity of all five points 
lies one-fifth of the distance from G to H. The distance 
from G to the centre of the first twelve-point sphere asso- 
ciated with H is § (Gil), hence the distance from T to the 
centre of this sphere is T is the centre of similitude 

for the given points and the centres of the first twelve-point 

spheres. Lastly (fO) = 3{fG) = 

Theorem 36.] The centres of the five circumscribed spheres 
of an orthogonal system, those of the five twelve-point spheres 
of the first sort, and those of the five ttvelve-point spheres of 
the second sort, form three orthogonal systems. 

There seems to be very little in the geometry of the 
tetrahedron which bears a close analogy to the Brocard 
figures ; we pass therefore to the analogy of our descriptive 
theorems about concurrent circles and concyclic points. 

We start with the figure of I. 149 ], three concurrent circles 
each through a vertex of a triangle and the marked points on 
the two adjacent side-lines. We invert this figure with 
a centre not in its plane, and we have on a certain sphere 
six circles concurrent by threes in eight points. Next let 
us take a tetrahedron, and mark one point on each edge-line. 
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Four spheres (or planes) may be passed, each through one 
vertex and the marked points of the edge-lines adjacent. 
If we consider how one of these spheres is met by the three 
planes concurrent thereon, and by the other three spheres, 
we have exactly the preceding figure of six circles. We 
thus get * 

Theorem 37.] Tf a 'jyoint he marked on each edge-line of 
a tetrahedron, and a sphere be passed through each vertex and 
the marked pohds of the adjacent edge-lines, these four spheres 
are concurrent. 

Unfortunately, we cannot proceed immediately from this to 
the case of five, and so to n spheres. For if five planes be 
given in general position, they determine five tetrahedra and 
five circumscribed spheres, but these, instead of being all con- 
current in one point, are concurrent by fours in the five 
planes. 

There is an easy three-dimensional analogue to 1. 166] stated 
as follows : f 

Theorem 38.] Given n p)oints on a sphere, no four of uhich 
are concycUc. We may associate with them a point and a, 
sphere as follows : 

(a) The ]X)int is the centre of the associated sjdiere. 

(b) The radius of the sphere is one-half that of the given 
sphere. 

(c) The point lies on n spheres each associated with the 
systems of n — \ points obtained by omitting each of the given 
points in tarn. 

(d) The sphere contains the centres of these n spheres. 

We may copy closely our second proof for the above-named 
theorem. When n = 5 the centres of gravity of the five 
tetrahedrons are the points — of the distance from the centre 
of gravity of the five points, to those points, that is to say, 

* The credit for this theorem is usually ascribed to Roberts, ‘ On certain 
tetrahedra specially related to four spheres’, Proceedings London Mafh, Soc., 
vol. xii, 1880. It is, however, implicitly given l)y Miquel, loc. cit. 

t Intrigila, loc. cit., pp. 78, 79. 
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they are on a sphere whose radius is ^ that of the given 
sphere. But the centre of each twelve-point sphere is f the 
distance from the centre of the circumscribed sphere to 
the centre of gravity of the tetrahedrons, and the radius of 
the twelve-point sphere is the radius of the given sphere. 
Hence the centres of the five twelve-point spheres lie on 
a sphere of ^ the given radius, and all pass through the centre 
thereof. The theorem is thus proved when n = 5. Assume 
that it is true for n—1 points, and that the point associated 

. 71 1 

with 71—1 points is — of the distance from the centre of 

the given sphere to the centre of gravity of 7i — 1 points, 

A centre of gravity for >i — 1 points is — ^ of the distance 

from the centre of gravity of all 7i to the remaining point. 
These n centres of gravity Avill thus lie on a sphere of 

1 . . 1 . 

the given radius whose centre is of the dis- 

tance from the centre of gravity of all /i points to the centre 
of the given sphere. Hence the associated points lie on 

a sphere of ^ the given radius, whose centre is — the distance 

from the centre of the given sphere to the centre of gravity, 

and this point lies on all n spheres. The centre lies ~ of the 

distance from the centre of the given sphere to the centre 
of gravity of all n points. 

§ 2. Coaxal Systems. 

No part of the geometry of the sphere follows more closely 
the analogy of the geometry of the circle than the system 
of coaxal spheres, and allied systems. 

Theorem 39.] The locus of points having equal poxcevs 
with regard to iwo non-concentric sj/heres is a plane per- 
pendicular to their line of centres, and containing oil points 
common to the two. 


1702 


Q 
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This we defined as their radical plane. A system of 
spheres having a common radical plane shall be called a 
coaxal system. 

Theorem 40.] If three spheres he given ^ whereof no two are 
concentric^ the radical planes roliich they determine two by two 
pass through a line or are parallel. 

Theorem 41.] Given four spheres, whereof no tiuo are 
concentric. The radical 2 ^lanes which they determine two hy 
two are all parallel when the centres are coll inear, they are 
parallel to one line vchen the centres are cojda^iar, and they 
are concurrent xohen the centres are not cojlanar. 

We have already designated this point as the radical centre 
of the spheres, and noted that it was the centre of a sphere 
either cut orthogonally or in great circles by all four given 
spheres, unless indeed they all pass through that point. 

Tlieorem 42.] The numerical value of the difference of the 
powers of a point with regard to Uvo non~concentric sidieres 
is twice the ijroduct of its distance from their radical ^ilane 
and the dista nce of their centres. 

Theorem 43.] If a. sphere he hdersected by two others either 
orthogonally or in great circles, its centre lies in their radical 
plane. Such a S 2 ^here ivill be intersected either orthogonally 
or in a great circle by every sphere coaxal with the given tivo. 

Theorem 44.] If the spheres of a coaxal system have no 
common points, they will have as limiting iwsitions hvo j)oinU 
spheres called the limiting 2 )oints of the system. These are 
mutually inverse in every S 2 liere of the system, and every 
spihere through them is orthogonal to all S 2 ^heres of the 
system. A S 2 ')here orthogonal to any hvo s 2 dieres of the 
coaxal system will 2 ^(^iss through the limiting 2 ^oints and be 
orthogonal to all. 

Theorem 45.] The system of all spheres through a circle 
will be orthogonal to that of all sjiteres orthogonal to that 
circle. 

Theorem 46.] The system of all spheres tangent to a given 
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'plane at a given point will be orthogonal to that of all spheres 
tangent to the normal to that plane at that point. 

The system of all spheres orthogonal to two spheres or two 
planes, or a plane and a sphere, shall be called a linear 
congruence. The assemblage of all spheres cut by a given 
sphere or plane orthogonally or in great circles, or passing 
through a given point, shall be called a linear complex. 

Theorem 47.] Three non-coaxal spheres will belong to one 
linear congruence determined by them; four spheres of non- 
coplanar centres will belong to one linear complex determined 
by them.^ 

Theorem 48.] The inverse of a coaxal system %vill be a 
coaxal system, a concentric system, a pencil of planes through 
a line, or a pencil of parallel planes. 

Theorem 49.] The inverse of a linear congruence is a 
linear congruence, a btt ndle of concurrent planes, or a bundle 
of planes parallel to a line. The inverse of a linear complex 
is a linear complex, or the assemblage of all planes. 

Theorem 50.] The assemblage of all s^dteres cutting ortho- 
gonally three given spheres ^vith non-collinear centres is a 
coaxal system, and cuts orthogonally every member of the 
linear congruence determined by the three. 

Theorem 51.] Two mutually inverse spheres are coaxal 
with their sphere of inversion. 

We have already named this a sphere of antisimilitude. 
Two spheres of unequal radius will always have at least one 
sphere of antisimilitude. It is called the external sphere 
of antisimilitude if its centre be the external centre of anti- 
similitude, otherwise it is the internal sphere. 

Theorem 52.] If four spheres be given, whereof no two are 
concentric and no three coaxal, nor do all belong to a linear 
congruence, the sjdteres through a gifven point each coaxal with 
two of the given spheres will belong to a linear congruence 


Cf. Reye, Synlhetische Qeometrie der Ktiget, Leipzig, 1879, p. 21. 

Q 2 
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and through a second common point which is inverse 
to the given one in the common orthogonal sphere to the 
four when such a sphere exists, and which coincides with 
the given point only when the four are concurrent. 

Theorem 53.] The locus of a point xvhose powers with 
regard to two given spheres have a constant ratio different 
from unity is a sphere coaxal or concentric urith them. 

Theorem 54.] I'wo spheres are coaxal luith their 82:)here 
of similitude. If three S 2 j]teres of unequal radius he given, 
no two concentric, their spheres of similitude are coaxal. 

Theorem 55.] If four spheres be givoi with unequal radii 
and non-coqdanar centres, the six spheres of similitude which 
they determine hvo by tiro belong to a linear congruence. 

Theorem 56.] Given four spheres ivith nonwo 2 )lanar centres. 
If there be a sphere orthogonal to all four, and a siihere which 
cuts them all in great circles, then these are coaxal with the 
spheres through their centres and orthogonal to the S 2 yheres 
of similitude which they determine txvo by two. 

Theorem 57.] If a spyhere so move that each of two given 
points has a constant with regard to it, it traces 

a linear congruence. 

Theorem 58.] If a sq^here so move that each of three non- 
cotlinear pyoints has a constant power with regard to it, it 
traces a coaxal system. 

Theorem 59.] If a sqdiere so move that it cuts two given 
sqyheres in great circles, or cuts one in a great circle and the 
other oiihogonally , it traces a linear congruence. 

Theorem 60.] If a sphere so move that it cuts three spheres 
of non-collinear centres in great circles, or cuts two in great 
circles and one orthogonally, or one in a great circle and two 
orthogonally, it will trace a coaxal system. 

Theorem 61.] If four mutually external spheres with non- 
coplanar centres be given, there is a sphere cutting each set of 
three orthogonally and the fourth in a great circle, and a 
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sphere cutting any three in great circles and the fourth ortho- 
gonally. 

We have already in 29] noticed the fundamental property 
of the radical sphere of two given spheres. It is the sphere 
coaxal with them whose centre is mid -way between theirs. 


Theorem 62.] Given two non-concentric spheres. If there 
he a sphere coaxal with them whose centre is the reflection of 
the centre of the first in that of the second^ then this third 
sphere will cut in a great circle all spheres orthogonal to the 
first whose centres lie on the secoml, and will cut orthogonally 
all spheres cut by the first in great circles whose centres lie on 
the second. 

We may sharpen our concept of the angle of two spheres, 
exactly as we did in the case of circles, by starting from the 
formula 


cos 0 = 


2 rr' 


( 2 ) 


Theorem 63.] If a variable sphere cut two given sp>heres at 
fixed angleSy it will cut also at a fixed angle evei'y sphere con- 
centric or coaxal with them. 

Theorem 64.] All spheres of a coaxal system will cut at equal 
or supplementary angles two spheres which cut two spheres 
of the system at equal or supplementai^j angles. 

Theorem 65.] If a sphere intersect two others tvhich are 
nonwoncentric and of unequal radii, the circles of inter- 
section are in perspective from the external centre of similitude, 
tvhile if it intersect them at supplementary angles, these circles 
are in perspective at the internal centre of similitude. 

Theorem 66.] If a sphere intersect two others of unequal 
radii orthogonally, the circles of intersection are in perspective 
from both centres of similitude. 

Theorem 67.] If two sp)here8 of unequal radii intersect, 
all spheres cutting them at equal angles are orthogonal to the 
external sphere of antisimilitude, all cutting them at supple- 
mentary angles are orthogonal to the internal sphere of simi- 
litude. The first statement remains true when the spheres 
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are WAitually external^ the second when one surrounds the 
other. 

Theorem 68.] If each of two non-concentric and unequal 
spheres intersect each of ttco other such spheres at the same 
angle^ the external centre of similitude of each pair lies in the 
radical plane of the other. If each sphere of one pair meet 
each of the other at supplementa)^ angles, the internal centre 
of similitude of each pair lies in the radical plane of the other. 

Theorem 69.] If three unequal spheres he given, 
through two common 2 ^oints, the three external spheres of anti- 
similitude ivhich they determine two by tivo are coaxal, as are 
each external and the remaining two internal sqlieres of 
antisimil itude. 

Theorem 70.] If four unequal spheres of non~coi)lanar 
centres he given, each two intersecting, the spheres cutting all at 
equal angles form a coaxal system, as do those cutting one in 
angles supplementary to the angles cut from the other three, 
and those cutting tivo in angles supplementaioj to the angles 
cut from the other tivo. 

Theorem 71.] If five unequal spheres he given, no four ivith 
coplanar centres, but each Hvo intersecting, there is at most one 
sphere cutting all at equal angles, five cutting one at angles 
suiylementary to those cut from the other four, and ten cutting 
tivo at angles supplementary to those cut from the other three. 

The construction of these spheres depends on finding spheres 
of antisimilitude and spheres of a given coaxal system cut- 
ting a given sphere at a given angle. 

Theorem 72.] If a sphere touch two others with like contact, 
the line connecting the qjoints of contact passes through the 
external centre of similitude, or the common centre, or is 
parallel to the line of centres; if it have opposite contacts 
with the two, it passes through the internal centre of simi- 
litude, or the common centre. 

Theorem 73.] If two non-concentric xinequal spheres touch 
two other such spheres, a centre of similitude of each pair will 
lie in the radical ^dane of the other. 
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Theorem 74.] If four mutually external spheres of non- 
CO planar centres he given, there are sixteen spheres which touch 
alL These fall into eight pairs. To find the points of 
contact of one pair with one of the given spheres tve have but 
to connect the radical centre of the four ivith the pole with 
regard to that sp)here of a plane not through three centres 
of given spheres, hut containing six centres of similitude.^ 

Theorem 75.] If tivo spheres he inverted from any point 
on their sphere of antisimilitude, hut not on them, their 
inverses ivill he equal, and conversely. 


It is clear that much remains to be done in the elementary 
geometry of the sphere to bring it to a level with that of 
the circle. Leaving aside the fact that the geometry of the 
tetrahedron lags far behind that of the triangle, the two 
most important deficiencies are in the theorems about chains 
of concurrent spheres and cospherical points, and contact 
theorems. The twelve- and sixteen-point spheres are far less 
known than the nine-point circle ; is there an analogue to 
Feuerbach’s theorem ? Above all what corresponds to the 
Hart systems ? What is the proper analogue of Malfatti’s 
problem, and how is it solved ? These difficult but important 
and interesting questions offer ample scope for serious work. 

The following theorems came to the Author’s attention too 
late for insertion in place, f 

Theorem 76.] If a sphere he inscribed in a tetrahedron, 
the lines connecting each p)oint of contact with the adjacent 
vertices make the same three angles in each case. 

Theorem 77.] If a tetrahedron he inscribed in a sphere, 
the three angles made hy three concurrent face-planes %vith the 
corresponding tangent planes are the same in each case. 

The proof of the first is immediate, the second comes by 
inversion. 

* This is, of course, the analogue of Gergenne’s construction. 

f For a history and extension of these theorems, see Neuberg, ‘ Ueber die 
Boriihrungskugeln des Tetraedors’, Jahreshericht der Deutschen Mathematiker- 
vereinigung, vol. 16, 1907. 
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THE SPHERE IN CARTESIAN GEOMETRY 
§ 1. Coordinate Systems. 

All figures discussed in the present chapter are supposed 
to lie in a three-dimensional space of Euclidean measurement, 
rendered a perfect continuum by the adjunction of the plane 
at infinity ; in other words, the set of points in one to one 
correspondence with the homogeneous complex coordinate 
values 


x:y:z:t, 


tC 'HZ . 

where t ? 4 ’ r are rectangular cartesian coordinates. Before, 

etc 

however, taking up the detailed study of spheres in this 
space, let us glance for just a moment at the application of 
tetrahedral coordinates to the study of the sphere. Starting 
with a tetrahedron of reference whose face-planes have the 
equations 

cosa,-'^ +cosy;^ -t;,- =0, i= \,2, 3. 4, 

we take for our tetrahedral point coordinates the four 
quantities 

= - (cosa^l +cos/if| +C08yi'J (1) 


The vertices of the tetrahedron being the altitudes hi. 


and the edges cZ-, 


y ^- = 1. 


( 2 ) 
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Let us find the equation of the circumscribed sphere.* 
The section of this sphere the plane 'Pi = 0 has the 
trilinear equation 

= 0, 

i J 

Pj = o> 

f ) 

(/i/2 

2 


The two terms in the denominator are altitudes of the 
triangle. But for any point in this plane 

V i _ / . 

Vi {Ai Hui) 


The equation of the circle is 

^ <^iiU>i Vj 

Hence we have the required equation of the circumscribed 
sphere, 






(3) 


The equation of any sphere may thus be written 




2 ViVj-^ ^'^iVi 2 jf = 


( 4 ) 


The conditions that the general quadric 

i^j = J 

2 (^ijViVj = 0 


Salmon, loc. cit., pp. 201, 202. 
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should be a sphere are 
u 


= a'!j + aii = p 

” 'i 


dif + Ujh,i + Uih- 


Khj 


+ ^ji) = 


( 6 ) 


If a tetrahedron be self-conjugate with regard to a sphere, 
the altitude lines must be concurrent^ i.e. it must be an 
orthogonal tetrahedron, and the centre of the sphere will 
be the orthocentre. Conversely, if we start with an ortho- 
gonal tetrahedron, the orthocentre is orthocentre for every 
triangle whose vertices are two vertices of the tetrahedron, 
and the common foot of two face-altitudes in the opposite 
face-planes. Hence the product of the distances from the 
orthocentre to each vertex and the opposite face-plane is 
the same, i. c. the orthocentre is the centre of a sphere, real 
or imaginary, with regard to which the tetrahedron is self- 
conjugate. 

Theorem L] The sphere with reyard to ivhich an orthogonal 
tetrahedron is self •conjugate is a sphere of antisimilitude for 
the circumscribed and the first Uvelve-point sphere. 

We leave the subject of tetrahedral coordinates with these 
brief indications, and return to the homogeneous cartesian 
form. We shall define as a sphere every locus whose equation 
is of the type 

XQi + 2/^ + + x^ {x^ -f- - t'^) 

+ x.^{2xt)-{-x^{2yt) -\-x^{2zt) = 0. (6) 

The quantities (j:) may take all values, real or imaginary, 
provided they are not all simultaneously zero. They shall 
be called the coordinates of the sphere. Under the group 
of conformal collineations, we have the following types of 
sphere : 

(а) proper spheres 

(^xx^ f— 0, %Xq ”f* iCj •f' 0 j 

(б) non-minimal plane spheres 

{xx) ^ 0, ix^ -f = 0 ; 
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(c) non-planar null spheres 

(^xoc) = 0, 'Lxq + 0 : 

these are spheres of zero radius; 

(d) planar null spheres 

(xx) = 0 , iXq + = 0 : 

these are planes tangent to the circle at infinity, except in the 
one case ; 

(e) plane at infinity 

Xq : : x.j, : = i : 1 : 0 : 0 : 0. 

The coeflBcients of the coordinates of the sphere in (h) shall 
be called the special 2 ^entaspherical coordinates of a point, or, 
rather, any five quantities proportional to them. Every finite 
point will have five such homogeneous coordinates, the sum of 
whose squares is zero. Conversely, if we have values (y) for 
which 

+^1^0. {yy) = y» + yy + yi -i- y^ + ?/ 4 ^ = o. 

we may find a corresponding finite point. The relations 
between homogeneous cartesian coordinates and special penta- 
spherical ones will be exhibited by 


2/o : Vx ' V% • 2/:i • 2/4 

= / : (x^ — : 2xt : 2yt : 2zt. (7) 


If our sphere in (6) be non-planar, its radius will be 

^ _ V {xx) 


(^>) 


We shall give to the radical such a sign, in the case of 
a real sphere, that this expression is positive. The special 
pentaspherical coordinates of the centre are 

i(xx) 

2 {iXq 4" 

[xx) 


PVo — ^’o' 


PUi = 


2(ix^-hx^) 


py2 = ^ 2 * 

PVz — 

PVa = ^ 4 * 


( 10 ) 
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The special pentaspherical coordinates of a finite point are 
the coordinates of the null sphere whereof it is the centre or 
vertex. The power of the finite point (y) with regard to the 
non-planar sphere (x) is 


- 2 jxy) ^ 

(<Vo + 2/i)(<X + «’i^’ 


i^y) = 

/ 0 


( 11 ) 


When the sphere becomes null but not planar, this is the 
square of the distance between the points {x) and (y). If the 
sphere be proper, and we divide the power by the radius, 
get 

V{xx){:iy^ + y,) 

The limit of this expression as the sphere approaches the 
limiting form of a non-minimal plane is twice the distance 
fi'om the point to that plane. Let us conserve the expression 
‘ ratio of power to radius ’ even for this limiting form. 


Theorem 2.] The special pentaspheincal coordinates of a 
point are proportional to the ratios of poorer to radius with 
regard to five mutually orthogonal not null spheres. 

If we define the cosine of the angle of two spheres as in 
V (2), p. 245, 

cos e = — , (13) 

V{xx) V{yy) 

the radicals in the denominators, in the case of real spheres, 
should be taken so as to give a positive sign to each radius. 
For mutually orthogonal spheres 

(xy) =0. (14) 

For tangent spheres 

{xx)(yy)-{xyf = 0. (16) 

Theorem 3.] The assemblage of all spheres of cartesian 

space can he put into one to one correspondence with that 
of all p)oint8 of a four-dimensional projective space with 
elliptic measurement. The angle of two not null 8p>heres will 
he equal to the distance of the corresponding pxji'Uts. Null 
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spheres vnll correspond to points of the Ahsohite hyperquadric. 
A coaxal system will correspond to points of a line, a linear 
congruence to points of a plane, and a linear complex to 
points of a hyper plane. 

If (x) and (x^) be two spheres, we find one of their spheres 
of antisimilitiide by finding (y) the sphere coaxal with them, 
which makes with them equal angles, 

pyi= ± ( 16 ) 

crx{ = {xx)yi-z (xy)xi. (1 7) 

The last equation will give the inverse of the sphere or 
point (x) in the proper sphere (y), or the reflection of (x) in the 
non-isotropic plane (y). If the sphere of inversion be 

+ 2 /^ + 2 ;^ = 1 , 


the inverse of (xyz) will be 


X = 


x^ + y^ + 


y = 


y 


x^-{-y^-\- z^ 


z = 


+ y^ + ^ 


(18) 


From these we easily find 

dx! hx' dy' b y' -f dz' 5 z' 

Vdx'^ -f dy"^ + dz"'^ + hy'"^ + 

dxbx-\- dyby -\-dzbz 
V dx^ + dy‘^ + dz^ Vbi)(^+ by^ + bz^^ 

which shows that inversion is a conformal transformation 
of space. 


§ 2. The Identity of Darboux and Probenius. 

Suppose that we have given any two systems each of six 
spheres {x) (y) (z) (r) (s) (t), (x') (y') (z') (r) (s) (f) ; they will 
be connected by an identical relation entirely analogous to 
that subsisting in the case of ten coplanar circles, namely,* 

* Lachlan, On Systems qf Circhs, &c., cit. Much of our work on the present 
identity follows this article fairly closely. 
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I (xx') (ay') (xc') (xr') (xs') (xt') 

(yx') (yy') (ys) iyr') (ys') (yt') 

(zx') (zy') (zz') (zr') (zs') (zt') _ ^ 

(rx') (ry') (rz') (rr’) (m') (rt') 

(.««') (l^y') (tz') ( 87 ’') (ss') (st') 

(tx') (ty') (tz') (tv') (ts') (It') 

As a first application, let the reader prove the following : 

Theorem 4.] If five non-cospherical finite points he given 
ivhereof no four are coplanar^ the sum of the recipi^ocals of the 
power of each point with regard to the sphere circumscribed to 
the other four is zero. 

Our formula (y) is usually more interesting when the two 
systems are identical. For instance, if we take five proper 
spheres and the plane at infinity, 

i 1 

cos 4- 

cos 4- 

cos 4- 

cos 4- 
1 

The distances of any five finite points will be connected by 
the relation 

! 0 d^f d^f d^f 1 

0 d,f d.J d,f 1 

j 2 n 2 1 Q 2 1 

'*41 *^43 ^ '*'45 * 

J 2 J 2 ./ 2 J 2 Q 1 

'^51 '^52 ^^54 ^ * 

111110 


cos 

4-^y 

cos 

4-OCZ 

COS 

4-^ xr 

COS 

4-~XS 

1 


1 

cos 

t-yz 

cos 

t-yr 

cos 


1 










cos 



1 

COS 

4-zr 

cos 

4- zs 

1 

cos 

^ry 

COS 

4-rz 


1 

cos 

4^rs 

1 

n* 

cos 

i-sy 

cos 

4-SZ 

cos 

^,S7’ 


1 

1 

^.s 


= 0 . 


( 21 ) 
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The common orthogonal sphere to four given spheres 
will be 

paii = ^£\ty^i'8i ( 22 ) 

This will be null if 


iyy) iyz) iy'd (ys) 

(zy) (C 2 ) {zr) (zs) 
{vy) {tz) (tt) (rs) 
(ay) (sz) (sr) (ss) 


(23) 


iy) (^) {^) belong to one linear congruence if the 

following matrix have rank (3) 


?/() 

'!h 

2/2 


2/4 

'^0 

^’l 

z. 

0 ;. 

^4 

^’o 


'2 

r.. 

’’4 


•S 

'*2 

^3 

S4 


(24) 


If iy) (z) {r) (s) (t) belong to a linear complex, 

I yzrst I = 0. 

Squaring, we get 

(yy) iyz) iyr) iys) (yt) 

(zy) (zz) (zr) (za) (zt) 

{ry) {rz) {rr) (r.s) {rt) — 0. (25) 

(.s/y) (6-^) (.sr) (ss) (st) 

(ty) (tz) (tr) (ts) (tt) 


If (y)y (z), (r), (s) be four non-collinear and non-concyclic 
finite points, (x) the sphere or plane through them, of radius r, 
and (t) the plane at infinity, 

0 d,f 72 0 

0 

^ ^ _ 0 
^ 41 ^ ^^ 43 ^ 0 72 0 

72 72 72 72 0 1 

- 2 ^ 


0 


0 0 0 


1 
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Remembering that if F be the volume of the tetrahedron 
whose vertices are 

(Xj 2/i 3^) (x^ y.j, z^) (.Tj z^) y^ z^) 


gV = 


a;, 0 , 1 


'^■2 2/2 ^2 ^ 


ys 2.3 1 


y^ z^ 1 



+ y, 2, 1 

^■J^ + y-/+^2^ ^2 Vi ^2 1 

1 


+ +^-/ y-.i ^2 

ih ^4 1 

1 0 0 0 0 


If we write 




(T ( <T ^^'12^^34^ ^^13^^42^ 


or 


If our five spheres be mutually orthogonal but proper, 


2 


1 


0 . 


(26) 


Theorem 5.] The sum of the squares of the reciprocals 
of the radii of five mutually orthogonal proper spheres is zero. 
If Si be the ratio of power to radius with regard to the 
i^^ sphere 


t 


1 0 0 

0 I 0 

0 0 1 

0 0 0 

0 0 0 


0 0 -8, 

0 0 

0 0 -8^ 

1 0 -5^ 

0 ^ -s. 


-Sr 


0 I 


2v = 0. (27) 

; ^ 1 

Theorem 6.] The sum of the squares of the ratios of power 
to radius for a finite point with regard to any five mutually 
orthogonal not null spheres is zero. 


* Salmon, loc. cit. , p. 87. 
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These five ratios, or rather, any five numbers proportional 
to them, shall be defined as general 'peniaepherieal coordinates 
of the point.* 

Theorem 7.] The ^mssage from one set of 2 ^entas 2 ^herical 
coordinates to another is effected hy means of a quinary 
orthogonal substitution. The equation of a sq^here will he 
linear in every set of q^^ntaspherical coordinates^ ami the 
expressions for the angle of two not null spheres, the inverse 
of one sp)here in another, and the condition that a spihere 
should he null are invariant in form. 

If two spheres be orthogonal to three others, the line of 
centres of the two is orthogonal to the plane of centres 
of the three, since this is the radical plane of the two. 
Conversely, suppose that we have an orthogonal point system. 
Each point is the orthocentre of the tetrahedron whose 
vertices are the other four points, and so, as we saw recently, 
is the centre of a sphere with regard to which the tetrahedron 
is self-conjugate. Any two of these spheres will meet the 
plane through the centres of the other three in the circle 
where that plane meets the sphere whose diameter is the 
segment joining the two points, and the two will cut ortho- 
gonally there. 

Theorem 8.] The centres of five mutually orthogonal spheres 
form an orthogonal system and, conversely, every orthogonal 
system will yield the centres of five mutually orthogonal sqyheres. 

Four proper non-concurrent spheres will determine sixteen 
spherical tetrahedra, each having its own circumscribed 
sphere. If (y), {z), (s), {t) be the four spheres, (y'), {z'), (/), {t') 
the vertices of such a tetrahedron, {x) a circumscribed sphere, 
{w) the common orthogonal sphere to the original four, while 
(y") is orthogonal to {z), (s), (t), (w), we may follow exactly 
the steps that led to II. 12], getting 

* We might, of course, take auy five spheres not belonging to a linear 
complex and get still more general coordinates with a more complicated 
quadratic relation. 

1702 n 
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Theorem 9.] The S 2 )her€S circumscribed to the sixteen tetra- 
hedra formed by four non-concurrent ^jroper spheres cut at 
equal or su2pdementai2J angles the four sp)here8^ each of which 
is orthogonal to three of the given S 2 here 8 , and to their common 
orthogonal sjhere. 

If five spheres touch one another externally, we have 

! f I 

1 -I _1 -^1 - 


7’j 

1 

-1 1 -1 -,1 -1 



If a sphere meet five others either at ^ 0 or ^ tt — (/>, 


1 coH^yz cos4-yr cos^^ys cos 4-yt Cj cos (/> 

cos 4-zy 1 cos 4- ^r cos 4- cos 4- 6.^ cos 0 

cos 4- ^^y cos 4- rz 1 cos 4- cos 4- cos 0 
cos Si/ cos ^6'^ cos^6r 1 cos ^ si e^cos^ 

cos 4- ty cos 4-tz cos 4- tr cos ^ is 1 e.-, cos (/> 

€j cos <h €.2 ^3 COS (f) €4 cos (f) 6 ^^ COS (j) 1 


= 0, (30) 


'1 ~ ^2 ■“ ^3 — ^4 — ^5 — 
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If five spheres bo tangent to a sixth we get the analogue 
of Casey’s criterion, 


0 

t 

M2 

/ 2 

/ 

t 1 

M5 ! 

t ^ 
'21 

0 

f 




/ 2 

t ^ 

0 

^;54 

t-J 

= 0 


f 2 

M2 

f 2 

M:; 

0 



1 hr 

f 2 

'A 2 

/ 

• ;^o 

/ 2 
^'.4 

0 



If we take four not null spheres, a sphere tangent inter- 
nally to them, and a point thereon, then, if 2^1 b© Ibe ratio of 
power to radius with regard to the sphere, 


0 ^4^yr ^4^ys ih 

0 sin^-l^er 

sin-^^^s?/ sin^^^^r 0 ‘i\ 

Ih ?>2 lU ^ 


= 0. (32) 


From this we may derive the tetrahedral equation of the 
inscribed sphere to a given tetrahedron. If a sphere meet four 
others at angles cXj, while itfe radius is r, we find 


1 cos^y/c cos^y/s cos 4 - yt cos a, - ! 

'^'1 j 

cos 4 - "?J 1 cos 4 - cos 4 - cos 0(s^ - 

r.i 


cos 4-81/ COS 4 -^^ 1 cos^^'^ cosao 


r.> 


cos 4 -iy cos 4 -tz cos 4 -ts 1 cos 0(4 - - 


cos (Xi cos (Xo cos a.. cos 0^4 1 


1 


= 0. (33) 


u 2 
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The equation in ~ has real roots by II (47) if 


CH, 


1 (iosl^yz cos ^2/^ cos ^2/^ cosa^ 
1 cos ^08 cos^^zt cos 0^2 

cos ^ sy cos ^sz 1 cos ^ cos ^3 
cos^^ty cos^fz cos^fs 1 cosa^ 
cos (X| cos 0^2 cos a., cos a J 1 


1 cos^yz cos^;?/eS T 

cos ^ zy 1 cos ^ 0 s cos l^^zt ^ 

'^'2 

cos ^ ,<^ 7 / cos ^ 8.0 1 cos ^ 8/ 

COS^/^7/ COS^/^r cos ^^8 1 ^ 


1 

r. 


• 9 


> 0 . 


The second factor is 


\yz8t(x>\ 

(yy) M ’ 


o); : coj : (O 2 : <0 j : (O 4 = 7:1 : 0 : 0 : 0, 


and is essentially negative or zero for real spheres. Hence the 
condition for a real sphere cutting lour real proper spheres 
with non-coplanar centres at given real angles is 

1 cos 4- y^ cos 4- cos 4- cos 
cos ^07/ 1 cos ^08 COS^ 0 ^ COS Og 

cos 4- sy cos 4- SZ 1 cos 4- St cos ^3 

COS^/7/ COS^^0 COS^fs 1 
cos Ofj cos Olfg cos (Xo COR 0^4 


cos (>4 
1 


< 0. (34) 
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The equation of the sphere which touches the spheres 
{y)) (^)) (^)) (s), four non-concurrent proper spheres, is 


1 cos^j/r cos^j/s 

1 cos^^^r cos^^zs 


(yx) 

^(yy) 

M 

V (ZZ) 


cos^ry cos^r2; 1 cos^rs - 


(rx) 


cos ^67/ cos^s^ cos^sr 


y (rr) 

1 J??)., 

V {S6) 
6,. 0 


1 COS ^2/^ cos ^2/^" coneys 

Gos 4- zy 1 GQ^4^zr cos^^s 
cos^r2/ cos^/’v 1 coSi^rs 
cos ^6*2/ cos ^8^ COs4-i>T 1 €4 


6.> 


1 


_ 


'^(yy) A ZZ ) /(rr) /(6*6‘) 


( 35 ) 


; 2 ^ ^ 2 ^ ^ 2 


= 1 . 


Two spheres, tangent to four given non-concurrent proper 
spheres, are said to fom a couple if they be mutually inverse 
in the common orthogonal sphere of the four. Evidently, in 
the construction given at the close of the last chapter, two 
such spheres will correspond to the same plane containing six 
centres of similitude ; or, in the equation above, the spheres 
of a couple correspond to the same sets of values for the e/s, 
and differ only in the sign connecting the two terms. Let us 
take three spheres tangent to four not null and not concurrent 
spheres, no two of the three forming a couple. We easily see 
that the problem of finding a sphere tangent to these three and 
orthogonal to the common orthogonal sphere of the first four has 
eight solutions, corresponding to eight spheres all tangent to the 
inverses of the three in the common orthogonal sphere of the four. 

Theorem 10.] Any three couples of spheres tangent to four 
given not null and not concurrent spheres will touch four other 
spheres as well. There are eight such couples* There are also 
twelve tetrads of pairs of spheres each tangent to the given 
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spheres and to the inverses of ttvo in a sphere of antis imilitude 
of the other two,^ 

Such systems correspond in a measure to the Hart systems 
of the second sort of Ch. II. Does any figure in the geometry of 
the sphere correspond to the Hart system of the first sort? This 
most interesting question is still to be answered. 

Let us give one theorem about cospherical points.f 

Theorem 11.] If Jive po lids y no four of tvkich are concyclicy 
lying on a not null sphere, he arranged in sequence, and any 
Jive spheres be constructed, each through three successive points, 
the Jive remaining intersections, each of three successive 
spheres, are cosphericaL 

The points shall be original sphere s. 

The sphere constructed through Pi, Pj, P^. shall be s^j^.. The 
successive spheres Sijj. will meet in Pi and a second 

point P/. Consider the surface 

^l®4jl^’l23 "b ^2^012^*234 "b ^3^123^346 "b ^4^234^*^451 "b ^6 ^345 ^*512 ~ 

This is a quartic with the circle at infinity as a double 
curve, and containing all ten points The various 

terms are not usually linearly dependent, as we see from 
a special case ; hence, by varying the coefficients, we have 
apparently a four-parameter family of cyclics on .s*. Since, 
however, the system of cyclics through seven points have an 
eighth common point also by IV. 9], when eight points are 
fixed we still have two degrees of freedom for our surface. 
Hence we may choose such a value for the A’s that the 
surface includes s as part of itself. The remainder will be 
a sphere through the points PJ- When the terms are linearly 
dependent we prove by continuity. 

§ 3. Analytic Systems of Spheres. J 

A system of spheres whose coordinates are proportional to 
analytic functions of a single parameter, not all having 

* Cf, Schubert, ‘ Eine geometrische Eigenschaft, &c.’, Zeitsclirift filr Mathe- 
matik und Physik, vol. xiv, 18G7, p. 506. 

t E. Muller, ‘Die Kugelgeometrie nach den Principion der Grassmannschen 
Ausdelinungslehre Monatshefle fur Math., vol. iv, 1898, p. 86. Also the 
Author’s Circlen Associated, cit. 

X For an admirable elementary accuunt of systems of spheres see 
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constant ratios, shall be called a The simplest series 

is the coaxal system of pencil. 

Theorem 12.] If three uon-coaxal spheres he gicen^ the 
three spheres^ each coaxal 'with two of the given spheres^ and all 
orthogonal to a fourth sphere, are coaxal. 

We shall not waste our time in finding coordinates of the 
simple spheres coaxal with two given spheres ; the formulae 
II (54)-(58) suffice here also. Let us rather pass to some more 
interesting series. An algebraic series of which two members 
are orthogonal to an arbitrary sphere shall be called a conic 
seines. We see that all members of a conic series must be 
orthogonal to the spheres of a coaxal system. We may take 
as typical equations of a conic series 

= -1 

[ax) = {hx) = 2 
=0 

Theorem 13.] The spheres of a conic series are orthogonal 
to t'wo distinct or coincident mdl spheres. 

Of course, in the usual case, the spheres pass through two 
distinct points. We shall mean by a general conic series one 
where this is the case, and where, also, the series is unfactor- 
able, and four distinct solutions are obtained by combining 
the three equations with the identity for all null spheres. 

Theorem 14.] The assemblage of all spheres orthogonal to 
tu'o not mdl and not tangent splteres, and to corresponding 
niernbers in two projective coaxal sgstems with no common 
member, and neither containing the fixed spheres, is a general 
conic series* 

Theorem 15.] The general conic series may be generated in 
three different ways by spheres through tiuo Jixed points, the 
sum of difference of whose angles with two fixed spheres 
through these two points is constant. 

Dolilemaiiii, Gcomeirische 'Vran^ormationen, Leipzig, 1908, vol. ii ; Pesclika, 
Darstcllende und projektire Oeometrie, Vienna, 1884, vol. iii, pp. 192-310. AlbO 
Reye and Tiinerding, loc. cit. 
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The general conic series corresponds to the general central 
conic in four-dimensional projective space of elliptic measure- 
ment, More interesting is the series corresponding to a circle 
in this space. This is a conic with double contact with the 
Absolute, so here we shall consider an irreducible conic series 
whose null spheres fall together in pairs. This shall be called 
a Diipin series. If the spheres of the series be orthogonal to a 
coaxal system not entirely composed of null or tangent spheres, 
we shall say that such a series is general. We may write the 
equations of the general Dupin series in the form 

{CqX^ + — (xx) = x.^ = = 0. (37) 

Let us next write 

Vo = Vi = y-z = 2/a = + y4. = + 

2 V . _ _ P'^ 

cos 4-^y — 4 . q 4- 2 kpC.^ + 2 fXpC 4 ^ 

_ P^ (cc) 

{cc) + AH H- 2 p (AC 3 + /iC 4 ) 

If, then, we make the further restriction 

A^ + /x^+ 2\pc^2ppC4^ = 0 , 

we see that every sphere {g) of a certain series is tangent to 
every sphere of our Dupin series. This new series is a conic 
series, with only two null spheres, a Dupin series, since its 
null spheres come from p = 0. 

Theorem 16.] A Dii/^in series ^vill he generated by the 
totality of spheres orthogonal to those of a coaxal system 
including distinct null spheres^ and making a fixed angle 

different from ~ with a fixed sphere not belonging to the 

coaxal system^ and^ conversely y every such series will be a D^lpin 
series. 

Theorem 17.] The spheres of a Dupin series are all tangent 
to those of a second Dupin series.^ 

* strictly speaking, wo have only proved this for the general case. We 
see by continuity, however, that it holds in the other cases. 
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Two such Dupin series shall be said to be conjugate. 
Suppose, conversely, that we have three spheres (y), {z)^ (s) 
which are not coaxal, nor are they all three null. If a sphere 
(x) be tangent to them we have 

y (zz) (2/ir)— y (yy) (zx) = \/(86) (zx) — (zz) (ax) 

= (zz) (xx) — (zxy^ = 0. 

Theorem 18.] The assemblage of all spheres tangent to 
three non-coaxal spheres which are not all null, and having 
a Jixed type of contact with each, or else the exact reverse of 
that type of contact with each, will he a Dupin ser ies conjugate 
to the Dupin series which includes the three given s'pheres. 

Theorem 19.] The assemblage of all spheres tangent to 
three non-coaxal not null spheres is four Dupin series. The 
radical axis of any three spheres of one series will contain 
one centre of similitude of each two of the given spheres. 

The normals to any proper sphere along one of its circles 
generate a cone, which is a developable surface. On the 
other hand, by Joachiinsthars theorem, every evolute of 
a circle is a single point. 

Theorem 20.] The characteristic circles of the spheres of 
a non-coaxal series will be lines of curvature of their envelope ; 
and, conversely, every surface, one of whose systems of lines 
of cui'vature is comi)osed of circles, %vill he the envelope of 
a ser ies of spheres. 

Such a surface is called an annular surface. The fii*st 
part of the theorem suffers an exception when the charac- 
teristic circles are null. Here there will be two sets of 
characteristic isotropies; they will be lines of curvature on 
one surface or two. Conversely, any non-devolopable ruled 
surface circumscribed to the circle at infinity is the partial 
envelope of a family of spheres. 

Suppose, next, that we have a surface where the lines of 
curvature of both systems are proper circles. This may be 
generated in two ways by a series of spheres, and all the 
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spheres of one series will touch all of the other. The two 
series must be Dupin series, and the surface, when not a cone 
of revolution, shall be called a Dupin cyclide.* 

Theorem 21.] The only surfaces having circles for their 
lines of curvature of both systems are Dupin cy elides and 
cones of revolution. They are the envelopes of ttvo conjugate 
Dupin series. 

When the null spheres of each of two conjugate Dupin 
series are distinct and not planar, the Dupin cyclide shall be 
said to be general. It will have four conical points at the 
centres of these four null spheres. 

Theorem 22.] Hot more than one pKiir of the conical points 
of the general Dupin cyclide can he reaU those of one pair 
lie on isotropies with those of the other. The surface is of the 
fourth ordei\ and has the circle at infinity as a doable curve. 

To prove the latter part of the theorem we have but to 
notice that the Dupin series may be written parametrically, 

Vi = + 

Eliminating X and // from 



we get an equation of the second order in our special penta- 
spherical coordinates. The order of the surface cannot be 
more than four, nor can it be less, since we have two double 
points whose connecting line is not embedded. 

Suppose, conversely, that we have a surface of the fourth 
order with the circle at infinity as a double curve, and two 
pairs of finite conical points. A plane through two such 
points would cut the surface in two circles, unless the line 
connecting the finite conical points were part of the section, 
in which case it would be an isotropic line. Now each of our 
conical points could not be on an isotropic with each other one, 
as we should have triangles with finite vertices and isotropic 


Dupin, Api Uatfions ch la (jCometrie d de la mnaniqae, Paris, 1822, jip. 200 If. 
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side-lines, which is an absurdity. Hence, if A and B be two 
conical points not connected by an isotropic, and we invert with 
A as centre, the inverse surface will be a cone with its vertex 
at the inverse of A, two generators in each plane through AB 
but not containing AB as a generator, i.e. a quadric cone. 
Since the other two conical points of our surface do not invert 
into conical points of the cone, they must have been on two 
isotropies through A. The tangent planes to the cone ^ will 
invert back into a series of spheres each tangent to the surface 
all along a circle. A second such series may be found from 
the other two conical points. 

Theorem 23.] Every surface of the fourth order 'with the 
circle at infinity as double curve and four finite co nlcal 'points 
is a D'lipin cyclide. 

Since the inverse of a Dupin series is another such series, 

Theorem 24.] Every general Dupin cyclide can be inverted 
into a cone of revolution. 

Theorem 25.] Every general Dupin cyclide is anallagmatic 
'with regard to all proper spheres of two coaxal systems. 

Theorem 26.] The locus of the centres of the si^heres of a 
general Dupin series is a conic. 

We see, in fact, that it must be a plane curve, since the 
spheres of the series are orthogonal to two spheres, and also 
must lie on a quadric, since the sum or difference of the 
distances from all its points to the centres of two chosen 
spheres of the conjugate series is constant. 

Theorem 27.] The assemblage of all spheres orthogonal to 
a given sphere^ and having contact of a preassigned type 
witli each of Pwo other given proper and not tangent spheres 
not coaxal therewith^ or having exactly the opposite type of 
contact with each of these, is a Dupin series, as is the assem- 
blage of all spheres orthogonal to two given spheres tangent to 
a th ird not coaxal with them. 
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Theorem 28.] Every general Dupin cyclide can he inverted 
into an anchor Hng, 

We saw a moment ago that a general Dupin cyclide is 
anallagmatic with regard to every sphere of each- of two 
coaxal systems. This raises the general question, what sorts 
of surfaces are anallagmatic with regard to an infinite number 
of surfaces? Every anallagmatic surface is the envelope 
of 00 ^ or Qc^ spheres orthogonal to the sphere of inversion. 
Our given surface could not have oo^ systems of qo‘^ tangent 
spheres, for then every sphere tangent at one point would 
touch the surface again, and the surface could be inverted into 
one that touched each plane of a parallel pencil at a different 
point, which is quite impossible. Hence our surface is the 
envelope of oo^ spheres, i.e. annular. These generating spheres, 
being orthogonal to two spheres of inversion, must belong to 
a linear congruence. If the surface be anallagmatic in any 
other spheres besides those of the coaxal system determined 
by two, it must be doubly annular, and so a Dupin cyclide. 
We thus get an excellent theorem due to Hadamard.* 

Theorem 29.] The only mrfaceti which are anallagmatic 
%viih regard to a one-parameter family of siolieres are thoee 
annular mrfaces which are generated by spheres orthogonal 
to the spheres of a coaxal system. The only surfaces which 
are anallagmatic tvith regard to more than one one-parameter 
family of spheres are Dupin cyclides ami their inverses. 
The only surfaces tvhich are anallagmatic xvith regard to 
a two-parameter family of spheres are spheres themselves^ and 
these are anallagmatic with regard to sp/teres. 

If a non-degenerate central conic be given, not a circle, 
there is a one-parameter family of quadrics confocal therewith, 
i. e. inscribed in the developable tangent to this and to the 
circle at infinity. Four quadrics of the family, considered 
as envelopes, degenerate into conics, whereof one is tlie circle 
at infinity. The other three lie in three mutually perpen- 

* ^Kecherclie des surfaces anallagmatiqucs par rapport a une iufinito de 
poles dUnversion’, Bulktin des Sciences mathcmatiques, Series 2, vol. xii, 1888, 

p. 118. 
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dicular planes, each piercing the plane of another in two foci 
of the latter. These conics are the focal conics of the confocal 
system of quadrics. 

Theorem 30.] If the centre of a sphere trace a central 
conic, while the sphere passes through a fixed point of one of 
the other focal conics of the confocal system determined by the 
given conic, then the sphere will trace a Dupin series. 

We see, in fact, that it is a conic series, whose null spheres 
fall together in pairs. 

The characteristic circle of a sphere of a Dupin series is 
the locus of its points of contact with the spheres of the 
conjugate series. The lines from the centre of a sphere of 
one series to those of the spheres of the other series will 
generate a cone of revolution (in the limiting case two 
isotropic planes). Hence the deferent (i. e. locus of centres) 
of each scries subtends a cone of revolution at each point 
of the deferent of the other series. The axis of revolution 
will be the tangent to that deferent which passes through the 
vertex, for it is the perpendicular on the plane of the corre- 
sponding characteristic circle. The isotropic planes through 
this axis touch the other deferent, hence the vertex of the 
cone is a double point of the developable determined by 
the other deferent and the circle at infinity, i.e. the conics 
are focal conics of a confocal system of quadrics. 

Theorem 31.] The deferents of two conjugate Dupin series 
tvhose null spheres are not planar are two central conics, focal 
for a confocal system of quadrics and, conversely, any hvo 
such conics will determine oo^ Dupin series. Each conic 
subtends a cone of revolution at each point of the other, the 
aods of revolution being tangent to the latter. The sum or 
difference of the distances of evemj point on one conic from 
two points of the other will depend only on the positions 
of the latter.'^ 

Remembering Joachimsthars theorem about the evolutes 
of curves, 

* Dupin, loc. cit., pp. 207-9. 
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Theorem 32.] The tangents to all lines of curvature of one 
system on a Dupin cy elide where they meet a line of curvature 
of the other system pass through a common point of the axis 
of the cone of revolution of normals along this same curve. 

Theorem 33.] A sphere through a circle of curvature of 
a Dnpin cyclide will 'meet the surface again in another circle 
of the same system. Tiro circles of different systems \vill 
intersect once, and ordy once. 

The general Dupin cyclide has two planes of symmetry, 
those of its two deferents. Each will cut the surface in two 
circles. The circles of the other system will be orthogonal to 
that plane, and, since they are anallagmatic in an inversion 
which interchanges the given circles, will meet the plane in 
pairs of points collinear with a determined centre of similitude 
of the two circles. We thus reach a neat method of con- 
structing the cyclide due to Cayley.* 

Theorem 34.] The circles orthogonal to the plane of two 
^yroper circles and meeting them in pairs of points collinear 
tvith a fixed centre of similitude of the two will generate 
a Dupin cyclide. 

Enough has now been said about the conic series : we pass 
to the cubic. This may be defined as an algebraic series 
whereof three members are orthogonal to an arbitrary sphere. 
Since any four spheres have at least one common orthogonal 
sphere, we see that all members of a cubic series are ortho- 
gonal to at least one sphere. We shall say that the series 
is general if there be but one fixed not null sphere to which 
the members of the series are orthogonal. Such a series will 
correspond in four dimensions to a rational non-planar cubic 
curve in a space of three dimensions which is not tangent 
to the Absolute. 

Theorem 35.] A general cubic series will he generated^ by 
the spheres orthogonal to a fixed sphere and to corresponding 
members of three projective coaxal systems, vjhich have no 


* ^ On the Cyclide’, Quarterly Journal of Mathematics, vol. xii, 1873, p. 150. 
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common sphere, and none of ^vhich includes the fixed sphere, 
andi conversely, every such series will be a general cubic series. 

Theorem 36.] The centres of the spheres of a general cubic 
series trace a rational cubic curve. 

Theorem 37.] The general cubic series is generated by the 
spheres orthogonal to a not null sphere whose centres are on 
a rational cubic curve. If the fixed sphere be planar, the 
rational cubic curve lies in that ^^lune, and vice versa. 

Theorem 38.] When the fixed spjhere for a cubic series is 
null but not planar, the sj^heres of the series may be inverted 
into the tangent planes to a developable of the third class. 

Theorem 39.] The spheres of a general cubic series cut the 
fiooed sphere in the circles of a general cubic series. 

This series was defined in Ch. II only for coplanar circles, 
but the definition is immediately extended to cosphcrical ones. 

Theorem 40.] The spheres orthogonal to sets of three succes- 
sive spheres of a general cubic, series, and to the fixed sphere, 
generate a second general cubic series. The relation between 
the two is reciprocal. 

Since the general cubic series is rational, we may express it 
in the form 

Vi = vr {'>')• (38) 

We get the equation of the envelope of the spheres of the 
scries by equating to zero the discriminant of the cubic 
equation {xy) = 0. 

Theorem 41.] The spheres of a general cubic series envelop 
a surface of the eighth order, anallagmatic in the fixed sphere, 
and having the circle at iiifinity as a quadruple curve. 

The coordinates of the planes of the characteristic circles 
of the spheres of a general cubic series are easily seen to be 
rational quartic functions of r ; these pla-nes are all orthogonal 
to the fixed sphere. 
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Theorem 42.] The planes of the characteristic circles of 
the spheres of a general cubic series generate a rational 
quartic cone or cylinder. 

Definition. An algebraic sei-ies of spheres whereof four are 
orthogonal to an arbitrary sphere shall be called a quartic 
series. If the spheres of the series be not orthogonal to any 
fixed sphere, the series is said to be general. It will corre- 
spond to a curve of the fourth order in four dimensions which 
lies in no space of lower dimensions. Such a series is surely 
rational, for each sphere of a coaxal system orthogonal to 
three of its members will be orthogonal to but one other 
member of the series.* 

Theorem 43.] The general quartic series may he generated 
in XLuys ly the common orthogonal spheres to the corre- 
sponding members of four projective coaxal systems^ no ttvo 
of which have a common member, and, conversely, every such 
s^jstem of 2 yrojective coaxal systems will determine a general 
quartic series. 

Four spheres of the series, usually distinct, are planes; 
eight, usually distinct, are null. 

Theorem 44.] The locus of the centres of the sp)heres of 
a general quartic series is a non-planar rational quartic 
curve whose asymptotic directions are peipendicular to the 
planes of the series. 

Theorem 45.] The common orthogonal spheres to sets of 
four successive spheres of a general quartic series will generate 
a second such series; the relation bet'iceen the two is reciprocal. 

Since the coordinates of the spheres of a general quartic 
series are rational quartic functions of a parameter, and the 
discriminant of the general quartic equation is of the sixth 
degree. 


* For an exhaustive treatment of this series hy pnre geometry see 
Timerding, loc. cit., pp. 193 ff. 



VI 


CARTESIAN GEOMETRY 


273 


Theorem 46.] The enveloi^e of the spheres of a general 
quartic series is a surface of the twelfth order with the circle 
at infinity as a sextuple curve. The planes of the circles of 
curvature of this surface generate a rational developable of the 
sixth class: the osculating developable to the rational quartic 
curve luhich is the locus of the centres of the spheres orthogonal 
to sets of four successive spheres of the given series. 

Definition. A system of spheres whose coordinates a;e 
proportional to analytic functions of two independent variables, 
and whose ratios also depend on two essentially independent 
variables, shall be called a congruence. When the functions 
involved are all algebraic, the congruence shall be said to 
be algebraic. Every such congruence^ if irreducible, may be 
expressed in the form 

x^ = fi {rstu), ('p {rstu) = 0, (39) 

the only functions involved being homogeneous polynomials. 

Definition. An algebraic congruence whereof two members 
are orthogonal to two arbitrary spheres shall be called a 
quadric congruence. Consider four spheres of the congruence, 
which, three by three, determine linear congruences. If no 
one of these linear congruences be included entirely in the 
quadric congruence, it must share therewith a conic series. 
A linear congruence which includes one member of each of 
three such conic series will meet the congruence in a conic series, 
and, since wo may find oo^ spheres of our congruence in this 
way, we find the whole. Hence all spheres of the congruence 
are orthogonal to one fixed sphere orthogonal to the first four. 
If the congruence include in itself a linear congruence, the 
remainder is also a linear congruence. 

Theorem 47.] A quadratic congruence consists either in 
two distinct or identical linear congruences ^ or else all its 
members are orthogonal to one sphere. 

The spheres of the quadric congruence will be represented 
in four dimensions by the points of a quadric surface. When 
the sphere to which the members of the congruence are ortho- 
gonal is not null, the coaxal systems in the congruence have 

s 
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no common member, and the series of null spheres have no 
double member, we shall say that we have a general quadi'ic 
congmence. Such a congruence will correspond to the general 
central quadric of three-dimensional non-Euclidean space. 

Theorem 48.] A general quadric congruence contains two 
families of coaxed systems. Two systems of different families 
have one common sphere; no Pwo of the same family have 
a common sphere. 

Theorem 49.] A general quadric congruence may he deter- 
mined in 2 X QO^ ivays by coaxal systems, each determined by 
corresponding members of two projective coaxal systems ^uith 
no common member,^ 

Theorem 50.] The locus of the centres of the spheres of 
a general quadric congrtience is a quadric surface, 

A general central quadric in non-Euclidean space has eight 
sets of circular sections, a circle being a conic with double 
contact with the Absolute.f 

Theorem 51.] A general quadric series may be generated 
in eight tvays by the circles of a one-parameter family of 
Dupin series. 

Theorem 52.] The spheres of a general quadric congruence 
cut the sphere to tchiclt all are orthogonal in the circles of 
a genered quadric congruence. 

Strictly speaking, we have only defined such congruences 
in the case of coplanar circles, but the definition is immediately 
extended to cospherical ones. 

Theorem 53.] The spheres orthogonal to sets of three succes- 
sive non-coaxal members of a general quadric congruence and 
to the common orthogonal sphere will generate a second such 
congruence. The relation between the two is reciprocal, 

* Cf. Reye, ^Lehrsatze uber projektive Mannigfaltigkeiten projektiver 
Kugelbuscheln % &c., Annali di Matematica, Series 8, vol. v, 1900. 

4 Cf. the Author’s Non-Euclidean Oeometn/, cit., pp. 157, 158. 
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Theorem 54. ] The radical plamies ^vhich the spheres of 
a general qnadrie congruoice determine with a fixed sphere 
envelop a quadric. When the fi(ml sphere is that to which all 
8p)heres of the congruence are orthogonal^ the planes envelop 
the polar reciqyt'ocal ivith regard to th is fixed sphere of the locus 
of the centres of the spheres of the congruence. 

The order of the surface enveloped by the spheres of 
a general quadric congruence is that of the curve where. the 
surface meets the fixed sphere. This curve is the locus of 
the vertices of the null spheres of a quadric congruence, and 
so, by IV. 2], is a cyclic. 

Theorem 55.] The spheres of a general quadric series 
envelop a surface of the fourth order having the circle at 
infimity as a double curve. It is anallagmatic with regard 
to the fixed sphere. 

We shall find out a great deal more about this surface in 
the next chapter. 

Theorem 56.] The assemblage of all spheres meeting at 

Tj* 

given angles other than ^ tivo not mdl spheres %vill be a 
quadidc congruence. 

Theorem 57.] The spheres orthogonal to a not null sphere ^ 
the sum or difference of tvhose angles with two not null spheres 
is constant^ will he a quadric congruence. 

Definition. The assemblage of all spheres whose coordinates 
are proportional to analytic functions of three independent 
variables, the ratios also depending on three independent 
variables, shall be called a complex. When the functions 
involved are algebraic, the complex is said to be algebraic. 
The simplest way to express an algebraic complex is by 
means of a single equation 

= 0, (40) 

where / is a homogeneous polynomial. Next to the linear 

s 2 
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complex already studied, the simplest algebraic complex is 
the quadratic one.* This has an equation of the type 

i, j — 4 

aijXfXj = 0, aij = a-i. (41) 

i, j = 0 


If we classify these complexes under the twenty-four 
parameter group of linear sphere transformations we have the 
following types : 


General complex 

|9t0. 


(42) 

Simply special complex 

1 »i,i 1 = 

(lii 

^0. 

(43) 

Doubly special complex 

3 1 « i 

a,. 

1 


o 

III 

- 


(44) 


The other cases consist in pairs of distinct or coincident 
linear complexes, and need not be discussed. Starting with 
the general quadratic complex, we may associate each sphere 
{y) with the linear complex 

2 a^jy^Xj^O, 

^ = 0 

which is called the polar linear complex of (y). Every linear 
complex will be the polar of a determinate sphere called its 
pole sphere. 

Theorem 58.] The polar linear complex with regard to 
a general quadratic complex of a sphere not belonging to that 
complex is the totality of all spheres harmonically separated 
from the given sphere by pairs of sqyheres of the complex. 

Theorem 59.] A linear complex will intersect a quadratic 
one in a quadric congruence. 

* Loria, ‘Ricerche intorno alia geometria della sfera*, Memorie della 
R. Accademia deUe Scienee di Torino, Series 2, vol. xxxvi, 1886 ; Reye, ^ Ueber 
quadratische Kugelcomplexe Crelle, vol. xcix, 1885, and ^ Quadratische 
Kugelcomplexe &c., Collectanea Maihematica, Naples, 1881. 
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Theorem 60.] TJie general quadratic complex contains 
X® coaxal systems. Each sphere of the complex belongs to 
such systems, and they generate the quadratic congruence 
comma a to the given complex and the polar complex of the 
given sphere. 

Definition. Two spheres shall be said to be conjugate 
with regard to a general quadratic complex when each 
belongs to the polar linear complex of the other. 

Theorem 61.] The assemblage of all null spheres is a 
general quadratic complex. Mutually orthogonal spheres are 
conjugate with regard to this complex, and the polar of any 
sphere is the complex of spheres orthogonal thereto. 

Theorem 62.] The planes of a quadratic complex envelop 
a quadric. 


Theorem 63.] The totality of spheres, each orthogonal to 
a sphere of a general quadratic complex and to three infinitely 
near spheres, the four not belonging to a linear congruence, 
is a second general quadratic complex. The relation between 
the two is reciprocal, and each may be defined as the totality 
of spheres orthogonal to the various spheres of the linear 
comp)lexes which are polar to the spheres of the other complex. 

More generally, if we have any complex of spheres, and if 
we construct a sphere orthogonal to each sphere of the complex 
and to three infinitely near spheres thereof which do not lie 
with the first in a linear congruence, then, if the totality of 
these new spheres be actually a complex, the original one is 
said to be non-developable, and the new complex is called its 
correlative. The relation between the two is reciprocal. It is 
a peculiarity of the quadratic complex that we can reach the 
correlative by means of polar linear complexes. 

If {y) be a sphere of the complex (40), the linear complex 



= 0 


(45) 


shall be called the tangent linear complex at the sphere 
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{y). The correlative complex is obtained by eliminating 
2/02/12/22/32/4 equations 

/(2/o2/i2/22/8y4) = 0- 
Ui 

The reciprocal nature of the relation between the two 
appears from the fact that the equations 

iy^) = 0 

involve also 

Theorem 64.] Two spheres of an arhitrary coaxal system 
belong to a given quadratie complex ; tivo spheres of the com- 
plex have their centres at an arbitrary point. 

Let us turn for a moment to the simply special quadratic 
complexes (43). We may find one sphere (z) which is con- 
jugate to every sphere in space with regard to the complex. 
Its coordinates will satisfy the equation 

./■ ^ ^ 

2 «v»./ = o> i = 0, 1, 2, 3, 4. 

./ =0 

We shall call this the singular sphere of the complex. Let 
the reader prove : 

Theorem 65.] The simply special quadratic complex 
contains every coaxal system determined by the siugular 
sphere and any other s'phere of the complex. All spheres of 
such a coaxal system have the same polar linear complex. 

This quadratic complex is the first example of a developable 
complex. We see 

Theorem 66.] The correlative of a simply singular quad- 
ratic comp)lex is a quadratic congruence. 

Two quadratic complexes which have the same null spheres 
shall be called homothetic ; two, whose correlatives have the 
same null spheres, shall be called confocal. If our original 
complex be (41), we have for a homothetic one 

2 + pM = 0- 
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Theorem 67.] A yeneral quadratic complex will he homo- 
thetic at most and. in general with jive simply special com- 
plexes. The surface ^vhich is the locus of the centres of the null 
spheres of the complex is of the fourth order tvith the circle at 
infinity as a double curve, and may he generated in general 
and in Jive ways as the envelope of the spheres of a quadric 
congruence. 


We shall not now stop to define the elusive words, in 
general more explicitly, as this is the surface which we have 
already encountered and which we have promised to discuss 
in detail. 

The correlative to our complex (41) is 


i. j = 4 

.y - 0 



1 ^ 

ya'ij ‘ 


The general equation for a confocal complex will thus be 


-""^00 P 

-^01 

^02 


-^04 

Xq 

■^10 

+/) 

Ai2 





^21 

^22’^P 

^22 

^24 


A,o 


A. >2 



X., 

^40 


"^42 

A. 

^44 + P 

^’4 

^'0 

X^ 


a?:; 

*4 

0 


Theorem 68.] An arbitrary sphere will belong to four 
complexes confocal with a given general quadratic complex. 

There are a good many types of cubic complexes, i. e. 
complexes given by an equation of the third order; only one, 
however, is particularly interesting.* Suppose that we have 
three projective coaxal systems of spheres, not belonging to 
a linear complex, nor have any two of them a common 
sphere. The assemblage of linear congruences, each deter- 
mined by throe corresponding spheres, will determine a 
complex called a rational cubic complex. This complex will 
correspond in four dimensions to the hypersurface generated 
by planes connecting the corresponding points of three 


Discussed witliout proofs by Reye, Lchrslitse, cifc. 
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projective ranges in general position. To justify the name of 
the complex, let us note that we may express it parametrically 
in the form 

To find the order of the complex, i. e. the number of its 
spheres in a given coaxal system, we adjoin the three 
equations 

(ux) = (vx) = (tax) = 0. 

Substituting for (rr) we get three linear homogeneous 
equations in the variable p and o-. Equating the various 
discriminants to zero, 

[{uy) \ + (uz) fx 4- (ut) v] [(vy') k + (vz'} fx + {vt') v] 

~ [(uy') k + (uz') p 4- (uf) v] [(vy) k + (vz) p 4- (vt) v'] = 0. 

[(uy) k 4- (uz) p + (ut) v] [(^vy') k 4- (tvz') p 4- (wf) v] 

— [('^2/0 ^ M [(^^*2/) ^ M + (tvt) v] = 0. 

Here we have two homogeneous quadratic equations in the 
variables A, p, ik One solution will be 

(uy) k 4- (uz) p^(ut)v (uy') k 4- {az') p + (uf) p = 0. 

This must be rejected, since it will not give a solution of 
all three equations in p/a; the three other solutions give the 
three spheres required. 

Remembering that the spheres of a coaxal system are 
orthogonal to those of a linear congruence, we see 

Theorem 69.] The rational cubic complex contains all 
spheres orthogonal to the various coaxal systems determined 
by corresponding members of three projective pe mils of linear 
complexes, which three have no common sphere^ nor have any 
two a common coaxal system. 

We see from (47) that every sphere of the complex lies 
in a linear congruence obtained by giving a fixed value to 
p/a. On the other hand, if we take two pairs of values p, a 
and p\ a\ and give to the other parameters first the values 
A, p, Vy then the values A', p', v', and equate the corresponding 
expressions for (x)y we have five linear homogeneous equations 
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in the six homogeneous variables A, /x, v, A', /x', v\ There are 
thus 00 2 double spheres, each in two linear congruences. 
A coaxal system determined by two double spheres must be 
included entirely in the complex. If this system were not 
composed entirely of double spheres we should have oo^ coaxal 
systems, each sphere of the complex would lie in oo^ of them, 
and so in oo^ of our linear congruences, which is absurd. 

Theorem 70.] A general sphere of a rational ctibic complex 
lies in a single linear congruence of the complex ; a double 
sphere lies in tivo such congruences^ and the totality of double 
spheres is itself a linear congruence. 

Reverting to (47), if we requii*e {x) to be a plane, we impose 
one linear condition ; two others are imposed by fixing two 
points of the plane. On the other hand, each sphere of the 
system belongs to oo^ coaxal systems thereof, each plane to 
one pencil of planes. 

Theorem 71.] The planes of a rational cubic complex 
envelop a ruled surface of the third order and class. The 
generators of this surface are the radical axes of the linear 
congruences of the complex. 

The radical axis of a linear congruence is, of course, the 
locus of points having like powers with regard to all spheres 
thereof. 

Theorem 72.] The centres of the nidi spjheres of a rational 
cubic complex is a surface of the sixth order with the circle at 
injinity as a triple curve and with a circle of double points. 

With regard to the last statement we see that the centres of 
the null spheres of a linear congruence must lie on a circle. 

Theorem 73.] A sphere through the double circle of the 
surface meets it again in a simple circle. The planes of these 
simple circles are those of the centres of the spheres of the linear 
congruences of the complex, and each circle of the surface is 
cosp)herical with the double circle. 

We see, in fact, that if wo invert with a centre on the 
double circle we get a quartic through the circle at infinity 
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'with a double straight line, and such a surface contains no 
other lines or circles. 

Theorem 74.] A sjjfiere tvhich meets the surface in a simple 
circle meets it also in a cyclic. The tivo intersect twice on the 
double circle^ and twice at 2^oints cohere the sphere touches the 
surface. 

It is perfectly clear that there remains a good deal to 
be done in the study of spheres in cartesian space. It is 
hard to believe that a sufficiently intelligent use of the 
Frobenius identity will not settle the interesting question of 
the existence of Hart systems, and the relation of spheres 
circumscribed to spherical tetrahedra and spheres tangent to 
other spheres. There must surely be a great deal more in the 
subject of tangent spheres than has yet been found. Is there 
a three-dimensional analogue of Malfatti’s problem, and what 
is the solution? It seems likely that although the Dupin 
series is undoubtedly the most interesting of the various conic 
series, yet others are worthy of further investigation. The 
elementary metrics of four-dimensional non-Euclidean space 
has never been studied in great detail, and may well include 
many beautiful theorems of real importance in the geometry 
of the sphere. 



CHAPTER VII 


PENTASPHERICAL SPACE 


§ 1. Fundamental Definitions and Theorems. 


Any set of objects which can be put into one to one 
correspondence with sets of essentially distinct values of 
five homogeneous coordinates :x.^:Xj^, not all simul- 

taneously zero, but connected by the relation 

(xx) = x^ + x^ -h x^^ + x.^^ -f x^ = 0, (1 ) 

shall be called points, and their totality a pentaspherical 
space. 

The assemblage of all points {x) whose coordinates satisfy 
a linear equation 


{yx) — 2/o^‘o Ui^i “b 2 / 2^2 "b (^) 

where the values (y) are not all zero, shall be called a sphere, 
to which the points {x) are said to belong, or on which they lie. 
The coefficients (y) shall be called the coordinates of the sphere. 
If they satisfy the identity (1) the sphere is said to be null, 
the point with the coordinates {y) is called the vertex of the 
null sphere. If {y) and {z) be two not null spheres the 
number 0, defined by 

(yz) 


cos 6 = 


•v^ (yy) y(zz) 


(s) 


is called their anyle. If one possible value for the angle 
be the spheres are said to be orthogonal or perpendicular, 

a 

or to cut at right angles The condition for this is 

{yz) = 0, (4) 

and when this condition is satisfied we shall call the spheres 
orthogonal, even when one or both are null. If a possible 
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value for the angle be 0 or tt we say that the spheres are 
tangent. Here the condition is 

{yv){zz)-{yzY = 0. (5) 

The assemblage of all spheres whose coordinates are linearly 
dependent on those of two are said to form a coaxal system 
or pencil. They all contain all points common to the first 
two, the locus of which shall be defined as a circle. 

If {y) lie on the null sphere whose vertex is ( 0 ), and so {z) 
lies on the null sphere whose vertex is (y), every sphere 
coaxal with {y) and (z) is null. The totality of their vertices 
shall be called an isotropic. Through each point will pass 
QO^ isotropies generating the null sphere whereof this point 
is the vertex. The circle common to two tangent not null 
spheres shall be called a null circle ; it consists in two iso- 
tropies. If two null spheres have a common isotropic this 
is the totality of their intersection, and shall also be classed 
as a null circle. 

If two null spheres be coaxal with any not null sphere, 
every sphere through their vertices is orthogonal to this 
sphere. The vertices are said to be mutually inverse in 
this sphere. The inverse of the point {x) in the sphere {y) is 

Xi = (yy)Xi-2{xy)yi. ( 6 ) 

If {x) trace a sphere, {x') will also trace a sphere, and 
the equation will give equally well the relation between two 
inverse spheres {x) and {x'). The sphere {y) is called a sphere 
of antisimilitude for the two. 

Two examples of pentaspherical space will at once occur 
to the reader. We may take a Euclidean hypersphere in 
a space of four dimensions. Secondly, we may start with 
cartesian space, that is the finite domain, and proceed as in 
Ch. IV. We begin with the equations VI (8) 
x\y \z:t^x^\x.^\x^ \ -(x^-^-x^, 
x^\xp.x^ \ x.^ \Xj^ = i 4- 2/^ + + y'^ + z^~ : 

2xt:2yt:2zt, (7) 

Every finite point of cartesian space will correspond to 
a definite point of pentaspherical space, for which ix^ + x^^ 0, 
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and conversely. If, however, we make cartesian space a 
perfect complex continuum by adjoining the plane at infinity, 
the correspondence ceases to be unique, for all infinite 
cartesian points not on the circle at infinity correspond to 
the same point of pentaspherical space. We may extend 
the finite cartesian domain to be a perfect pentaspherical 
continuum as follows : 

The set of coordinates i : 1 : 0 : 0 : 0 shall be said to repre- 
sent the point at infinity. Any other set of coordinates {y) 
satisfying the equations 

Wo+Vi = iyy) = 0 

shall be taken to represent the minimal plane 

y%^ + 2 / 32 / + 2/4^ + ^ (%o - 2/1) = O- 
The point at infinity and the totality of such minimal 
planes shall be called improper points. By adjoirung them 
to the finite domain the cartesian space becomes once more 
a perfect continuum, and obeys all the laws of pentaspherical 
space. The definitions of sphere, circle, angle, inversion, &c., 
given in Ch. V for cartesian space, and here for pentaspherical 
space, are entirely compatible. 

If we take as our pentaspherical continuum the cartesian 
space rendered a perfect continuum in this fashion, the 
following terms are synonymous : 

Sphere orthogonal to point Plane, 
at infinity. 

Inversion in such a sphere. Refiexion in plane. 

Null sphere whose vertex is Totality of minimal planes, 
point at infinity. 

Null sphere containing point Points of minimal plane and 
at infinity. minimal planes parallel 

thereto. 

Isotropic not containing point Minimal line, 
at infinity. 

Isotropic containing point at Pencil of pai*allel minimal 
infinity. planes. 

The points of pentaspherical space on any not null sphere 
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will be a tetracyclido plane, and we may take over bodily 
for them the definitions of Ch. IV. 

We shall mean by the cartesian equivalent of a penta- 
spherical figure the following. We replace the coordinates 
of every proper pontaspherical point by their cartesian equi- 
valents from (7), then render the space a perfect continuum by 
the adjunction of the plane at infinity. 

The cartesian equivalent of a surface (f order n, cohere the 
point at infinity has the m idtiplicity is an algebraic surface 
of order n — k with the circle at infinity as a. curve of order 
\{n — 2 Ic), 

We mean by the order of an algebraic surface in penta- 
spheiical space the number of intersections with an arbitrary 
circle. When the surface is given by equating to zero a homo- 
geneous polynomial in {x)y the order is twice that of the 
polynomial. 


§ 2. Cyclides. 

The definitions of series, congruences, and complexes of 
spheres used in the last chapter may be carried over bodily 
into pentaspherical space. We thus reach the fundamental 
locus with which we shall be occupied in the present chapter. 

Definition. The locus of the vertices of the null spheres 
of a general quadratic complex shall be called a cyclide. 

The equation of a cyclide may be written 

2 = 0= I «»/ i 9^ 0- (8) 

The problem of classifying all cyclides under the group of 
quinary orthogonal transformations is the problem of classi- 
fying pairs of quinary quadratic forms, whereof one certainly 
has a non-vanishing discriminant. This is best done by 
means of the elementary divisors of Weierstrass, exactly as we 
classified cyclics in Ch. IV. It will be found that there 
are exactly twenty-six species of cyclides under this classifi- 
cation : an enumeration of all, with canonical forms for their 
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equations, would lead us altogether too far afield ; * we shall 
therefore confine ourselves to one or two types beginning with 
the general one, i.e. that characterized by the scheme of 
elementary divisors 

[1111 1 ]. 

The canonical form for the equation of the general cyclide 
will be 

= 0, {ocx) = 0^ — a/J 0. (9) 

Since this equation is unaltered by a change of sign of any 
one of the 


Theorem 1.] The general cyclide is anallagmatic with 
regard to jive mutually orthogonal spheres. It is a surface 
of the fourth order, and is the envelope of five different quad- 
ratic congruences of spheres. 

This theorem has already been proved as VI. 67], 

The five spheres shall bo called the fundamental spheres 
of the cyclide. The equations of the five generating con- 
gruences are easily found. An arbitrary tangent sphere at 
the point (x) will have the coordinates 


In particular, if y^ = 0, 

Vi 




J = 4 


J = 4 


=2 


Vi 


2 = 0 . 


If (r) and (s) be mutually inverse in {y), 

j = 0 ^i) 


( 10 ) 


(n) 


Theorem 2.] The locus of the inverse of a given point with 
regard to the generating spheres of one system of a general 
cyclide is a cyclide with the given point as a conical q^oint. 

♦ Cf. Loria, Qeometria della sfera, cifc., and Segre, ^6tude des differentes 
surfaces de quatrieme ordre conique double Math. Annalen, vol. xxiv, 1884. 
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Theorem 3.] The general cartesian cyclide is a surface of 
the fourth order with the circle at infinity as a double curve, 
and every such surface is a cyclide of some sort. In the 
general case it may he generated in five ways by a sphere 
moving orthogonally to one of five mutually orthogonal spheres, 
while its centre lies on a central quadric. 

The words ‘ in general * mean that the point at infinity shall 
not be on a fundamental sphere of the pentaspherical cyclide, 
nor yet on the surface itself. 


Theorem 4.] The intersection of a not null sphere with 
a cyclide is a cyclic. 

The generating spheres will cut the cyclide in cyclics with 
two double points, i. e. in two circles. Let us show, con- 
versely, that if any sphere have double contact with the 
cyclide it will be a generating sphere of one system or another. 
Writing that a tangent sphere at {x) is also a tangent sphere 
at (aj'), 

+ = (y -k- a,) x(. 

Multiplying through by xf and summing, also multiplying 
through by and summing, 

1 = 4 / = 4 

A {xx') + 2 + 2 

2 = 0 ; = 0 


This shows that A = A', 

X;^ = xl if A + 9^: 0. 

Hence A must take one of the five values — which 
proves our result. 

These facts have a good many interesting consequences 
which we shall develop gradually. We begin by noticing 
that if we define as a focus of a surface the vertex of any 
null sphere which has double contact therewith, the foci of 
a general cyclide come merely from the five systems of 
generation. Their coordinates will be given by the equations 




aj-a^ 


+ 








a^ 


-a^ 


= 0 . ( 12 ) 
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Theorem 5.] The focal curves of a general cyclide are jive 
cyclies, one on each of the fundamental spheres. Each cyclic 
meets each fundamental sphere other than its own in four 
foci of the focal cyclic on that sphere. 

Suppose that one focal cyclic is known. Its foci and 
fundamental circles are known ; hence the other fundamental 
spheres are known. On each of these spheres we know the 
fundamental circles of the corresponding cyclic, and four 
points (on the first sphere). Hence the focal cyclics are all 
known. 


Theorem 6.] If two general cyclides have one focal cyclic in 
common^ they have all jive focal cyclics in common.^ 

A cyclide contains five pairs of systems of circles. This 
suggests that there may be a certain number of isotropies 
embedded in the surface. These isotropies will not lie on the 
fundamental spheres, but be inverse in pairs with regard to 
them. Let such an isotropic be determined by the points {x) 
and {x'), where 

X. = 0, {tx') = 0, ti 0. 

J = 4 

Clearly {xx') = 2 ctjXjxf— 0, 




Xj Xj. Xi 
ajXj aj.Xj. a^Xj 

h h 


VajUf^ai 


Xj Xj. Xj 

aj aj. iij 

V ((jXj V aj.Xj. VaiXj 




tr 


tj 


V a • V aj. V aj 


* That erratic genius, Jolm Oasoy, in an article full of interest, ‘On 
Cyclides’, &g.j Philosophical Transactions^ vol. clxi, 1871, p. 637, seems to have 
held the curious idea that a cyclide shared one focal curve with each of 
five different systems of others. He gives the equations of all five systems, 
failing to note that they are really identical. 

T 


1702 
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(x'x') = (ax'^) = 0. 

Xi = (xx) = (ax’’-) = ajaf,aia,„(-^x^) -a^{d^x^) = 0. 

These equations give eight values for x - : Xj^: Xi: each 

corresponding to two sets of values for (x') differing in the 
sign of x/. 


Theorem 7.] A general cydide contains sixteen isotropies, 
inverse in pairs ivith regard to the five fundamental spdteres. 

The generating spheres tangent at {x) have coordinates 
yj = 

Four of these will have the cross ratio 




Theorem 8.J The generating spheres of four chosen systems 
tangent at any point have a constant cross ratio. 

The condition that a sphere (y) should touch the cyclide is 


2 


+ A 


= 0, 2 


Hi 




= 0. 


(13) 


This may be interpreted as requiring that the discriminant 
of the first equation, looked upon as an equation in A, should 
vanish. The equation is quartic, the degree of the discriminant 
is six, the coefficients being linear in y-^. 


Theorem 9.] Twelve spheres of an arbitrary coaxal system 
will touch a given general cyclide. 


Theorem 10.] The general cartesian cyclide is of class 
twelve, and twelve normals pass through an arbitrary point. 
We may draw still further conclusions from the first of our 
equations (13). Let {y) be any sphere, and (z) a point 
common to it and to the cyclide. A sphere tangent to the 
cyclide at this point will have the coordinates 

(a,. + A)0^. 
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Suppose that this sphere touches the cyclic of intei'section 
again, say at 

(yz) = (sz) = (az^) = (yt) = (tt) = (ai'^) = 0. 

/■ 4 

<r{zt)+ 

t 0 

^ 1 

2 + = 0 . 

/ = 0 

nr = A. 


P?/i 

("t + A) 


+ ti = 


(y-) = (yO = 0- 


< = 4 

2 


i ~ 0 


a^ + K 


= 0 . 


It thus appears that the absolute invariant of our quartic 
in (13) gives the fundamental cross ratios for the cyclic 
common to the cyclide and to (y). This absolute invariant 
is a constant multiple of the ratio of the cube of a relative 
invariant of the second degree, whose vanishing gives the 
equiharmonic case, to the square of a relative invariant of 
the third degree, whose vanishing gives the harmonic case. 


Theorem 11.] In an arhitrary coaxal by stem are four 
s2:)lieres meeting a general cyclide in equiharmonic cyclics, 
and six meeting it in harmonic cyclics,"^ 

We return to the tangent sphere 

y. = {\ + ai)Xi. 

This will be null if 

{a^x^) = 0 . 


When this equation is satisfied, every tangent sphere at 
that point is null, i. e. the two tangent isotropies coincide, 
and we have a parabolic point. 


* This theorem and tlie tliree preceding are taken direct from Darboux, 
Sur line classe^ cit., pp. 280 ff. 


T 2 
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Theorem 12.] The locus of the parabolic points of a general 
vyclide is the intersection tvitli a second cycUde having the 
san\e fundamental S 2 dteres, 

It must not be supposed that the tangent isotropic to the 
cycUde at a point of this curve is tangent to the curve itself. 

The cyclide has covariants under the quinary orthogonal 
group analogous to those of the cyclic. Let our orthogonal 
substitution be 

J - 4 I / - 4 

X; = 2 2 = 1 . 2 ^ 

/ rr 0 ./ “ <» 


If the corresponding cyclidcs be 

(ax-) = 0, (a'x-) = 0, 

^ ^ i 

2 

^ rr: (» 

/ r- } 

"/ = 2 

I - O 

2 nr/ = 2 = 2 ('i- 


If thus 
we have also 


2 = « 
yr,/= 0. 


We may always snppo.se the first of these equations is 
satisfied by replacing the first of our equations (9) by a 
suitable linear combination of the two. If (y) be any sphere, 
we have the covariant 2 ^olar sphere 


If (x) and (x') be any two points of the cyclide inverse 
with regard to (y), the other sphere orthogonal to (y) in 
which (x) and (x') are also inverse is orthogonal to the polar 
sphere. The covariance of the polar sphere is thus evident. 
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All spheres orthogonal to {y) will have their polar spheres 
orthogonal to the anivpolar sphere of ( 2 /), 



lliis also is covariaiit, as we see by its definition. The locus 
of points whose polar spheres are null is our previous cyclide 

= 0 . 

The locus of points lying on their antipolar spheres is 



< 0 


Once more we write tlie tangent sphere 
Vi = + 

If this have stationary contact, the cyclic thereon must 
have a cusp, the class of the corresponding cartesian cyclic 
will be still further reduced, and so, by the reasoning which 
led up to 11 ], the first equation (13) has three equal roots, or 




y- V' 


=: 0 . 


(14) 


Now a quartic has three equal roots if the invariants of 
degree two and three both vanish. Hence we have an equa- 
tion of the fourth degree, and one of the sixth in y-, or, 


Theorem 13.] The conyriieitce of stationary tan gent spheres 
to a general cyclide is of the tiventy -fourth order. 

Theorem 14.] The locus of the centres of curvature of a 
general cartesian cyclide is a surface of the tccenty -fourth 
order,^ 

We see that a sphere is an adjoint surface to the general 


Darboux, Sur une clasbef cit., p. 289. 
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cartesian cycliclc. Cospherical circles shall be said to bo 
residual^ hence 

Theorem 15.] Iftiuo circles of a ey elide be coresidual, every 
circle residuid to the one is residual to the other also. 


Theorem 16.] Two residual, or tvoo coresidual circles of 
a genered cyclide are orthogonal to the same fundamental 
sphere. 


Theorem 17.] T^(Jo residual circles of a. cyclide meet twice, 
Hoo coresidual ones do not meet at all, two circles %chich are 
neither residual nor coresidual meet once. 


We have so far considered all systems of generation together ; 
a good deal of interesting information may be obtained by 
fixing our attention on a single generation. We rewrite the 

o o o 


equation 


Vi = 0, 



aji-ai. 


In an arbitrary coaxal system orthogonal to Xi = 0 there 
will be twm generating spheres of this system. If {y) and (z) 
be orthogonal to the fundamental sphere, and if 


2 


j = 0 


aj-Ui 




these two are harmonically separated by the spheres coaxal 
with them which are generators of the cyclide. If [z) be 
fixed, the spheres satisfying this equation will generate a linear 
congruence. The points common to the spheres of the con- 
gruence have the coordinates 


Xi : Xj : x ^. : Xi : x^,^ 


/ = 4 






, = 
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Let (x) be the point of contact of a generating sphere which 
is orthogonal to ( 2 /), and belongs to the present system 


J = ^ 

J = u ■ 


j = 4 

{x8) — 2 
j-o 


Theorem 18.] The generating spheres of one system ortho- 
gonal to an arbitrary sphere touch the cy elide in the p>oints 
of a cyclic anallagmatic in the corresponding fundamental 
sphere. 


If we keep {s) fixed and find the corresponding cyclic for 
another generation, 

; = 4 

a,, (xs) - 2 


subtracting 


j = 0 

(ai-af.) {xs) = 0. 


Theorem 19.] The generating sp)hcres of all five systems 
of a general cyclide orthogonal to an arbitrary sphere toiuh 
it in the points of five cyclics lying on five spheres of a coaxal 
system including the arbitrary spjhere. 

Since the generating spheres of one system form a quadric 
congruence whose members may be put into one to one 
correspondence with the points of a cartesian quadric surface, 
we see that there is an immediate correspondence between 
such a surface and one system of generation of the cyclide. 
Suppose, conversely, that we have a cartesian surface covered 
by two networks of circles, each circle of one network 
being cospherical with each of the other. The axes of these 
circles, that is, the lines through their centres perpendicular 
to their planes, will generate a quadric or two pencils. If we 
take two circles of one network, every circle cospherical 
with both is orthogonal to their common orthogonal sphere, 
as is, also, every circle of the same network. 
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Theorem 20.] The only irreducible surface which contains 
iroo networks of circles where each circle of one network is 
cospherical with each cf the other is a cyclide. 

The correspondence between the generating spheres of one 
system and the points of a quadric appears very clearly in 
the cartesian case where the quadric is the corresponding 
deferent. Here we have* 


Point of deferent. 
Generator. 

Residual generators. 
Coresidual generators. 
Conic on deferent. 


Generating sphere. 
Circle of cyclide. 
Residual circles. 
Coresidual circles. 
Conic series. 


This may also be looked upon as a means of establishing 
a one to one correspondence between the points of the 
deferent and the pairs of points of the cyclide which are 
mutually inverse in the corresponding fundamental sphere. 

Suppose that we have the cartesian cyclide with the general 
pentaspherical equation (9). Eliminating Xi we have 
./ = 4 

2 = 0 . - «;)• ( 15 ) 

^ - 0 

Let the condition for a planar sphere be 

= 0. 


If (z) be the coordinates of the centre of a sphere (s), 

Sj=Xzj + ,.iVj. 

If (s) be a generating sphere of the present system, we get 
the equation of the deferent 


sv = 0. 


J = 4 


{WiZj-WjzX 




= 0, j ^ i. 


* Cf. Moore, ‘ Circles orthogonal to a given sphere*, Annals of MathematicSj 
Series 2, vol. viii, 1907. 
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An arbitrary sphere tangent thereto at (z) will be 

Hi ^ " 'r " ■ '5 

^ = 0 v’ 


Vk = i'^i^k - 


Tliis will be a plane if it satisfy the condition of being 
orthogonal to (w), i. o. A' = 0. 

Calling this the plane (r), and the angle of intersection 
with Xj = 0, 6 1 , 

r ' ' "" ' 

cos 6 - = , ' : - , 2 b - cos^ 6: = 0, j ^ i. 

■> V{rr} ■' 

But the cosine of the angle which a plane makes with 
a sphere is the distance from the centre divided by the 
radius. This yields the curious theorem due to Casey.* 


Theorem 21.] If the equation of the (jeneral cartesian 
cycllde he reduced to squared terms, and if one vaHable he 
eliminated hy means of the ulentity, the resulting form will 
be identical %uith that ivhich gives the q^iadriplanar equation 
of the deferent corresponding to the variable eliminated, the 
tetrahedron of reference being that whose vertices are the centres 
of the four remaining fundamental spheres, and the coordi- 
nates of a plane being qwoportional to the distance from these 
centres divided by the corresponding radii. 

Let us write the tangential equations 


j 4 


2 (‘v 







-»,.)?•/ = 0, 


subtracting 


(«/.-«;) (»’'•) = 0, 


This is characteristic of isotropic or minimal planes. 


* On Cydides, cit., p. 598. Tho form there given to tlie tlieorems is not 
sufficiently precise. The next six theorems are from the same source. 
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Theorem 22.] The five deferents of the yeneral cartesian 
cyclide are confocal. 

Theorem 23.] Given nine spheres orthogonal to a tenth, 
there is always at least one cy elute tangent to each at a pair of 
points inverse in the tenth sphere, and, conversely, if nine 
pairs of points he given inverse with regard to a sphere, there 
is at least one cyclide passing through all and inverse in the 
given sphere. 

Theorem 24.] Given eight spheres orthogonal to a ninth, 
%chich is not null. There is edways a o^ie-parameter family 
of cyclides haviitg double contact with these and with the 
spheres of a series. In special cases there may he a two- 
parameter family of cyclides having double contact with the 
eight spheres 

Theorem 25.] Given eight pairs of pyoints inverse in a 
sphere. There is always a pyencil of cyclides anallagmatic in 
the sphere through these i^oints, and in special cases there may 
lye a two-parameter family of such cyclides. 

Theorem 26.] All cyclides having double contact with seven 
spheres orthogonal to a given not null sphere have double 
contact with an eighth sphere orthogonal thereto. 

Theorem 27.] All cyclides passing through seven pairs of 
jyoints inverse in a given sphere through an eighth 

such pair. 

Let us now turn more definitely to the cartesian cyclide. 
Here, in the general case, there are five deferents, confocal 
quadrics. To find the points of contact of any generating 
sphere we must drop a perpendicular from the centre of the 
corresponding fundamental sphere upon the tangent plane to 
the deferent at the centre of the generating sphere, and find 
where this perpendicular meets the latter sphere. This method 
will hold for every anallagmatic surface. When the point 
of contact of the generating sphere is on the circle at infinity, 
the tangent plane to the deferent will contain the tangent to 
the circle at infinity at the corresponding point. But this 
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plane will touch the c^^clidc also at this infinite point, for the 
line connecting this point with the point of contact of the 
plane with the deferent should be normal to the cyclide, 
and the corresponding tangent plane is the plane just drawn. 
We are thus led to the double focal curves of our cyclide ; they 
are the double curves of the developable of tangent planes 
along the (double) circle at infinitj^ These, unlike the focal 
curves, are not covariant for inversion.* 

Theorem 28.] The double focal curves of Lice general cartesian 
cyclide are the focal curves of the corresponding deferents. 

We may pass from one generation of such a cyclide to 
another as follows. The points where a cyclide cuts one 
fundamental sphere arc the points of contact of the latter with 
the developable tangent to this sphere, and to the correspond- 
ing defei'ent. Tliis developable being of the fourth class, and 
elliptic in type, has four conics of striction. A point on one 
is the centre of a sphere having double contact with the 
cyclide, hence 

Theorem 29.] The four quadrics confocal with the given 
deferent^ and each passing through one conic of striction of the 
developable tangent to this deferent and the corresp)onding 
fundamental S 2 )here, will be the four other deferents. 

If we consider the plane of one of the conics of striction, we 
see that it contains the centres of four spheres common to two 
generations, and so orthogonal to two fundamental spheres. 
It is thus a radical plane for two fundamental spheres, and so 
must bear a sy mmetrical relation to them and to the corre- 
sponding deferents. 

Theorem 30.] If hvo deferents be known, and the fumlct- 
mental sphere corresponding to the first, that corresponding to 
the second is found as follows. The planes of that conic of 
si^nction of the developable determined by the first S 2 )here and 
deferent which lies on the second deferent %vill cut the first 
deferent in a conic. The developable circumscribed to this 
conic and the second developable will touch the sphere required. 


* Darboux, Sur une classe, cit., for this and the two following. 
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We saw recently that the planes tangent to a cartesian 
cy elide along tlie circle at infinity will touch all five deferents. 
Through each tangent to the circle will pass two planes 
tangent to the deferents. These planes will fall together 
when, and only when, a tangent to the circle at infinity 
touches also a deferent ; hence the five deferents and the circle 
at infinity touch four (usually distinct) lines. The points 
of contact with the circle at infinity will be points of all the 
focal cyclics. 

Theorem 31.] The (jeneral cartesia n cydide has four ijitich- 
2 X)ints Oil the cirde at injinity, tchich are coininon to all the 
focal cyclics. 

Let us look for a normal form for the equation of a cydide 
in rectangular cartesian coordinates. We begin by noticing 
that the locus of the centres of gravity of the intersections 
of a general cartesian cydide with sets of parallel lines is 
a plane, the polar of the infinite point common to the lines. 
If a point trace a line in the plane at infinity, its polar line 
in each plane section through the infinite line will, by IV. 16], 
rotate about a point; hence its polar plane rotates about 
a line. Any two such lines must intersect; hence 

Theorem 32.] The polar of all infinitely distil nt 

2 )oints with reyard to a (jeneral cartesian cydide pass throiujh 
a fixed finite point. 

This point shall be called the cadre of the cydide.* If 
we consider the plane of a focal conic of any deferent, we 
see that the foci of that conic are double foci of the cydide, 
and of the sections thereof in that plane; hence, by IV. IG] 
and (20), 

Theorem 33,] The centre of the (jeneral Euclidean cydide 
is the common centre of (dl five deferents. The planes of the 
focal conics of the deferents cut the plane at infinity in the 
side-lines of the dkujonal triaiKjle of that complete quadramjle 
whose vertices are the pinch-poiids* The tangent planes to 
the cydide at the pinch-jioints pass through the centre. 


* Theorems 32 and 33 are from Humbert, loc. cit., p. 132. 



VII 


PENTASPHERICAL SPACE 


301 


The canonical form for the equation will thus be 

= 0. (16) 

We now return to pentaspherical space. Before studying 
systems of cy elides let ns look most briefly at one or two 
special types under the quinary orthogonal group. The 
general cyclide being characterized as before by [l 1 1 1 l], 
let us look at the type [2 111]. This notation means that 
in the homothetic pencil of qu'nlratic complexes 

y = .1 

2 ('{jaiiXj + p {xx) = 0, 

two, which are simply singular, have fallen together. This 
gives the limiting case of the general complex when two 
spheres of inversion fall together. As, however, they are 
mutually orthogonal, in the limiting case the double sphere 
must be null. The vertex of this double sphere must be 
a conical point for the cyclide, for the surface is anallagmatic 
in three mutually orthogonal spheres containing this point. 

Theorem 34.] Tlui cyclide of the type [2 111] i)i penia- 
spherical space has one conical point, and is anallagmatic 
in three mutually orlhogomd spheres through that point. It 
is covered ovith, eight systems of circles, residual in imirs, 
of which one pair (fsydems pass through tlte conical point. 


Theorem 35.] The cartesian cyclide of type [2 111] may 
he inverted into a non-degenerate quadric surface, not a 
surface of revolution, unless the fundament(d nidi sphere is 
qdanar. 

Let us next take the type [(11)111]. Here there will 
be a doubly singular complex in the homothetic system, 
whose correlative is a series of spheres. We may write the 
general equation for our complex 


(gyrf-\-apvp-\-a.^,rf 


(17) 


Theorem 36.] The pentaspherical cyclide of the type 
[(1 1) 1 1 1] has tivo conical points, and is the envelo2)e of the 
spheres of a general conic series. 
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A tangent sphere to our surface will have the coordinates 

Vq ~ (^0 d" A) , 2/i ~ (^1 + ^1 ? 2/2 ~ (^2 "I" ^2 > 

= 2/4 = -^^ 4 - 


For the sphere orthogonal to a:.^ = 0^4 = 0 wc have X = 0. 


Putting 




0 , 1 , 2 . 


Onr surface is the envelope of the conic scries of spheres 


2/o^ + :r2/i' + 


a. 


2/2 


2 ^ 


0 , 2/3 = 2/4 = 0 . 


Theorem 37 .] The pentas 2 )herlcal cyclUle of the type 
[(1 1) 1 1 1] has seven syste^ns of circles, Six are mutually 
residual in pairs. The circles of the seventh system all pass 
through two conical 2 ^(^^fds and are characteristic circles 
of the S 2 )hercs of a general conic series luhich envelop the 
cy elide. 

Theorem 38 .] The Euclidean cyclide of the tyjye [(1 1) 1 1 1] 
may be inverted into a quadric cone, not of revolution, unless 
the fundamental mdl sphere is 2^l(('7iar. 

As a last type consider [(1 1) (1 1) l]. Here there are two 
distinct doubly special complexes in the hoinothetic system ; 
the surface may be enveloped in two ways by the spheres of 
a conic series. 

Theorem 39 .] The cyclide of the tyi^e [(1 ])(1 1)1] is a 
Diiinn cyclide. 

The Dupin series and eyclides have only been defined in 
cartesian space, but the definitions carry over immediately. 

We have already defined as confocal two quadratic com- 
plexes whose correlatives are homothetic; the eyclides generated 
by the null spheres of confocal complexes shall be defined as 
confocal eyclides. If our original cyclide have the equation 
(9), the general form for the confocal system will be 
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Theorem 40.] The cy elides which are irreducihle and 
confocal with a general cyclide are themselves general. The 
Jive fundamental spheres, each counted twice, are the only 
reducible cyclides in a general confocal system. 

We mean, of course, by a general confocal system one 
composed of general cyclides. We see at once in (18) that 
if {x) be known, we have a cubic equation in A. 

If Aj and Ag be two roots, and we take the tangent spheres 
{x'), (x'f where 







Theorem 41.] Through each poi)it of space ivill pass three 
mutually orthogonal cyclides of a general confocal system. 

The word ‘ space ' here means ‘ pentaspherical space ’ ; in 
cartesian space we must restrict ourselves to the finite domain. 
We have from the Darboux-Dupin theorem : 

Theorem 42.] The lines of curvahire of a general cyclide 
are its intersections with confocal cyclides. 

We get immediately from our definition, or from (18), 

Theorem 43.] Confocal cyclides hare the same focal curves. 

The fact that the focal curves of a cyclide are of the same 
type as the intersections with an arbitrary sphere leads to 
some curious results.* We start with the general cyclide 

(ax^^) = (xx) = 0. (9) 

* The remaining theorems in tliis chapter are due to Darboux, Sur une 
classe, cit., pp. 327 ff. The proofs there given are not easy to follow. 
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Let (y) be an arbitrary sphere, and consider the cyclide 


yi‘ 'S' 


0,1 + A + A 

: 0 i f) » ' 


'S 

L; = o“i + \ 


= 0 . 


(19) 


This will bo found to be anallagmatic in {y). The tangent 
sphere at (a;) orthogonal to (y) will be (a?'), w'here 


/= 'V Vi j^i 

* = '^b'+ ^ L«i + Aj 


Vi 

+ A 


2 K + X)at/2= {yx') - 0. 


The intersection of our original cyclide with (y) will be 
a focal curve for the new cyclide. By varying A we get 
a confocal system of new cyclides, and each is tangent 
along a cyclic to a cyclide confocal with the original one. 

Theorem 44.] The cyclides having for one focal curve the 
cyclic couimxm to a general cyclide and. an arhitrary sphere 
are confocal^ and each is tangent along a cyclic to a cyclide 
confocal with the original one. 

Conversely, let us take an arbitrary cyclide tangent along 
a cyclic to the general cyclide of our system, 


; = 4 


X: 


+A(0af = 0. 

;_„«» + A 


If we write 

/ 4 

2/i = («i + A)2;/, = 

we fall back on (19). 


a: 4- A 
0 ^ 


Theorem 45.] The focal curves of all cyclides loud ting 
a general cyclide along a cyclic lie on cyclides confocal with 
the given one. 


Theorem 46.] If a sphei^e cut a general cyclide in a cyclic, 
that will he a focal cui've for five cyclides each containing one 
focal curve of the original cyclide. 
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We see, in fact, that, considered as envelopes, the focal curves 
are limiting cases of the confocal cyclides ; we then apply 44], 


Several ideas for continuing the geometry of pentaspherical 
space will occur to any one after reading the preceding 
chapter. We have made no mention of problems of con- 
struction ; it would be easy to lead up to the solution of the 
problem of drawing a sphere tangent to four others exactly 
as we did to the corresponding problem in Ch. IV. It seems 
certain that some of the other cyclides deserve a more detailed 
study than we have given to any but the general and Dupin 
cyclides. The residuation theory for curves on cyclides should 
be easy and interesting. 


1702 
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CHAPTER VIII 


CIRCLE TRANSFORMATIONS 

§ 1. General Theory. 

We have frequently had occasion, especially in Ch. IV, 
to draw distinction between the cartesian and the tetracyclic 
planes. There is a one to one continuous correspondence 
between their circles, but not between their points, for they 
have different connectivity. In the cartesian plane we con- 
sidered, besides the angles of circles, the positions of their 
centres and the magnitudes of their radii. In the tetracyclic 
plane we considered only those properties of circles which 
are invariant for inversion, or for quaternary orthogonal 
substitutions. No circle has an absolute invariant under 
this group, although the expression (xx) is a relative invariant. 
The cosine of the angle of two circles is, howcvei’, an absolute 
simultaneous invariant of two not null circles, and they have 
no other invariant independent of this. 

We next observe that although we have said a good deal 
about this invariant we have paid next to no attention to 
the transformations themselves, except the inversions and 
conformal collineations of the cartesian plane. It is the 
purpose of the present chapter to discuss the various types 
of circle transformations and the groups thereof.* 

Let us begin by defining as a circle traai^formation any 
analytic transformation that carries circles of a plane into 
circles. In circle coordinates this will be 

/y ^ ( Of* 

\*^U *^2 *^3 *^^4 / > 


* For aa elaborate treatment by pure geometry see Sturm, Theorie der 
geometrischen Verwandtschaften, vol, iv, Leipzig, 1909. An admirable analytic 
introduction is given by DOhlemann, Oeometrische Trans/ormaiionen, cit. 
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where {x') represents a circle. If, further, null circles are 
carried into null circles, 

(xx) = k (x^x'y\ 

Here k must be a function of the coefficients of the trans- 
formation only, as otherwise not null circles of the congruence 

= 0 would be carried into null circles. 

Let us next assume that our transformation is algebraic 
and one to one. Such a transformation might be engendered 
as follows. The circles of the plane are in one to one corre- 
spondence with the points of a three-dimensional projective 
space ; the null circles in one to one correspondence with those 
points of the space which lie on the Absolute quadric. If we 
take the most general Cremona transformation of space 
which leaves the quadric in place, we have the required 
circle transformations. Now this Absolute quadric may be 
stereograph ically projected on the pi’ojcctive plane, and the 
Cremona transformation of space in question will give 
a Cremona transformation of that plane. Conversely, let a 
Cremona transformation of the plane be given. If that be 
expressed in tetracyclic coordinates, it will be a transformation 
of projective space which leaves the Absolute quadric invariant. 
There remains, lastly, the question, could not two different 
Cremona transformations of projective space produce the same 
Cremona transformation of the Absolute quadric? If such 
\vere the case, the product of the one and the inveise of the 
other would be a Cremona transformation where all points 
of the quadric were invariant. Such transformations do not, 
however, exist. For suppose we had one, 

pX.=fi{Xg'... X/). 

Putting x/ = x^, and eliminating p, 

= 0 - 

We must then have 

Solving these equations for/^-, we find that each contains 

V 2 
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(oox) as a factor, an absurd result, as we should naturally 
remove such a factor at the start. 


Theorem 1.] The group of all algrhraw circle transforma- 
tions of the plane ^chich carry null circles into nnll circles 
is simply isomorphic with that of all Cremona transformations 
of th e ca rtes ia n 2 l<^oe,^ 

An interesting sub-group of these transformations is com- 
posed of those which carry tangent circles into tangent circles. 
We shall reserve to a subsequent chapter the discussion of 
these. Let us rather note that although our transformations 
carry points into points, and circles into circles (in the tetra- 
cyclic plane), we have not yet required that they should carry 
points on a circle into points on another circle. For this we 
require the additional restriction 

(ax) = (a x') if (x'x') = 0. 

The first of these equations must be independent of the 


second, for 

i. e. 




^X : 


const, for all values of (x) where (x'x) = 0, 


gi, = 4,+i(,.vr. 


This equation is not homogeneous, as it should be unless 

k = 0 . 

Now the most general analytic transformation of four 
homogeneous variables that carries a linear form into a linear 
form is a linear transformation, and since (xx) is covariant, 
we shall always have 


_ (•''//') 

V(xx) 7 [yy) V(x:y) \^(y'y'~) 

Theorem 2.] The oiwst general transformation of the teira- 
cyclw plane that carries a point into a pointy and the p)oints 
of a circle into pyoints of a circle, is an orthogonal suhstitydwn. 
We shall call such transformations circular transformations, 
and study them in detail analytically pre.sently. For the 


* Nothing seems ever to have been published about these general trans- 
formations. The Author’s attention was called to them by a conversation 
with his colleague Prof. C. L. Bouton. 
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moment we confine ourselves to the real cartesian plane, and 
approach the subject of circular transformations l)y pure 
geometry.* 

We begin by returning to the domain of Ch. I, the real 
finite cartesian domain, and inquire what will be the nature 
of a transformation which is one to one, with the exception 
of a finite number of exceptional points, and carries points 
on a circle or line into concyclic or collinear points. Let 
such a transformation be called T, P, and P', two corresponding 
points. The circles through P will go into circles through P'* 
If we precede T by an inversion with P as centre, and follow 
it by an inversion w ith P' as centre, we have a transformation 
T' of the same type as P, which carries lines into lines. It is 
clear that parallel lines will go into parallel lines, for if two 
intersecting lines were carried into parallels, the oo^ circles 
through the intersection would go into co^ circles meeting 
each parallel once; such circles do not exist in such numbers. 
A parallelogram will go into a parallelogram, an inscriptible 
parallelogram into an inscriptible parallelogram, i.e. a rectangle 
into a rectangle, a square into a square, since a square is the 
only rectangle with mutually perpendicular diagonal lines. 
Now a necessary and sufficient condition that a point should 
be between two others is that every line through this point 
should intersect eveiy circle through the other two twice, and 
this is invariant under our transformation T\ Let carry 
the square ABGD into the square A'B'C'Jf, We may follow T 
by a rigid motion of the plane and a similarity transformation 
which carries A^B'G'iy back into ABGD, when corresponding 
orders of letters correspond to the same sense of progress about 
the perimeters of these squares. Where the sense of progress 
is opposite, we may accomplish the desired result by first 
reflecting in a diagonal line of one square. In any case we get 
a transformation of the same type as T\ which leaves 

* The groundwork of what follows is from Mdbius’s Collected Works, 
vol. ii, p. 243, Leipzig, 1886, He defines a circular transformation as being 
necessarily continuous, but wo have avoided that assumption by following 
Darboux, ‘ Sur la g<5ometrie projective \ Math. Annalen, vol. xvii, 1880, 
and Swift, ‘ On the Conditions that a Point Transformation of the Plane he 
a Projective Transformation^, Bulletin American Math. vol. x, 1904. 
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ABGD in place. Now if a square be invariant, every square 
contiguous, that is, sharing one of its sides, is invariant. 
Moreover, if a square bo invariant, the four equal contiguous 
squares into which it can be divided will bo invariant. Hence 
the plane is covered with an everywhere dense network of 
invariant squares of sides as small as we please, and as 
betweenness is invariant every point is invariant. Hence 
T" is the identical transformation, T' is a conformal collineation, 
and T is the product of such a collineation and inversions. 
As a matter of fact, if T be not itself a conformal collineation, 
it will carry straight lines into circles meeting in only one 
point not exceptional for the transformation, i.e. into circles 
through a singular point, and maybe factored into the product 
of a conformal collineation and an inversion with the singular 
point as centre. 

Theorem 3.] Every circular transformation is either a 
conformal collineation, an inversion, or the lyroduct of 
the two. 

Theorem 4.] Every circular transformation is conformal. 

We may sharpen our idea of conformal transformations by 
using the angular notation described on p. 20. If 

i^ABG = 

i^JBG=l^Ani^^ or :^AmJ=7^(rB'A\ 

The first equality holds when the two directed angles have 
the same sense of description, the second when they have 
opposite senses. 

Suppose now that we have a conformal collineation, and 
that 

Hence ABGD are concyclic, as are A' B'G' D\ 

4^A'T)^' = 4.T~B^' = 4^A^ = t-ADG. 

Here 4-ADG, l^A'D'G' are any two equal angles; we may 
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at once extend to the case of any two commensurable angles, 
and so to any two angles, so that if 

4^A'l3'~0\ 

then ^ HKL = ^ IV 

Such a collineation is said to be directly conformal ; if the 
sense of description be reversed in the case of one angle it 
will be for every angle, and the collineation is said to be 
inversely conformal. The concepts of directly and inversely 
conformal may be extended from collineations to conformal 
transformations of any sort ; in the one case the sense of every 
angle is preserved, in the second it is reversed. Since by 
I. 9] an inversion is an inversely conformal transformation, 
if we factor a circular transformation into a collineation and 
an inversion, the circular transformation will be directly 
(inversely) conformal if the collineation be inversely (directly) 
conformal. 

Theorem 5.] The (jro%ip of all circular transformations 
depends upon six parameters, and has a six-parameter sub- 
group of all directly conformal circular transformations, 
and a six-parameter sub-assemblage of all inversely co) formal 
circular transformations. 

We may find the number of parameters by counting the 
amount of freedom in conformal collineation, and in an inver- 
sion, or by the number of arbitrary points presently to bo 
determined. The sub-group is called the group of direct 
circular transformations, the sub-assemblage is composed of 
the indirect ones. 

Consider a directly conformal collineation. If there be no 
fixed point it is a translation. If there be a fixed point, 
the product of this transformation and a properly chosen 
similarity transformation is a directly conformal collineation 
which keeps one, and hence all, distances invariant. Let 
the reader show that this must be a rotation or translation ; 
hence 

Theorem 6.] Every direct circular transformation may 
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be factored into an even number^ and every indirect one into 
an odd number of inversions or reflections. 

We shall determine the minimum values for these numbers 
with greater precision later. Our theorem is of importance 
as showing the basal role played by inversion in the theory 
of circular transformations ; it is, in feet, the reason why 
inversion lies at the very heart of the geometry of the circle. 


Theorem 7.] Every direct or indirect ciretdar transforma- 
tion is completely determined by the fate of three points. 

Wo leave the proof, which is very simple, to the leader. 
The great use of tlie theorem is that it enables us to write 
the anal}’tic expression for the most general circular trans- 
formation of the cartesian plane. If x and y be the cartesian 
rectangular coordinates of a real finite point^ let us put 

e = x^‘iy, z = 

A real circle will have an equation of the type 
Izz fjL z fj. z n — 0. 


The most general real direct circular transformation may 
then be written* 






ocz 4- 1'^ 
yz + d 


yz -i-h’ 


{ah-f-iy) 0. 


( 1 ) 


The most general real indirect one will be 


ocz-\-l3 
}z + d' 


ocz + /4 
yz + b 


(a8 — /iy) ^ 0. 


( 2 ) 


Let us confine ourselves for the present to direct transforma- 
tions. Suppose that the four points A, B, 0, D are carried 


* For a truly admirable discussion of circular transformations starting 
with these equations see Cole, ‘ Linear Functions of the Complex Variable 
Annals of Mathematics j Series 1, vol. v. Also Dohlemann, loc. cit. 
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into the points A^, B\ G\ 1J\ For any inversion of reflection 
we have by I. 4] and 7] 

4^^bI^4^AD(J^ ~ (3) 

(AB)(CD) A' 

{AD) (OB) ” (A'D') {G'B') ^ ^ 

The first of these expressions is called the thmhle angle of 
the four points, the second their double ratioA 

Theorem 8 .] In every direct circular transformat io a double 
angles and double ratios are invariant. 

It is worth while to verify this analytically. If four poinis 
correspond to the parameter values ^ 3 J ^ 4 j trans- 

formed values are zf zf, 

{z^ — 0 .^) {z.^ — Z ^ ) _ (^1 ~ ^ 2 ) fe ^4 \ /^\ 

(^1 ““ (-^3 ~ ''^ 2 ) ~ ^4 ) (^3 ~ * 2 ) 

Now {Zi — zfj = Jind by taking the absolute values 

of both sides we find the equal double ratios. Again, the 
argument of z^--Z 2 is the angle which the lino AB makes with 
the axis of x, so that 

argument p- -- = i^GBA. 

^ 3 ^2 

The argument of the left-hand side of the equation is thus 
t^~GBA-{-t-ADG, 

Theorem 9.] The modulus of the cross ratio of four val ues 
of the coiirplex variable is the double ratio of the four corre- 
sponding p>oinls in the Gauss plane; the argument is the 
double angle of these four poinis. 

Theorem 10 .] A necessary and sufficient condition that 
four real points of the cartesian plane should be concyclic or 
colli near is that their double angle should be congruent to 
0 , mod. 77 . 


* These invariants are due to Mdbius, loc. cit. 
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Theorem ll.J A necetsary and snfficient condition that 
four points should he orthocyelic is that their double ratio 
should have the value 1. 

Since harmonic points are both coney die and orthocyelic, 
their double angle is zero and their double ratio unity. 

Let the reader show that in tetracyclic coordinates 

- ^4) (^1-^2) { Z ' a - H ) _ 

{xt) (yz) “ (01 - s J (S3 - 0.,) (01 - 04) (03 - 03) ■ 


The expression for the double ratio is thus 



( xy) (zt) ^ 
(xt) {zy) ‘ 


To 6nd the expression for the double angle we take the 
special case where three of the points are the origin, the unit 
point of the x axis, and the infinite point (there is but one in 
the Gauss plane). We thus get 


sin double ^ 


i\^jzt\^ 

V(xy) VW) ' 


Let us find the locus of a point in space forming an ortho- 
cyclic set with three given points B, ( 7 , /). We wish to find X, 
so that 

{XB) {CD) _ 

{XD)\GB)'- * 

One point of the locus will be A, the harmonic conjugate of 
C with regard to B and D, When A, B, C\ D are collinear, we 
see, by elementary geometry, that the locus is the sphere on AG 
as diameter. Moreover, since double ratios are invariant for 
inversion in three dimensions, the locus is always the sphere 
through B and D orthogonal to the circle BCD. More 
generally, if 

(XB) (CD) 

{XD) (CB) ~ ^ 


we see that the locus of X is a sphere orthogonal to the 
circle BCD, 

Two circles shall be said to be in hi-involution if every sphere 
through one be orthogonal to every sphere through the other. 



YIII 


CIRCLE TRANSFORMATIONS 


315 


This relation is clearly invariant for inversion in three dimen- 
sions, and if one circle be inverted into a straight line, that 
line will be the axis of the inverse of the other circle. 

Let A and G lie on a circle, B and D on another in bi- 
involution therewith. Taking a centre of inversion on the 
AC circle, 

(AB) {CD) _ {A'B') {C'U) _ 

{AD) {CB) “ {A'D') {C'B') “ 

since (A'JSO = (A'i)'), {C' D') ^ (OY/). 


Hence 


{AB) ^ {CB) 
{AD) {CD)' 


Theorem 12.] If hvo circles be in hi-involiition the ratio 
of the distances of any ^loint on one from two fixed yoints 
of the other depends merely on the position of the latter,^ 

We write again 

(^1 — ^4) ~ -2) 

If our four points be on a circle, the double angle is zero 
or 77. Assuming that A, C separate B, Z), we see from the 
special case of points on the x axis that 

{AB) { CD) ^ ^ . 

{(^^B){AD) ^ • 

^ { AG){B D) _ 

(BG){AD) 

(AG) {BD) = {AB) {CD) + {AD) {BC). 


This last equation proves Ptolemy's theorem by a method 
that surely would have surprised Ptolemy. 

We easily see from ll] that the locus of points forming 
definitely paired orthocyclic sets with three given points and 
lying in their plane is a circle, hence 

Theorem 13.] A necessary and siifiicient condition that 
a one to one transformation of the finite domain of the real 


Mfibius, loc. cit., p. 277, and Cliasles, loc. cit., p. 559. 



816 CIRCLE TRANSFORMATIONS CH. 

plane should he a circular irausformationy is that double 
angles or double ratios should be invariant. 

Among circular transformations inversion enjoys the advan- 
tage of being involutory. It is, however, indirect. Tliere is 
a direct involutory transformation which we reach as follows. 
Let us start with two conjugate coaxal systems. Each point 
P, other than the limiting points of one coaxal system, will 
determine a circle of each system, and these two shall inter- 
sect again in P'. The transformation from P to P^ is clearly 
involutory, and shall bo called a Mobius involution. If we 
invert one coaxal system into a pencil of radiating lines, 
we see that corresponding points are harmonically separated 
by the limiting points of one coaxal system. The inverted 
transformation is clearly a circular transformation ; hence we 
have in general a circular transformation. In the inverted case 
it is the product of the reflections in any two mutually per- 
pendicular lines of the radiating set ; hence 

Theorem 14.] Every Mobius involution is the product of 
inversions in any lux) mutually orthogomd c inies of a deter- 
minate coaxal system through two j>oin(s. 

It will be convenient to extend the term 'Mobius involu- 
tion ’ to include the limiting case of a reflection in a point, 
which is the product of reflection in two mutually perpendicular 
lines, and from now on we understand the term to be so 
extended. 

Theorem 15.] A Mobius i nvolut ion may he found to inter- 
(hange any Vivo pairs <f points. 

If the two pairs be concjclic, the two circles orthogonal to 
the given circle through the two pairs of points will determine 
conjugate coaxal systems, or concentric circles and radiating 
lines through their centres, and so the involution required. 

Suppose that they are not concyclic, and that P and Q are 
to be interchanged with P' and Q' respectively. We first 
invert in such a circle of antisimilitude of the circles PE'Q, 
PP'Q\ that Q jmsses to on the circle PP'Q\ where is not 
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separated from Q' by P and P\ then interchange and Q' 
by inverting in a cii'cle of the coaxal system with limiting 
points P and P\ 

Theorem 16.] Every involutory direH circular trans- 
formMion ia a Mobius involution. 

Such a transformation is surely determined when we know 
two pairs that are interchanged, but we may find a Mobius 
involution to interchange any two pairs. 

Theorem 17.] If a direct circular tram^formation inter- 
change a single pair of points it is a Mobius involution. 

Suppose that such a transformation carry ABCC' into 
BAG'C'\ If we follow with the Mobius involution 

BACrc^'^ABC^'C', 

the product will have three fixed points and so be the 
identical transformation. 

Theorem 18.] Every direct circvlar transformation is the 
product of tivo Mobius involutions.^ 

Suppose that we call our transformation T and determine 
it by ABG^ MB' Cy. 

Consider the Mobius involution I which interchanges 
A and B', A' and B, Then under TI 

B' A'K^ A'B'G'. 

Hence TI is an involution J*, or T = JL 

Theorem 19.] If an indirect circular transformation be 
involutory. it is either a reflection^ an i}bVersion, or the product 
of an inversion and a reflection in the centre. 

If it be a collineation, it could not bo a reflection in a point, 
since this is direct. There can be no self-corresponding 

* It is instructive to compare these last theorems and 7] with theorems 
4] to 6] of ch. iv. Lot the reader give the analytic reason for the similarity. 
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points, hence lines connecting corresponding points are all 
parallel, and we have a reflection in a line. 

Suppose, next, that it is not a collineation. Three non- 
concurrent and not parallel lines will go into thi'ee concurrent 
circles, since the sum of the angles of the arcual triangle must 
bo 77. Any other line in the plane will go into a circle or line 
meeting each of the first three in only one point not singular 
for the transformation. Hence lines go into circles through 
a point 0. If P and P' be two corresponding points not 
collinear with 0, the circle OPP' and the lino PP' are inter- 
changed. The angle from {PP') to arc PP' at P would be 
equal to the negative of the angle at P' from the arc P'P to 
(P'P). But evidently these angles are equal both in magni- 
tude and sign. Hence corresponding points are collinear with 
0. If P and P' bo not separated by 0 every circle through 
P and P' is transformed into itself, and clearly we have an 
inversion. If P and P' be separated by 0 it is the product of 
an inversion and a reflection in 0. 


§ 2. Analytic Treatment. 

The majority of facts so far noted about circular transfor- 
mations have been reached by the methods of plane geometry. 
It is now time to make a more detailed study of the analytic 
aspect of these transformations. We shall take as our domain 
the real sphere, or a real tetracyclic domain such as the Gauss 
plane, the real finite cartesian plane made a perfect continuum 
by the adjunction of a single point at infinity. This may 
also be defined as that region of the general tetracyclic plane 
where Xq is proportional to a pure imaginary number ; each 
other X is proportional to a real number. Since the groups of 
circular transformations of the cartesian and tetracyclic planes 
are simply isomorphic, wo have made no essential alteration 
by such a choice of domain. We express our domain para- 
metrically in terms of the isotropic parameters. Recalling 
the equations of IV, 


Xq == ix^, 


^2 — ^3 — ^3* 




(6) 
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We rewrite IV (13) in non-homogeneous form : 
x^, = zl+l, 

Xi = zz — 1, 

x.^ = —i(z — z). 

We get the whole tetracyclic plane by removing the 
restriction that 0 and z should have conjugate imaginary 
values. Real direct circular transformations will be given 
by (1) and indirect ones by (2). A direct transformation 
has the form of a complex one-dimensional projectivity, so 
that our theorems 16] to 19] might have been deduced from 
familiar theorems of projective geometry.* 

The inverse of our transformation (1) will be found by 
interchanging a and — 5 ; a necessary and sufficient condition 
for a Mobius involution is thus 

(X + 6 = 0. (8) 

On the other hand, the inverse of (2) is 
- - 

yz' — a 

The transformation (2) will thus be involutory if 
6 = - (5(, fS = 0 = y =1 y = c. 

All points of the circle 

czz-hbz + bz—b =0 (11) 

are invariant. If this be real, we have an inversion ; if self- 
conjugate, imaginary, the product of an inversion and a Mobius 
involution. 

If we follow our transformation (1) by 

y z +0 

* This point of view is emphasized by Wiener, loc. cit. Much of the 
following discussion is taken from an article of unusual excellence by 
Von Weber, ^Zur Theorie der Kreisverwandtscliaften in der Ebene 
Milnchener Berkhte, xxxi, 1901. 


(f) 

( 10 ) 
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the product will be 

^ + («'/^ + ft' 

{y'oc-^b'y) Z-\-{y'f3 + b'd) 

If (2) be followed by 

^ ^ + ft' 

I S'' ’ 

y z -{-0 

the product is 

4- ft'y) w + (oc^ ft -f //5) ^ .. V 

(y'oi + b'y) Z -f (y'/3 + 6'§j 

Let us see what fixed or self-corresponding points there may 
be in a circular transformation. We begin with the indirect 
ense. Here vve must have 

yzz-\-bz — 0(z ~ l3 = 0 , 
yzz-hbl-az-ft = 0. 

Here, if the equations be distinct, we have two real and 
distinct, coincident, or conjugate imaginary fixed points. If 
they be identical, i.e. if 

y =r y, ft - ft> 5 = - 5, 

the transformation is involutory, and we are back on a real 
inversion, or an inversion in a self-conjugate imaginary circle, 
which amounts to the product of an inversion and a Mobius 
involution. We pass to the more interesting direct case. 
Here the fixed points must be the roots of 

y^^-f (5~0() 0~/I = 0. (14) 

The discriminant of this equation is 

{h -f — 4 {(Xh — fty). 

When this vanishes, the transformation is said to be para- 
holic. If the single fixed point of the parabolic transformation 
correspond to the value 0 = go, the transformation may be 
written in the canonical form 




( 15 ) 
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Theorem 20.] Corresponding points in a 2 y(irabolic trans- 
formation lie on tangent circles through a ficced point. 


A transformation of a non-parabolic type will have distinct 
fixed points. It may be written in the highly suggestive 
form 


z 




(16) 


The expression rd^ is called the invariant of the transfor- 
mation. Let the reader show that in the cartesian plane r will 
give the double angle of two corresponding points and the 
fixed points, while 6 gives the corresponding double ratio. 
The point of the word ‘invariant’ is that if we carry our 
transformation into an ecpiivalent one by means of a circular 
transformation, the invariant does not change in value. Taking 
as the fixed points those which correspond to the parameter 
values QO and 0, we get the canonical form for our non- 
parabolic transformation 


We see from this that there are three standard types of 
these transformations : 

Ilyperholic 0 = 0 (mod. tt). 


Corresponding points are concyclic with the fixed points. 

Elliptic r = 1, 

Corresp)onding iK>inis are orthocyclic ivith the fixed points. 

Notice that a Mobius involution may be classified under 
either of these types. 

Loxodromic I, 0^0 (mod. tt). 

This we might naturally call the general case. Corre- 
sponding points will lie on the same double spiral which 
circulates around the two fixed points and meets at a fixed 
ansclo all circles through them. 

O O 


Theorem 21.] The only 2 ^^'^iodic circular transformations 
are of ell ijdic type. 


1702 


X 
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Suppose that we have two non-pai’abolic direct transforma- 
tions with one common fixed point. We may take this to 
correspond to = co. 


z" = r'e ^ [re'" {z - z,) + (z, - :,)] 

(z"~z,) = rr'e' 

Theorem 22.] If two non-parabolic direct transformations 
have one common fixed pointy the invariant of their product 
is the 2 Jroduct of their invariants. 


Consider a hyperbolic transformation with fixed points 
H and K which carries P into P\ Take any circle which 
has H and K as mutually inverse points, and invert. Let 
P' be carried into P^. Wo can find a second circle of 
inversion interchanging H and K which carries Pj into P'. 
The product of these two inversions will be a direct trans- 
formation with H and K fixed and carrying P into P\ i.e. 
our original hyperbolic transformation. Let the reader show 
similarly that an elliptic transformation may be factored 
into the product of two inversions in circles through the fixed 
points, and a parabolic transformation may be factored into 
the product of inversions in two tangent circles. Conversely, if 
we have two inversions, their product will transform into them- 
selves all circles orthogonal to the two circles of inversion. 


Theorem 23.] The hyperbolic^ elliptic^ and parabolic direct 
transformations y and these alone^ are the j^'^'oduct of tivo 
inversions. 


Theorem 24.] A necessary and sufficient condition that 
the product of three inversions should be an inversion is 
that the three circles of inversion should be coaxed, or else the 
circles of two successive inversions should he orthogonal to 
the third circle of inversion. 

Theorem 25.] The p>'^^duct of tvjo inversions may be 
replaced by that of two other inversions whereof one has 
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a circle taken at random in the coaxal system determined hy 
the two given circles of inversion; the second inversion is 
uniquely determined hy the first. 

There are certain problems in construction associated with 
direct circular transformations which should now claim our 
attention. The postulates assumed are those of Ch. IV. 

Problem 1.] Given two pairs of 2 )oints corresqw tiding in 
a Mob ins involution^ to find the mate of any point. 

When the two pairs are concyclic, this has already been 
done in Ch. IV, problem 8. If not, suppose that the involu- 
tion is given by the pairs PP' and and we wish to find 
R' the mate of P.* 

Let the harmonic conjugate of R with regard to PR' be P^, 
that of P^ with regard to shall be Pj 2 ; in like manner the 
harmonic conjugate of P with regard to QQ' shall be P^, while 
that of P 2 with regard to PP' shall be P^^. Lastly, the 
harmonic conjugate of P with regard to P 12 P 21 shall be P, 
while K is the required point. Let us first take the product 
of the two Mobius involutions with fixed points PP' and Qff . 
We have a direct transformation whose fixed points are those 
of the given involution. If, further, we operate with a Mobius 
involution whose fixed points are PP', these last-found fixed 
points are interchanged. Hence the product of these three 
involutions is an involution. The product of the involutions 
having the successive pairs of double points PP\ QQ\ RR\ 
PP\ QQ' is the involution with the double points PP', but 
this involution will carry R^^ into R^^. Hence P and P' are 
harmonically separated by Pj^ and Pg^, and the problem con- 
sists in finding a succession of harmonic conjugates, and was 
solved in Ch. TV. 

Problem 2.] Given a direct transformation hy means of 
three sets of corresponding q^oints, to find the mate of any 
point. 

We have but to factor our transformation into two involu- 
tions by means of 18], then apply the solution of problem 1, 


* Cf. Wiener, loc. cit., pp. G70, 671. 
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Problem 3.] Given two pair’s of points of a Mohins involu- 
tion^ to find the double points. 

This is a problem of the sceoncl degree. We ma}^ by the 
solution of problem l], find as many pairs of corresponding 
points as we please, and so construct as man}^ pairs of 
corresponding circles as we like, through two chosen corre- 
sponding points. These circles will cut on any circle through 
one of the latter points, two ranges of points in one to one 
reciprocal algebraic correspondence, i.e. an involution, and the 
double points of this involution must be real, since they lie 
on real self-corresponding circles of the Mobius involution. 
We may thus, by Ch. IV, problem 7, find the double points 
of the involution on the circle, and so two self-corresponding 
circles of the transforination. On one of these circles find 
two pairs of corresponding points, and tijrough each pair pass 
a circle orthogonal to the given circle. Then either these two 
intersect in the two self-corresponding points sought, or else 
those points are the limiting points of the coaxal system 
determined by these circles. 

Problem 4.] Given two Mobius involutions, to find their 
common pair. 

We find the fixed points of each, then the fixed points of 
that Mobius involution having them as two pairs. 

Problem 5.] Given a direct circular transformation, to 
find the fi/xed j^oints. 

We factor the transformation into two involutions, then 
apply the solution of the last problem. 

Let us now turn to the classification of indirect transforma- 
tions. We see that the square of an indirect transformation 
is a direct one. The fixed points of the direct transformation 
were either interchanged or fixed in the indirect one. We 
thus get the following types of indirect transformation, the 
points mentioned being, when distinct, those which correspond 
to the parameter values oo, 0. 

Hyperbolic z=re‘^Z, Z'-re~'W (18) 
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Two real points are fixed, two conjugate imaginary ones 
interchanged. The circles through the fixed points are inter- 
changed, two being invariant ; the circles orthogonal to those 
are also interchanged, but no real ones stay in place. 

Elliptic z'z = 7 ^^, zz = Te~'\ (19) 

Two real points are interchanged, two conjugate imaginary 
ones invariant. Circles through the interchanging points are 
interchanged^ none invariant. Circles orthogonal to these are 
inteichanged, one real and one self-conjugate imaginary one 
invariant. 

Parabolic % — z -fa, z — 5. (20) 

No fixed proper circle. Members interchanged in each of 
two orthogonal systems of tangent circles. 

Inversion zz — zz—l^^, (21) 

Product of inversion and Mohius involution 

z'z = (22) 

Let the reader, with the aid of 24], complete 6] as follows : 

Theorem 26.] Every indirect circular transformation may 
he factored into tltree inversions ; every direct one may he 
factored into four inversions. 

The last statement may also be proved immediately 
from 18]. 

r.et us turn aside for a moment to consider the effect of 
a real circular transformation upon the imaginary points of 
our domain. Suppose that we take an imaginary point of our 
tetracyclic plane, which we shall here suppose a real sphere. 
It will have parameter values (z, z). On each of the isotropies 
through this point will lie one real point, namely, the points 
{zz)^ [z z'). Conversely, to each pair of real points {zz)y [zz') 
will correspond two conjugate imaginary points (zz^), (z^z). 
The geometrical interpretation is as follows in the case of 
a sphere. If two real points be given, we may draw tangent 
planes to the sphere thereat, which planes meet in a line 
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without the sphere. Conversely, if such a line be given, 
through it we may draw I'eal tangent planes. 

Suppose, next, that we have a real indirect transformation; 
what will be the locus of the pairs of conjugate imaginary 
points associated in this with corresponding pairs of real 
points under the transformation ? 

-/ 0(z (3 

yZ 4- S y .0 4- S 

yz'z 4- dz' ~ 0( z — /3 = 0, yz^z — Sz^ — az ~ /5 — 0. 

Theorem 27.] 1/ a real indirect circular transformation 

he given for a reed sphere^ the ijolars with regard to that 
sphere of the lines connecting of corresponding points 

will intersect two conjugate imaginary circles of the sphere. 
These circles will fall together tvhen^ and only when^ the 
transformation is an inversion in a real or self -conjugate 
imaginary circle."^ 

A curious figure arises when we consider the corresponding 
problem for a direct transformation : 

, 

yZ-\-b yz + ^ 

yzz' -r bz' — az ~ /3 = 0, yzz' 3- bz' — Oil — ^ — 0. 

Wc have two assemblages of points depending on two real 
parameters, but not on one complex parameter. 

Theorem 28.] If a real direct circular transformation he 
given for a real spherCy the polars ivith regard to that sphere of 
the lines connecting corresponding points will meet the sphere 
in pairs of points de 2 )ending on two real These 

systems are characterized hy the fact that the corres 2 JO tiding 
cross ratios of the four isotro 2 ncs of the huo sets through four 
points are conjugate imaginary. 

It is to be noted that the real domain is a special case of 
one of these systems. 

* Von Weber, loc. cit., pp. 383 ff. See also Study, Ausgewahlte GegensUinde 
der Geomeiriej Part 1, Leipzig, 1913, p. 32. 



VIII 


CIRCLE TRANSFORMATIONS 


327 


We next turn our attention to the question of commutative 
transformatioiis. We begin by recalling the familiar fact that 
in any group of transformations those which are commutative 
with a chosen member will form a sub-group. In fact, if 

TA^AT, = 

then TAT-^ = A, TBT^^ = B, 

and TABT-^ AB, TAB = ABT, 

It is also to be noted that if two transformations be commu- 
tative, each must leave invariant or permute all points which 
are invariant in the other. 

A. ] Two direct transformations. If neither be involutory 
they must have the same fixed points. Conversely, we see at 
once from formulae (15) and (17) that two direct transforma- 
tions with the same fixed points are commutative. If one 
be a Mobius involution and the other not, the fixed points 
of the Mobius involution must be fixed for the other. Lastly, 
we see that harmonic pairs will determine two commuta- 
tive Mobius involutions, each interchanging the other’s fixed 
points. 

Theorem 29.] A necessary and sufficient condition that 
two direct circular transformations shoidd he commutative 
is that they should have the same distinct or coincident fixed 
points^ or that they shaald he two Mobius involutions iiiiose 
fixed points separate one another harmonically, 

B. ] A direct and an indirect transformation. If the indirect 
one be not involutory, the fixed points of the direct one must 
be fixed or interchanged thereby. If the indirect one be 
hyperbolic, the two fixed points might be interchanged if the 
direct one were involutory. Otherwise the fixed points and 
real fixed circles of the indirect transformation must be fixed 
for the direct one also, i.e. the direct one is hyperbolic also. 
If the indirect one were elliptic, the direct one might be 
involutory, and either keep invariant or interchange the 
interchanged points of the indirect one, or else the direct 
one might be elliptic, keeping invariant the interchanging 
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points of the indirect one. If one were parabolic, the other 
would have to be parabolic, if not involutory. On the 
other hand, it is esisy to see from equations (17) to (20) that 
an inversion is commutative with any direct transformation 
whose fixed points are either invariant or interchanged, and 
these same equations show us the sufficiency of our necessary 
conditions. 

Theorem 30.] If a direct and an indirect circidar trans- 
formation be commutative, neither being involutcrry^ then both 
are hyperbolic or parabolic tvith the same fixed ixyints^ or the 
interchanging points of an elliptic indirect transformation 
are fixed in the elliptic direct one. If the direct transforma-- 
tion be involutory, its fixed proints are either fixed or inter- 
changed in the indirect one. These conditions are both 
necessary and sufficient, 

C.] Two indirect transformations. If neither be involutory, 
they will be hyperbolic, elliptic, or parabolic together, with 
the same fixed or interchanging points. If one be involutory, 
it must either keep fixed or interchange two points which 
are fixed or interchanged in the other, or transfer them to 
another pair of fixed or interchanging points. If both be 
inversions, they must either have the same circle of inversion 
(in which case they are identical) or else their circles of 
inversion intersect orthogonally. If one be an inversion and 
the other the product of an inversion and a Mobius involution, 
the circle of inversion must be invariant in the other trans- 
formation. Two transformations of this latter type cannot 
be commutative, for if two self-conjugate imaginary circles 
could intersect orthogonally, two planes conjugate with regard 
to a real sphere might both be outside of it, an impossibility. 

Theorem 31.] If two indirect circular tratisformations be 
commutative and neither be an inversion, they must be hyper- 
bolic, elliptic, or pKixabolic together with the same fixed or 
interchanging points. If one be an inversion, its fixed circle 
is fixed in the other. These conditions are necessary and 
sufficient 
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If we have two indirect transformations 

01.Z + (3 _ cis + jS 

yz+h yz + i 

cx'z + fi' _ OLZ 3-^' 

y'z + d'’ ® “ yz + l'’ 

they are associated respectively with the circles 

zz' b' z' — ocz — f'i = 0, 

+ 0 . 

The condition that these should be orthogonal is the polar 
of the condition that one should be null, i.e. the polar of 
the condition that the corresponding indirect transformation 
should bo improper. We thus get 

-f — /j'y — = 0. 

oi'S-f = 0. 

These equations tell us, however, that 

(2W-1)2 = = {S-^Tf = 1. 

Theorem 32.] A necessary and sufficient condition that 
the p'^odnet of an indirect transformation of a sphere and the 
inverse of a second indirect one should he an involution is that 
the conjugate imaginary circles determined by the polar s with 
regard to the sphere of lines connecting corresponding points 
for each transformation should intersect orthogonally in 
pairs. 

We may treat direct transformations in the same way, 
and arrive at a condition which we shall call orthogonality 
for two parameter systems of complex points. We may 
likewise solve problems in construction associated with these 
systems. To a circle known by inversion wdll correspond 
a two-parameter system known by the corresponding direct 
circular transformation. If two circles be known, and they 
have intersections in the domain in question, their inter- 
sections are supposed known. So here the problem of finding 
the intersections of two of our two-parameter systems is the 
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problem of finding two points which correspond in two direct 
circular transformations, i. e. the fixed points of the product 
of one and the inverse of the other. This is problem 5] 
above. 


§ 3. Continuous Groups of Transformations, 

Enough attention has now been given to individual circular 
transformations; it is time to turn our attention to groups 
of such. The study of finite groups is nothing but the study 
of finite groups of fractional linear substitutions of the linear 
complex variable. It is well known that such groups are 
simply isomorphic with the groups of the regular solids. 
We may consider such groups as sufficiently familiar ; in any 
case they are of more importance to the algebraist than to 
the geometer.* In the same way the study of infinite dis- 
continuous groups would lead us into a vast field but little 
germane to our present purpose.f Let us rather turn to 
the geometrically more interesting study of continuous and 
mixed groups. The problem here is nothing but the problem 
of studying the groups of collineations of a three-dimensional 
space which leave a real quadric with imaginary generators 
in place. J Under a continuous group (corresponding to 
direct transformations) the generators of each system are 
permuted among themselves; in a mixed group there will be 
transformations where the two systems of generators are 
interchanged. What can we say about three-parameter 
groups ? If such a group have an invariant two-parameter 
sub-group it is integrable, since every two-parameter group 
is integrable.§ On the other hand, if a three-parameter 
group of direct circular transformations had an invariant 
one-parameter sub-group, the two fixed points of the sub- 

* The classic discussion is, of course, in Klein’s Ikosaeder, Leipzig, 1884. 

f Especially Klein-Fricke, Theorie der autornorpJien Fumtionen, vol. i, Leipzig, 
1897. 

X The following discussion is an amplification of Amaldi, ‘ I gruppi reali 
di trasformazioni dello Spazio ’, Memorie della R, Accademia delle Scienze di 
Tiyrinoj Series 2, vol. Iv, 1905. 

§ Cf. Lie-Scheffers, Vorlesungen iiher continuirliche Qruppen^ Leipzig, 1898, 
p. 563. 
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group would be invariant throughout the three-parameter 
group ; this is quite impossible when the points are distinct. 
If the one-parameter group consisted in parabolic transforma- 
tions, the single fixed point would bo invariant throughout 
the whole non-integrable three-parameter group. We slmll 
presently see that this is impossible. 

Let us begin with the study of simple three-parameter 
groups. A simple three-parameter collineation group in three 
dimensions must leave invariant either a cubic space curve, 
a conic and a point not in the plane thereof, one system of 
generators of a quadric, or a line and all points of a second 
line skew thereto.* In the present case, where we have real 
transformations leaving a real quadric with imaginary gene- 
rators in place, all but the second case will be impossible. 
If there be a real fixed point in three dimensions, there will 
be a real or self-conjugate imaginary fixed circle in the 
tetracyclic plane. The group with a real fixed circle is 
simply isomorphic with the real binary piojective group. It 
has no fixed real point, and so is simple. There will l)c 
two-parameter sub-groups with any chosen point of the fixed 
circle fixed, one-parameter sub-groups with two fixed points 
in the circle. These will be hyperbolic. There will be 
one-parameter elliptic sub-groups which keep invariant a 
pair of points mutually inverse in the circle ; also a parabolic 
one-parameter sub-group. When the three-parameter group 
leaves a self-conjugate imaginary circle in place, the only real 
sub-groups are one-parameter elliptic ones. There are no 
other two-parameter sub-groups in either case, for if in such 
a group both fixed points might be chosen at random on the 
circle, the transformation would be determined by its fixed 
points, which is absurd. 

If there were any four- or five-parameter groups of circular 
transformations, they would have to contain three-parameter 
groups. A five-parameter group would have to contain a three- 
parameter sub-group keeping a chosen point invariant, while 


* Cf. Fano, ‘ Sulle varieta algebriche con un gruppo continiio non integra- 
bilo di trasformazioni in se ’, Memorie della R. Accademia delle Science di Torino^ 
Series 2, vol. xlvi, 1896, p. 209. 
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every four-parameter group has a three-parameter sub-group.* 
If our three-parameter group were contained in a four-para- 
meter group it would have to bo invariant, or else have an 
invariant sub-group of its own.f The latter, however, is ruled 
out, as wo are assuming for the present that the three- 
parameter group is simple. But if our three-parameter group 
were invariant, ils fixed circle would be invariant in the four- 
parameter group, which again cannot be, as the total group 
with a circle fixed has but three parameters. If our simple 
group were in a five-parameter group; the latter, not having 
any fixed circle or point, would have to have a fixed circle 
congruence composed of the transforms of the fixed circle of 
the three-parameter group Keeping any one circle of the 
congruence fixed, we may carry any second ciide into any 
third circle thereof, as otherwise, each circle having but one 
degree of freedom, we should have four- parameter groups with 
a fixed circle. But escaping this absurdity, we fall into the 
worse one of having a congruence of circles, each two of which 
make the same angle. Our simple three-parameter group lies 
thus neither in a four- nor a five-parameter one. 

Let us next look at integrable groups. Every such group 
has a one-parameter invariant sub-group, and the fixed points 
of the one-pai-ameter group must be invariant throughout. But 
if the integrable group be of more than two parameters, the 
invariant one-parameter group must be parabolic. A canonical 
form for such a group will be 

z z h. 

What two-parameter groups might include our one-para- 
meter one ? The second fixed point for a transformation of 
such a group could not trace the whole plane. If a 1 the 
transformation is hyperbolic, and the only curves carried into 
themselves are circles. Hence the other fixed point must lie 
on a circle through the point 2 : = oo. Hence the two-para- 
meter group must either bo of the type 

0 ' = 4 - h, 

* Lie- Scheffers, loc. cit., p. 577. 
t Ibid., p. 644. 
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or else of the parabolic type 

2;' = 0 4- /3. 

Now take an integi’able three-parameter group. This has 
a fixed point which wo may take as 0 = qo , and we have 
a three-parameter sub-group of 

2 :' = OLZ-{- ft. 

It will have the two-parameter parabolic sub-group in- 
variant. The second fixed point for a transformation of the 
group must be free to move over the whole plane, for if it 
were restricted to a certain curve, that curve would be carried 
into itself Vjy the transformations of the group, while the 
parabolic sub-group is transitive for the whole plaue except 
its own fixed point. Now let both points be fixed. We have 
a one-parameter group of the form 

c'= re^z, r = 'i'iO), 

r(0) r{0') = r{e + d'), 

r = 

Here k would seem to depend on the position of the second 
fixed point. Such is not, however, the case. We see, in fact, 
that if we take two transformations with the invariants 
and e^\ since, by 22], the invariant of the product is the 
product of the invariants 

k = //. 


Wo thus get three-parameter groups of the form 




where 0 and ft are independent variables. This equation may 
bo written 


, 4- - ^ 1, 


( 23 ) 


and it is evident, conversely from 22], that the totality of these 
transformations will be a group. We shall call such a group 
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a Newson group.* We characterize it geometrically by 
examining the significance of the constant k. Taking for 
simplicity a transformation of the group with fixed points 
QO and 0, we write our transformation in polar form, 


What sort of a double spiral will be carried into itself by 
this transformation? If the equation of such bo 

\<h 

P = ^ ) 

we easily find A = k. 


This shows that k is the tangent of the angle which the 
spiral makes with a circle through the fixed points : the pitch 
of the double spiral, let us say. The Newson group is thus 
characterized by the fact that one point is fixed, and all double 
spirals carried into themselves by transformations of the group 
have a constant pitch. 

We have thus covered three-parameter groups. There are 
no five-parameter groups. A five-parameter group would have 
a three-parameter sub-group with any chosen point fixed, and 
such a group would be a Newson group. The pitch here 
must be independent of the position of the fixed point, for 
in any Newson group one fixed point can be chosen at 
random. But this leads us to another absurdity, for it is 
easy to show that if two loxodromic transformations have 
different fixed points but the same pitch, the pitch of their 
product is different. 

If the]’e be any four-parameter groups, and we know that 
there are, they must have Newson sub-groups, as we saw two 
pages back. If the Newson group be invariant, its fixed 
point will be invariant throughout the four-parameter group, 
and, conversely, the four-parameter group will be entiiely 
characterized by the invariance of this point. If the Newson 
group were not invariant the position of one fixed point for 
each transformation would have to be limited to a specific 

* Newson, ^ Groups of Circular Transformations Bulletin of the American 
Math, Soc.y VO I. iv, 1897. 
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curve, for if the position of both fixed points were free the 
pitch would have to be constant, there being only four 
parameters, and we should run into our preceding contradiction. 
But if one fixed point lay on a certain curve, this curve must 
be invariant throughout the group, whereas the transformations 
of the Newson group are transitive. We may summarize 
as follows : 

Theorem 33.] There are no real Jive-parameter continnons 
groups of circular transformations. 

Theorem 34.] The only real four -parameter groups are 
those with one fixed 2 >oint. 

Theorem 35.] The only real non-integrahle three-para- 
meter grou 2 ^s are those with a fixed real or self- conjugate 
imaginary circle. 

Theorem 36. | The only real integrahle three-parameter 
groups are the Newson groups. 

Theorem 37.] The only real two- 2 )arameter groups are 
those ivith ttco fixed points, the parabolic ones with one fixed 
p>oint, and those with a real fixed circle and real fioced point 
thereon. 

Theorem 38.] The only real one-parameter groups are the 
loxodromic, hyperbolic, elliptic, and parabolic ones. 


It is doubtful whether there be room for much further 
investigation of the subject of real circular transformations. 
On the other hand, the sort of circle transformation which is 
obtained from a Cremona transformation of the projective 
plane, and was mentioned at the beginning of the chapter, is 
still utterly unexplored, and may well contain new theorems 
of interest and importance. 



CHAPTER IX 


SPHERE TRANSFORMATIONS 
§ 1. General Theory. 

The subject of sphere transformations presents, naturally 
enough, many analogies to that of circle transformations. It 
is not so rich, however, in interesting and easily obtainable 
results, owing to the impossibility of representing either 
cartesian or pentaspherical space parametrically by means 
of isotropies. Thus, a large part of the theory of circular 
transformations which is reached through their connexion 
with the theory of the linear function of the complex variable 
is lost. 

We shall mean by a sphere transformation any analytic 
transformation that carries spheres into spheres. In sphere 
coordinates this will be 

•< = fi 

where (x) represents a sphere. If, further, we require that 
null spheres shall be carried into null spheres, 

(x' x') — h{xx), 

where k depends merely on the coefficients of the transforma- 
tion. We find, exactly as in the last chapter. 

Theorem 1.] The group of all one to one algebraic trans- 
formations of the spheres of pentaspherical sixuce which carry 
null spheres into null sjjheres is simply isomorp)hic with that 
of all Cremona transformations of projective three-dimensional 
space. 

We shall mean by a spherical transformation any analytic 
point transformation of cartesian or pentaspherical space which 
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carries the points of a sphere or plane into points on a sphere 
or plane. 

We have 

Theorem 2.] The most general spherical transformation of 
pentaspherical space is given by a quinary orthogonal substi- 
tution. 

In the last chapter we dealt with a real tetracyclic plane. 
In the present one we shall deal with finite real cartesian 
space, as well as a second continuum which may be called 
a real pentaspherical space. We may define this as that 
region of the general pentaspherical space wliere is propor- 
tional to a pure imaginary number, and the other penta- 
spherical coordinates to real numbers. An example of such 
a domain is afforded by a real hypersphere in four-dimensional 
projective space with Euclidean measurement. Or we may 
start with the real finite domain of cartesian space and extend 
it to a real continuum by adjoining a single real point at 
infinity. We shall also fix our attention on real spherical 
transformations of this space. 

Let us begin with a purely geometrical analysis of the 
cartesian case as before. If no finite point be singular for 
the transformation, the latter is a conformal collineation, and 
may be factored into translations, rotations, reflections in 
planes, and similarity transformations, the latter being easily 
factorable into two inversions, while the three preceding are 
factorable into reflections in planes. If one finite point be 
singular, the spheres through it being carried into pianos, 
we may factor into an inversion with this point as centre, 
and a transformation of the preceding type. 

Theorem 3.] Every spherical transformation of real carte- 
sian space is conformal, and may be factored into a product 
of inversions and reflections in planes. 

We see, incidentally, that a similar theorem holds in penta- 
spherical space, the word ‘inversions' covering both types. 
We shall return to this presently ; for the moment we prefer 

Y 


1702 
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to prove the remarkable converse theorem which is due to 
Liouville * 

Theorem 4.] Every conformal analytic transformation of 
cartesian space is a spherical transformation. 

The easiest proof is, perhaps, the following. Every con- 
formal transformation will carry a triply orthogonal system 
into another such system. Hence, by the Darbonx-Dupin 
theorem, it will carry a line of curvature into a line of 
curvature. It will therefore carry a surface, all of whose 
curves are lines of curvature, into another such surface, i.e, 
it will carry a sphere into a sphere or plane. 

Theorem 5.] A spherical transformation is necessarily a 
circular transformation^ and every analytical 2^oint trans- 
formation that carries circles into circles will be a spherical 
transformation. 

The first part of this theorem is immediate ; the second comes 
from the fact that the necessary and sufficient condition that 
two circles should be cospherical is that there should be 
circles meeting both twice. 

Our formula for double ratio in Ch. I (4) yields an 
invariant for inversion and reflection, and so for all spherical 
transformations. Conversely, if wo have a quadrilateral 
where the sum of the products of the opposite sides is equal 
to the product of the diagonals, we may take a centre of 
inversion at one vertex and transform the other three vertices 
into collinear points. The original four were thus concyclic. 
If, then, 

{AB) {CD) + {AD) {BC) = {AC) {BD), 

we have also 

(BA) (CD) (AD)(BC) _ 

{CA){BD) ^ {BD){AC)'' 

Theorem 6.] A necessary and sufficient condition that real 
one to one transformation of the real finite cartesian space 
should he a spherical transformation is that double ratios 
should be invariant, 

* See his appendix to Monge’s Applications de Vanalyse a la geometrie^ Paris, 
1850, pp. 609 ff. 
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Let the reader show that in special pentaspherical coordi- 
nates the double ratio of four points may be expressed in the 
form 

(A B) (CD) _ / 1 X 

{AD) [BC) - {xt){z'^ ‘ ^ ^ 

Since the expressions involved are co variants, we may 
remove the restriction that the pentaspherical coordinates 
should be special, and let them be any pentaspherical set. 
Another invariant for spherical transformations is 



I 0 {xy) (xz) {xt) 

I ( 2 /*) 0 (y-) ( 2/0 

{zx) (Zij) 0 (zt) 

( 0 /) 


V{.nj) V{zt) ^\pci) V{zy) 


( 2 ) 


111 the case of coplanar points this reduces to the sine of the 
double angle. 

Let us next take up the question of direct and indirect 
spherical transformations. We start in finite real cartesian 
space, and suppose that a transformation T carries a point H 
into a point Let aS" be the translation that carries i/' back 
into //, while R is the inversion with H as centre. The 
transformation RSTR, the operator being written to the left 
of the operand, will bo a conformal collineation. Considering 
the effect of this transformation on the whole of projective 
cartesian space, we see that in the plane at infinity there will 
be two conjugate imaginary fixed points on the circle at 
infinity, and a fixed real point besides. The lines through 
this point are permuted by a collineation, two conjugate 
imaginary ones tangent to the circle at infinity are fixed, 
hence one finite real one is fixed. Our conformal collineation 
may thus be reduced to one of the following forms : 

X — r (cos 6x' — sin By'), x = r (cos 6x' + sin 6 y'), 

y = r (sin 6x' cos 6y'), {3} y = r (sin 6x' — 6y'), (3') 

0 = rz' 4 - d, z = Tz' 4 - d, 

♦) 


Y 
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Equations (3') may be much simplified. We see that two 
mutually perpendicular planes are invariant. These may be 
taken as fundamental in the coordinate system, so that we 
may write transformations of this type in the simple form 

X — rx\ 

y=-ry', ( 4 ) 

c — yz (I, 

Such a transformation is the product of one of type ( 3 ) and 
a reflection, so that we may confine ourselves mainly to 
type (3). Here, if r > 0, we have the product of a translation 
parallel to the fixed axis, a rotation about that axis and a simi- 
larity transformation, that is, the product of four reflections and 
two inversions. When r < 0, if we change 0 into tt -f 0, we fall 
back on the other form. When the number of reflections and 
inversions is even, we may pass by a continuous change of 
parameters from the given transformation to the identical 
one. When the number is odd, we may pass continuously to 
a single inversion, but not to the identity. We see, in fact* 
that if we take a reflection in a plane, the sense of each 
trihedral angle is 3’eversed, and we cannot pass continuously 
from a transformation which alters the senses of trihedral 
angles to one that does not. As for the number of parameters 
involved, any not-null sphere may be carried into any other 
such, which uses up four degrees of freedom ; when one sphere 
is fixed we have as many free parameters left as there are in 
a circular transformation. 

Theorem 7.] The grov'p of all spherical transformations of 
pentaspherical space depends upon ten parameters. It has a 
ten-parameter sah-grou2^ of direct transformations, and a ten- 
parameter sub-assemblage of indirect ones, A direct trans- 
formation may he factored into an even number of inversions 
and reflections, and may he continuously changed into the 
identical transformation ; an indirect transformation may he 
factored into an odd number of inversions and reflections, and 
may be continuously changed into a single inversion, but not 
into the identical transformation. 
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Let us look at the fixed points of a direct transformation. 
W e shall confine ourselves to real transformations, and begin 
in cartesian space. First take a conformal collineation. If 
we consider the wdiole of cartesian space there will be one 
fixed real point in the plane at infinity, and one fixed real lino 
through it ; or all infinite points are fixed. Taking the cases 
in order, if all the points of the fixed line are themselves fixed, 
we have in (3) cZ = 0, ?’ = 1 . We have a rotation ; corresponding 
points lie on circles with the lino of fixed points as axis, i. e. 
on circles in bi-involution therewith. 

Suppose, next, that but one finite point of the fixed lines is 
invariant. Here, if we take this point for the origin, d = 0. 
If 0 T ^ corresponding points lie on non-circular iso- 
gonal trajectories of the generators of cones of revolution 
whose common vertex is the origin and whose common origin 
is the 0 axis. If ^ = 0, corresponding points are collinear with 
the origin. If r = 1 we fall back on the preceding case. 

Let us, thirdly, assume that no finite point of the fixed lines 
is fixed. Here r = 1, 0 0. Corresponding points are on 

circular helices, i.e. isogonal not circular trajectories of the 
generators of cylinders of revolution with a common axis. 

There then remains the case where all infinite points are 
invariant. Here 0 = 0. If we have essentially the next 

to the last case ; if ?• = 1 we have a translation, and corre- 
sponding points lie on lines of given direction. 

Suppose, now, that we have any direct spherical trans- 
formation T. If it have a finite fixed point, and I bo the 
inversion with this point as centre, we see that IT I is a con- 
formal collineation which, under our spherical group, is equi- 
valent to the given transformation. The only spherical trans- 
ibrmations not equivalent to conformal collineations under 
our spherical group are those with no finite fixed point, if any 
such exist. 

A real spherical transformation will appear in four-dimen- 
sional projective space as a real collineation, and will there 
leave at least one real point invariant in four dimensions. 
Corresponding to this point will be a real or self-conjugate 
imaginary sphere. If this sphere be real we may assume it 
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not null, as otherwise we might assume its vertex in the 
domain which amounts to the finite domain of cartesian space, 
and fall back on our previous types. The real spherical 
transformation will produce on the fixed real not null sphere 
a real circular transformation, which must bo indirect, as 
otherwise there would be a real fixed point, the case we wish 
io avoid. It must either be elliptic, or an inversion in a self- 
conjugate imaginary circle. Taking the cases in order, when 
the circular transformation is elliptic one real circle of the 
spliere is invariant, as is the circle orthogonal to the sphere 
through the interchanging points. This is equivalent to a 
transformation of cartesian space, which leaves invariant the 
c axis and the unit circle of the plane, i.e. 


(cos Ox' ~ sin 0 y') __ (siu Ox' -f- cos Oy') 

x''^ + y'"^ + 


( 5 ) 


We see, in fact, that the transformation so written is the 
product of a rotation, a reflection in a plane, and an inversion, 
and so direct. It has no finite fixed point. Corresponding 
points are on the non-circular isogonal trajectories of the 
generators of cones of revolution whose common vertex is the 
origin, and whose axis is the axis of 2^. 

We must not forget the possibility of an inversion on our 
real sphere. This may be thrown back to the previous case 
with 0 = 77, It is thus an inversion in a self-conjugate 
imaginary sphere. If we mean by a MOf^ius involution in 
three dimensions the transformation where corresponding 
points are harmonically separated by two given points, we 
see that this transformation is the product of an inversion and 
a Mdbius involution. 

There remains but one possible case, that where the one real 
fixed point in four dimensions corresponds to a self- conjugate 
imaginary sphere in three dimensions. Let this sphere be 
x^—0. We get the real transformations of the sort desired 
by keeping x^^ invariant, and subjecting the other four coor- 
dinates to a quaternary orthogonal substitution ; the direct 
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transformations will come from those transformations where 
the determinant is positive, for here, and here alone, we may 
pass continuously to the identical transformation. Each set of 
isotropies of the fixed sphere will be permuted among them- 
selves. For a real transformation there are two possibilities; 
either two conjugate imaginary isotropies of each set are 
invariant, or all are invariant in one set, while but two of the 
other remain in place. Taking these in turn, we have the 
canonical equations for a transformation of the first sort : 

P'^ o — ^*0 » 

cos </) — sin (/>, 

sin (j) 4- x.j, cos 0, (6) 

px.^ — cos 0 — sin 0, 

pXj^ — sin ^ + ^4 cos 6, 

Conversely, it is clear that this transformation fulfils all the 
requirements. No real point or sphere is invariant; corre- 
sponding points lie on the non-circular isogonal trajectories of 
the generators of the Dupin cyclides 

or of the Dupin cyclides 

+ + = 0. 

Lastly, it is possible that every isotropic of one set of the 
fixed sphere is in place. Such transformation belongs to one 
of the two three-parameter invariant sub-groups of the quater- 
nary orthogonal group. It may be written admirably in 
quaternion form. Following Hamilton, we write 

=/ = /c^ = ijk = — 1. (7) 

Our transformation will have one of the two forms 


P^o — ’ 


f, 


+ u'.^+j.ej + k-(\) 
(d 4- hi+ cj -\-dlc) 


(^/ 4 - IX.^ 


p{x^^ix.^-\-jx^ \ kx^ 

= vx 2 + jx.^ 4" kx^ j 


(ct 4“ tZ/c) 

V (1^ 4- 4- -t- d ' 


PXq — x ^^ , 


( 8 ) 
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We see, in fact, that these equations give invariant three- 
parameter sub-groups of the total group which leaves cCq = 0 
invariant. The groups leaving the one or the other system of 
isotropies invariant are also invariant three-parameter sub- 
groups. Hence each three-parameter sub-group in one pair 
must have invariant sub-groups of its own composed of what 
it has in common with the one or the other invariant group 
of the other pair. But the groups leaving all isotropies of one 
system invariant are merely the binary projective group 
applied to the isotropies of the other group, and have no 
invariant sub-groups. Hence the two methods of dividing 
into three-parameter sub-groups must be the same, and we 
have indeed the transformations desired. 

The transformation (8) will be involutory if 

a 0, + + = 1. 

It ma}^ also be infinitesimal. Corresponding points lie on 
circles orthogonal to the fixed sphere intersecting the two fixed 
isotropies of that set where only two are fixed. Two of these 
circles cannot intersect, for if they intersected once they would 
do so again in the inverse of the first point with regard to 

= 0, and so be cospherical. But the two isotropies which 
intersect both would have to lie on this sphere ; the latter w ould 
meet = 0 in two skew isotropies, which is quite impossible. 

Take an infinitesimal transformation of the present type. 
Corresponding points lie on circles meeting two chosen iso- 
tropies of the same set on = 0, and there will be oo ^ such 
circles which are carried into themselves by all transforma- 
tions of the one-parameter group generated by the infinitesimal 
transformation. If we anticipate our future work to the 
extent of assuming that any two circles are cut twice ortho- 
gonally by at least one third circle, we see that any two circles 
of the present system, though not cospherical, are cut ortho- 
gonally twice by QO^ circles. Two circles so related shall be 
said to be parataclic,^ 

* These will correspond to paratactic or Clifford parallel lines of non- 
Euclidean space already mentioned on p. 164. The present type of spherical 
transformations will correspond to translations of elliptic space. See the 
Author’s Non-Euclidean Geometryj cit., p. 99. 
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Theorem 8.] There are nine types of real direct spherical 
transformations of real pentaspherical space: 

{a) I aversions in self -conjugate imaginary spheres, A 
transformation of this sort is the pi^oduct of an inversion and 
a Mobius involution whose jioced points are mutually inverse in 
the sphere of inversion. Corresponding ^mnis are coney die 
with the fixed points of the involution. 

{h) Rotatory transformations. Corresponding points lie on 
circles in hi-involution with a reed circle of fixed 2)oints, 

{c) Loxodromic transformations. Corresponding points are 
on non-circular isogonal trajectories of the circles of curvature 
of a Dupei n cyclidcs with give n double points tvhich are fixed, 

{d) Hyperbolic tra nsformatio ns. Corresponding points co a- 
cyclic with two fixed poi nts, 

(e) Loxodromo-2)araboHc transformations. These are Iden- 
tical with the loxodromic except that two conical 2>oints of the 
Dnpin cyclides fall together. 

if) Parabolic transformaiions, Corresp>onding points lie 
on tangent circles through a fixed p)oint. 

(i/) Hemi-elliptic transformations. Corresjyonding 2^oints 
lie on non-circular isogo^tal trajectories of Du2nn cyclides with 
given conical points^ whereof two are real and are interchanged 
in the transformation. 

{h) Loxodromo-ellip>t'ic transformations. These are like the 
loxodromo-hyp)erbolic transformations^ hut there are no real 
fixed p)oints or real fixed spihere. The conical 2^oint of the 
Du2)in cyclides are two pairs of conjugate imaginaries. 

{i) Paratactic transformations. No real fixed spheres. 
Corresponding 2^0 infs on 2>aratactic circles. 

Theorem 9.] There are infinitesimal spherical transforma- 
tions of every ty2M but inversions and semi-elli2^tic ones. 

Theorem 10.] The only involutory transformations are of 
the hyperbolic rotatory, and paratactic ty2)e8. The first are 
inversions in self-conjugate imaginary S2)heres, and may be 
factored into thep>roducts ofinversio^ts and Mobius involutions; 
the second are inversions infixed circles. 
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Let us look for types of indirect transformations. Starting 
with (4) we see that if 0 no finite point is fixed and the 
axis of 0 is transformed into itself. If d = 0, the origin and 
point at infinity are fixed and lines through the origin are 
interchanged, whereas in a reflection in the origin these lines 
are all invariant. 

An indirect transformation with no real fixed point but with 
a real fixed sphere is obtained from (6) by changing the sign 
of 0 . There are no real indirect transformations with no real 
fixed sphere. Such a transformation would be given by 
a quaternary orthogonal substitution with negative discrimi- 
nant, and permute the isotropies of the two sets on the fixed 
sphere. There would thus be two fixed conjugate imaginary 
points, and two interchanging conjugate imaginary points 
{iis in the case of an indirect circular transformation). The 
transformation could be written 

IjXj^ = .r/cos </> i sin (/>. 

— ./'^'sin if) — .r /cos (/>. 
pu\^ = .i‘/cos sin 0. 

p x^ — x^ sin 0 -f- x^ cos 0, 

But we see at once here that two real spheres = 0 

are invariant. 

Theorem 11.] There are hut six types of indirect real 
spherical i ransfor nia t ion s : 

(a) Inversions, 

{h) T^vo real fixed points^ circles through them fixed. 

{c) Two real fixed points, circles through them interchanged. 

(d) Adjacent fixed points, circles all tangent, at one point 
interchanged. 

{e) Adjacent fixed points, circles tangent at one point 
invariant. 

(/) No real fixed points, p)oint8 of real circle interchanged, 
reed fixed sphere. 
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Theorem 12.] A necesaai^ and sufficient condition that 
tico inversions should he commutative is that the spheres of 
inversion should be mutually orthogonal. 

Theorem 13.] The product of inversions in hvo mutually 
orthogonal spheres is the inversion in their common circle, the 
product of three such inversions is the Mohius involution 
whose fixed points are common to the three mutually orthogonal 
spheres ; the product of four such inversions is the inversion in 
the self-conjugate imaginary sphere orthogonal to the four given 
mutually orthogonal spheres. 

Theorem 14.] The oidy real indirect involutory spherical 
transformations are inversions and Mohius involutions. 

Theorem 15.] If hvo points he interchanged in a spherical 
transformation^ either the transformation is real and semi- 
elliptw, the two i^^ints lying on a circle of interchanging 
2)oint8, or else the transformation is involutory. 

Theorem 16.] A single direct spherical transformation 
may he found to carry any three points, whereof no two are on 
an isotropic^ and any not null sphere through them into any 
other three 'points and sphere similarly arranged. 

Theorem 17.] Tlte 2 ^coduct of two inversions may he re- 
j^Iaced hy that of Hvo others. One of the new S 2 )heres of inversion 
may he taken at random in the coaxal system determined hy 
the original Hvo ; the other is thereby uniquely determined. 

Theorem 18.] Any direct S2)herical transformation of 
pentaspherical space may he factored into the i)^'od'Uct of four 
inversions. 

The proof of this important theorem is as follows. The 
transformation being called T, take two corresponding spheres 
8 and s\ Let us find an inversion to interchange the 
spheres s' and s. Then l^T leaves s invariant. Let it carry 
three points A, B,C into three points A\ B\ O'. We next find 
an indirect circular transformation on s which carries A\ B\ O' 
into A, B, C, and, by VIII. 26], factor into three inversions. 
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Through the circles of inversion pass spheres orthogonal to 8, 
and let ^3 be the inversions in these spheres. The trans- 
formation 7^3/4 Z will be a direct transformation with 
a fixed sphere and three fixed points thereon, i.e. the identical 
transformation. Hence 

T — I T T T 

Theorem 19.] Any direct spherical transformation may he 
factored into the product of two circtdar inversions. 

The^ proof comes from 13], 17], and 18], and is left to the 
reader. 

Theorem 20.] Any indirect spherical transformation of 
pentaspherical space may he factored into the prodiict office 
inversions. 

It would be tedious to discuss the various cases where pairs 
of spherical transformations might bo commutative. We can 
foresee the answer for the general case from what wo have 
already done in the case of circular transformations. 

§ 2. Continuous Groups. 

The classification of all real continuous groups of spherical 
transformations is a long and laborious task which would 
lead us altogether too far afield. We shall tliereforo content 
ourselves with noting the results which others have found * 

Theorem 21.] The group (f all direct spherical transforma- 
tions depends upon ten esserdial parameters, and has the 
following real suh- groups : 

O ne of seven pyarameters. 

Three of six parameters. 

One office parameters. 

Six of four parameters. 

* Cf. Lie-Engel, Theorie cler Trarifpormationsyruppen, vol. iii, pp. 219 ff., 
Leipzig, 1893. In more detail Standeii, Invariante Flnchen und Kurven hei 
konformen Gruppen dcs Raumes, Dissertation, Leipzig, 1899. In tlie text we 
follow this enumeration, altliough it is not clear whether it will check up 
exactly with that of Amaldi, loc. cit. ; in other words, it is not apparent 
whether Amaldi undertook to find all groups. 
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Eight of three parameters. 

Six of two imrameters. 

Seven of one parameter. 

Let the reader note that the existence of seven one-parameter 
groups agrees with theorem 9]. 

Before leaving spherical transformations let us return to 
the pentaspherical notation, or rather, to sphere coordinates, 
and try to find a parametric representation for the general 
direct case. We shall follow the classic method of Cayley.* 
We begin with the twin equations 
j - 4 j ~ 4 

'■'•i = 2 hj^j, -4 - 2 hi = ^>jj = h 

J ==0 ,/ = 0 

We then find at once 

= 2h:-y 

h {zz) == {zx) = {zx), 

{pcx) — {x'x^), 

Wc have thus, indeed, an orthogonal substitution. Solving 
for 0 ., 

k - I 

I % I ^/ = 2 

k^o 

This gives our substitution in final form 

j - t 

I % K’i = 2 «*;«;/'• 

( 10 ) 

an = 2l>Bn- \ hij I, Uij = 2bBij, j i. 

Unfortunately, it is not possible to express all quinary 
orthogonal substitutions in this form-f We have, however, 
ten independent parameters, so that we have a ten-parameter 
assemblage, and this contains no indirect transformations, for 

* ‘Sur quelques propri^tos des ddteiminants gauches ^ CreUe's Journal, 
vol. xxxii, 1846. Cf. Pascal, Die Determinant en, Leipzig, 1900, pp. 169 ff. 

t Cf. Netto, ‘ Uber orthogonale Siibstitutionen \ Ada Maihematica, vol. ix, 
1887, p. 295. 
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To get the real transformations of the assemblage, since a real 
point must have its first coordinate proportional to a pure 
imaginary number, and the others proportional to real num- 
bers, we must have every a^j in the first row and column of 
the matrix a pure imaginary with the exception of which, 
like the other must be real. In other words, every 

b^j which has the subscript y appearing once only is pure 
imaginary ; the other are real. 


The theory of spherical transformations as here outlined 
is far behind that of circular transformations in completeness. 
There seems room for various interesting investigations con- 
nected therewith. A direct circular transformation has one 
invariant; how about a spherical transformation? For 
instance, there is always a fixed not null sphere. On this 
we have a circular transformation whose invariant must be 
invariant for the spherical transformation. How many of 
these invariants are there ? What is their geometrical mean- 
ing? The detailed study of commutative transformations 
might be worth while. The various continuous groups must 
have interesting geometrical characteristics not j et discovered. 
The subject of spherical transformations must also have an 
important relation to certain systems of oriented circles in 
space. There is ample room for much valuable geometrical 
work on any of these questions. 



CHAPTER X 


THE ORIENTED CIRCLE 


§ 1, Elementary Geometrical Theory. 


We have occasionally found, in the work done so far, that 
the concept of the angle of two circles is lacking in precision. 
For instance, we saw in L 212] that if a variable circle cut 
two others at given angles, it will cut at either of two supple- 
mentary angles every circle coaxal or concentric with the 
two. To remove this ambiguity we defined the angle of two 
circles in the form 


cos 6 = 


2 r/ 


n) 


and were thus enabled to avoid the confusion as to which of 
two supplementary angles given circles made with each other. 

It is possible to reach even greater precision in handling 
the angles of circles by the interesting device of assuming 
that the radius of a real circle may be either positive or 
negative, with a similar extension for complex circles.* This 
is accomplished analytically by the introduction of a redun- 
dant coordinate. Let us, however, postpone such a method 
for a short while, and begin geometrically in the finite 
cartesian plane of elementary geometry, the word circle 
having the restricted significance allowed in Ch. I. When 
a positive or negative sign has been assigned to the radius 
of such a circle it shall be said to bo oriented. Let us assume, 
after the positive aspect of the plane has been chosen, that 
every circle of positive radius is described by a point moving 
about the circumference in the positive or counter-clockwise 


* The Author hns the impression that this idea is due to Cayley. 
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direction, when viewed from the positive side of the plane. 
An oriented circle of negative radius shall similarly be looked 
upon as generated by a clockwise moving point. Or again, 
we shall assume that the normal to a circle of positive radius 
is oriented towards the centre, while a normal to a circle 
of negative radius is oriented outwards. 

As a circle is oriented, so a straiglit line may be oriented 
also. We may either assume it generated by a point moving 
in the one or the other sense, or by assuming that it divides 
the plane into a positive and a negative region, and that the 
normals to it are oriented from the negative to the positive 
region of the plane. 

The angle of two oriented circles shall be defined as that of 
their oriented normals, and a similar definition shall hold for 
the angle of two oriented lines. This form of definition in 
terms of normals has the advantage of being easily extended 
to three dimensions. The cosine of the angle of two oriented 
lines or circles is thus single valued, and agrees, in the latter 
case, with (1). 

Two oriented lines shall be said to be iiroperhj ixirallel 
when they have the same system of oriented normals ; when 
the normals to one have the opposite orientation to those of 
the other, they are said to be improiyerly parallel. An oriented 
line and circle shall be said to be properly tangent when they 
touch, and have the same oriented normal at the point of 
contact. When there is still contact, but the normals have 
opposite orientation, they are said to be improperly tangent. 
Two oriented circles are said to be properly tangent when 
their angle is = 0 (mod. 2 7t). They will be both properly 
tangent to the same oriented line at the same point. When 
their angle is = 7r(mod. 2tt) they are said to be improperly 
tangent : the proper tangent to one is an improper tangent to 
the other. Let the reader show that when two oriented circles 
are properly tangent they touch internally if their radii have 
like signs, externally if the signs are unlike. 

The fundamental concepts developed in Ch. I were point, 
eircUi poioer, and inversion. It is the object of the present 
chapter to show that these concepts have duals in the geometry 
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of the oriented line and circle, and that a corresponding duality 
extends to a large number of theorems.* 

Suppose that we have an oriented circle c of radius t and 
an oriented line 1. The centre of the circle shall be (7. Let 



Fig. 30. 


P be a point of I outside of c, and the points of 

contact of the oriented tangents to P from (7, and being 
the angles which these oriented lines make with L The 
line 1\1\ passes through a fixed point L (the pole of 1) as P 


* The idea of this duality was certainly present to the mind of that excel- 
lent geometer Laguerre. An admirable exposition is found in Epstein, ‘ Die 
dualistische Erganzung dos Potenzbegriffes Zeitschri/i fur mathetnatischen 
Unterrichty vol. xxxvii, 1006. 
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traces 1. Let the line GL which is J. Z meet C in ^ and B 
so that 

t.AGl\ = a,, = a^, 

( LT,f = (GL)^ + r^-2 (GL) r cos cf, , 

[(GL)~rf-(LT,f _~(ALf + (L2Y) 

2 - -\{GL) + rf + (LlY)- (BLf-{LT,)^~' 

In tlie same way wc have 


t„„2 «2 _ -{AL)--^{L T,)- 
2 - (BLf-(LTA^ 

But (LTj) (ZT.) = (AL) (BL). 

Hence tan tan — = ^ 


{LB) 


( 2 ) 


Theorem 1.] If, from all 'points outside an oriented circle 
and lying on an oriented line, oriented lines he dra'wn 
'jjroperly tangent to the oriented circle, the product of the 
tangents of the halves of the angles 'which they form 'with the 
given oriented line is constant. 

This constant shall be called the power of the oriented line 
with regard to the oriented circle. It will be positive when 
the oriented line intersects the oriented circle in real points, 
negative when there is no common point. When there is 
proper contact the power is zero ; improper contact produces 
an infinite power. 


Theorem 2.] Given t%vo pairs of oriented lines concurrent 
on a given oriented line, but not concurrent or 2 ^(irallel with 
one another. A necessary and siifficient condition that they 
should be 'properly tangent to one same oriented circle is that 
the product of the tangents of the halves of the angles which 
one pair make with the fifth line should be equal to the 
corresponding jjroduct for the other pair. 

Two non-oriented circles which are non-concentric and 
unequal in radius have two centres of similitude. Two 
oriented circles shall be defined as having at most and in 
general one centre of similitude, namely, the external centre 
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when they are non-concentric and have unequal radii of like 
sign, the internal centre when their radii are of unlike sign. 


Theorem 3.] An oriented line having like powers with 
regard to two oriented circles of unequal radius passes through 
their centre of similitude^ and every line through this centre 
has like jyoivers with regard to the tivo. When the radii are 
equal the line is to the line of centres, and every such 

line has the same pouter with regard to each circle. 


We have so far established the following duality ; 


Oriented line. 

Oriented circle. 

Power. 

Centre of similitude. 

Circles with common centre 
of similitude. 


Point. 

Circle. 

Power. 
Radical axis. 
Coaxal circles. 


Suppose that wo have an oriented line I ; we may trans- 
form other oriented lines not parallel thereto as follows. 
Corresponding oriented lines shall be concurrent on Z, and the 
product of the tangents of the halves of their angles with I shall 
be a given constant. Such a transformation shall bo called 
a Laguerre inversion ; let us show that it carries an oriented 
circle into another oriented circle.* 

To begin with, the transform of every oriented line not 
parallel to I is uniquely determined. By (1) there are oc^ 
oriented circles which are transformed into themselves ; 
anallagmatic let us say. Every oriented line parallel to the 
line is properly tangent to oc^ of these circles. The remainder 
of the envelope of these oriented circles is a second oriented 
line parallel to I which wo define as the transform of the first 
oriented lino. The transformation is thus one to one for all 
oriented lines; the oriented line I is reversed. 

We next observe that, if we take a point on the radical 
axis of two circles and draw one tangent to each, the line 
connecting the points of contact meets the two circles at 

* Laguerre, ‘ Sur la transformation par semi-droites reciproques, Nonrclles 
Annales de Math., Series 3, vol. i, 1882, pp. 512 If. 
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equal angles, and so passes through a centre of similitude, 
or may be parallel to the line of centres when the radii are 
equal. The tangent to one circle where ifc meets again the 
line connecting the points of contact is parallel to the tangent 
to the other circle. The two tangents to the first circle meet 
on the polar of the centre of similitude ; hence the product of the 
tangents of the halves of their angles therewith is constant 
Hence the product of the tangents of the halves of the angles 
which the given tangents, properly oriented, make with the 
oriented radical axis is also constant. If one circle and radical 
axis be given, the other circle may be found so that this product 
shall take any desired value. Hence in a Laguerre inversion 
an oriented circle goes into an oriented circle, I being the radical 
axis. Be it noticed that as a common proper tangent to two 
oriented circles goes into a common proper tangent to their 
transforms, the two meeting on the common radical axis of 
each circle of the first pair with its mate in the second, then 
the common proper tangential segment of two oriented circles 
is equal to that for their transforms under a Laguerre inver- 
sion. The Laguerre inversion is the simplest type of what 
we shall later study under the general name of erjuilovy 
transformation. 

Laguerre inversion. Inversion. 

Oriented line to oriented Point to point, 
line. 

Oriented circle to oriented Circle to circle, 
circle. 

An oriented circle properly Circle through two mutually 
tangent to corresponding ori- inverse points anallagmatic. 
ented lines anallagmatic. 

Proper tangency of oriented Tangency of circles in- 
circlea invariant. variant. 

Common proper tangential Angle of intersection of two 

segment of two oriented circles invariant, 
circles invariant. 

Corresponding circles have Cori-esponding circles have 
the fundamental line as the fundamental point as 
radical axis. centre of similitude. 
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There are a number of simple theorems concerning oriented 
lines which are duals to the point theorems, I. 149-63]. The 
algebraic proofs are, however, so much simpler than the 
geometric ones that we postpone these for the moment. We 
make an exception in favour of the following. 

Let us start with four oriented lines ^i, ^ 4 > which we 

suppose so related that no two are parallel. We shall mean 
by the bisector of the angle of two intersecting oriented lines 
the locus of the centres of circles properly tangent to one and 
improperly tangent to the other. The bisector of the angle 
of with the opposite to I- shall be which is the locus of 
the centres of cij'cles properly tangent to and Ij, Let 6^ 
be the centre of the circle pi-operly tangent to Let 

be on the same side of Cj, Ci, and let 

t- > 0 , 4-cJi^Ci > 0, 

or IT 

Subtracting 

or 

We see in a special case that the first hypothesis is right, 
and so, by continuity, it is always right. 

Theorem 4.] The centres of the oriented circles each properly 
tangent to three out of four given oriented lines, whereof no 
hoo are parallel, are concyclic. 

§ 2. Analytic Treatment. 

It is now time to take up the analytic treatment of 
oriented lines and cii’cles, as thus, naturally, we shall obtain 
a far greater wealth of results than from purely geometric 
methods. The domain shall be the complex cai'tesian plane, 
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including the line at infinity. We shall slightly alter the 
traditional form for the equation of a circle, writing 

= 0 . ( 3 ) 

~ 2 x^Xy^ + + Xj^ = 0 . ( 4 ) 

The radius will have the value 


We see thus that we have for every oriented circle five 
homogeneous coordinates {x) connected by the identity ( 4 ). 
Conversely, we shall define as an oriented circle every locus 
which satisfies the equations ( 3 ) and ( 4 ). We have the 
following types ; 

1) Proper oriented circles x^x^^ ^ 0. 

2) Non-linear null circles x^ =0, x^i^ 0. 

3 ) Oriented lines Xq = 0. 

4 ) Minimal lines x^ = x^ — 0. 


The line at infinity is included in this latter class. This 
may also be looked upon as the class of all oriented lines 
which are identical with their opposites. If we have two 
proper oriented circles [x) and (y), the length of their proper 
common tangential segment will be 


— (r— 



- ^o2/i - ?/() + x^y^ -I- 4- ^4 Va) 

-^oVo 


( 6 ) 


For their common angle we have the expression 


in2 + ^2?/2 + . 

2 2x^y^ 


(0 


By continuity this formula will hold even when = 0. 
The condition of proper tangency will be 

The point of contact may be a circular point at infinity ; 
the radii are then equal and the centres on a minimal line. 

It must be specially noted that this is the identity polarized. 
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A point in the tetracyclic plane has four homogeneous 
coordinates connected by a quadratic identity; the same is 
true for an oriented line.* Fundamentally important, how- 
ever, is this difference, that whereas the discriminant of the 
quadratic identity for tetracyclic coordinates does not vanish, 
the oriented line identity has a vanishing discriminant. The 
two may not therefore be put into a one to one analytic 
correspondence. Still, the circle has a linear equation in 
tetracyclic coordinates; so, too, a, linear relation among the 
coordinates of an oriented line will usually give us the proper 
tangents to a circle. Let us begin by writing 

( 9 ) 


When 0 we see that {x) is properly tangent to the 
oriented circle 



a<^ -f 

2^0 





When cIq = 0, a./ 0 the slope will be 

The oriented line makes a fixed angle with a fixed oriented 
line. An equation of the first degree will give either the 
oriented lines properly tangent to a fixed circle or two distinct 
or coincident pencils of parallels. The power of the oriented 
line (x) with regard to the oriented circle (y) will be 

- ^iVo + ^2^/2 + ^3^/3 + ^42/4 /jQ) 

^ 32 / 3 + ^4 2/4 

If (a) be a fixed non-minimal oriented line, and (x) an 
arbitrary oriented line, let us write the following trans- 
formation : 

oi>i = {(x^^-a^^)Xi-2{a2X^ + a.iX^ + oc^x^)a^, 

= (a/ — — 2'(«2^2 +«3®3 + 


* The comparison of the two is well brought out by Muller, * Die Geometrio 
orientierter Kugeln \ Monatshefte fur Math.y vol. ix, 1898, pp. 288 fF. 
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Here, regardless of the value of the parameter we have 
^ ^ ^ ^^ 2)2 (^^^2 ^ ^^2 ^ ^^ 2 ). 

The oriented lines (x) and (x') are concurrent on the line (a), 
the product of the tangents of half their angles therewith is 

~ — We have thus, in general, i.e. when 

0^4 + ^4 

a Laguerre inversion, and every Laguerre inversion may be 
thrown into this form. In the limiting case where r/g = = 0, 

we replace each oriented line by its opposite moved through 
a fixed distance. 

It seems almost axiomatic that there must be a number of 
interesting theorems about oriented lines arising from the 
adaptation of the Frobenius identity. The present Author 
has been somewhat disappointed in the results obtained in 
this fashion. There is one interesting theorem which is 
perhaps more easily proved in this way than in any other. 
Let us take four proper oriented circles cW, whereof 

each is properly tangent to the preceding and the succeeding 
in the natural cyclic order. The common proper oriented 
tangents shall be We write the identity 

CjC) C3(b C^i^) 0 -q(b -c,(b C3(b c,(b o 

c/b C3(b c^^b 0 -c/b -r,(b 03(2) c,(^) 0 

0 Z/'b yi2) /^(12) ;^(12) 0 ^^(3) q 

0 ^jC2:));^(23)^^(23)^^(23)o ^ C.J-*) 0 

0 y 34) ^^(34) 0 -?/j -iy„ 1/2 2/.J y^ 0 

0 Z,(41) i^in) ^^(41) ;^(41) 0 1 0 0 0 0 0 

Here (y) is supposed to be properly tangent to Z^^b. 

Divide each of the first two rows of the first determinant by 
its first member ; divide each of the first five rows of the second 
determinant by its second member. Multiply the two deter- 
minants together by rows. For simplicity write T{ah) for 
half the square of the common tangential segment of the 
circles (a) and (&). 
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0 

0 


0 

T{cmy) 

1 

0 

0 

0 T(cP)y) 

1 

0 

0 

oc 


0 

0 

y 

0 

0 

5 

0 

0 

e 

C 

0 

0 

0 

0 

0 

V 

0 

0 

A 

0 

Now 


T{cF)y) 

= T{c(-)y). 



Taking a constant multiple of the members of the last 
column from the corresponding ones of the next to the last, 
we find the product of two factors is equal to zero. The 
second factor is found not to vanish in a special case, the 
first is 

A = - . 

Vo 

Theorem 5.] If four i^ropcr oriented circles he so arranged 
in cyclic order that each is 2 ^'i^ 02 Jerly tangent to its two next 
neighbours, then the four common pro^oer tangents to pairs 
of successive circles are properly tangent to a fifth oriented 
circle or are properly parallel in pairs^' 

Since the two tangential segments to two circles from 
a point on their radical axis are equal, we may construct 
a circle tangent to each at its point of contact with one of 
the given circles. 

Theorem 6.] From each of two p)oints on the radical axis 
of two non-concentric oriented circles t%vo oriented proper 
tangents are drawn to each circle. Take hvo of the tangents 
to each circle, not intersecting on the radical axis. These 
four lines, if not properly parallel in pairs, may be so 
oriented as to be properly tangent to an oriented circle, 

A number of interesting theorems follow from the fact that 
the condition for proper contact between an oriented line and 
circle is linear. For example 

* Miiller, ^ Einige Griippen von Siitze, &c . JahreshencM der deutschen Mathe- 
matiker-Vereinigung, vol. xx, 1911, p. 181. 
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Theorem 7.] If four proper oriented circles meet a fixed 
oriented line at a fixed angle, and if a common proper 
tangent he drawn to each tivo, then, if no Huo of these tangents 
he parallel, four new oriented circles may he found, each 
properly tangent to three of these tangents which do not touch 
one particular circle. These four new oriented circles u)ill 
also meet a fixed oriented line at a fixed angle, ^ or he the 
limiting form of four such circles. 

The proof is as follows. If an oriented circle meet a fixed 
line at a fixed angle we see by (7) that all of the coordinates 
but the second are connected by a linear relation, and con- 
versely, if such a relation exist, the circle will usually meet 
a fixed line at a fixed angle. The exceptions to this last 
statement are easily noted. Secondly, if three oriented lines 
be given, all of the coefficients but the second of the oriented 
circle properly tangent to them are given by the three rowed 
determinants of the matrix formed by the coordinates of the 
given oriented lines, the first coefficient having the reverse 
of the natural sign. These facts premised, let our oriented 
circles be c^'^\ c^^\ c^^\ the common tangents as before. 
Finding all the coordinates but the second of the oriented 
circles each tangent properly to three of these lines which 
lack a common index, the statement that these new oriented 
circles meet a fixed oriented line at a fixed angle will lead to 
the equations 

I a ^(23) I ^ 

1 a I ^ 0 , 

I a Z(^^) Z(^b m I = 0, 

I a Zf^i) 10‘^) 1 = 0 . 


Eliminating (a) 
0 

Z(34) ^(41) ^(12) 1 ( 23 ) I 

1 Z^^^) Z(^^) Z(i3) Z(23) 1 


: IW Z^23) ^(31) 

Z(34) ^(41) 1 ( 12 ) 1 ( 31 ) I 
0 


^(3^) ^(42) 1 ( 23 ) 1 ( 12 ) 
0 

Z(34) ^(41) ^(13) ^(12) 


= 0 . 


* Ibid., p. 183. 
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This last equation will be unaltered if we replace eaeh 
by the complementary which has the effect of replacing 
each of our new circles by the corresponding old circle. By 
hypothesis, the four original circles met a fixed oriented line 
at a fixed angle. Hence the four new ones will do the same, 
or at least be the limits of four circles doing so. 

Suppose that we have three oriented circles 
properly tangent to an oriented line Z. The remaining common 
proper tangents shall be shall be an arbitrary proper 

tangent to and the oriented circle properly tangent to 
ZO), shall be Consider the one-parameter family 

of quadratic oriented line envelopes given by the equation 

All of these will share the proper tangents Z, Z^^^) 

with cd). We may therefore so choose A/// that this envelope 
shall touch another proper tangent to i.e. include as 
part of itself. The remainder of the envelope will be another 
oriented circle which is properly tangent to Z^^^, It 

will then be identical with which latter must touch the 
remaining proper common tangent to and 

Theorem 8.] If three oriented circles be j^'^'operly tangent 
to an oriented line^ and an arbitrary tangent be 

drawn to each, then the three oriented circles, each properly 
tangent to tiuo of these arbitrary tangents and to the remain- 
ing common proper tangent of the corresponding original 
circles, are themselves p>roperly tangent to one oriented line 
or are the limit of such circles. 

This theorem is dual to our fundamental I. 149], It may 
be somewhat generalized by a contact transformation of circles, 
as the previous one was generalized by inversion. The result is, 
however, rather involved ; it is better to draw corollaries from 
the proposition as it stands. As a first, let the reader show 

Theorem 9.] If four oriented tangents to an oriented circle 
be taken in cyclic order, and four oriented circles be drawn 
each properly tangent to Hvo successive oriented tangents, then 
the remaining common proper tangents to successive oriented 
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circles of the sec^uence are themselves tangent to an oriented 
circle or are properly parallel in pairs.^ 

The number of simple results which can be declucecl from 
this is almost absurd. We first get a precise wording for 
a well-known theorem due to Plucker.f 

Theorem 10,] From two points, one on each common 
proper tangent to two oriented circles, the remaining 2 ^^'oper 
tangents to these circles are draivn. The two tangents to one 
circle and the oj^posites to those to the other touch a circle 
or are properly parallel in j^irs. 

Theorem 11.] Three oriented circles oO), are so 

arranged that one common proper tangent to cO) ami and 
one to and are concurrent on an imiyro^^er common 
tangent to and then the remaining common proper 
tangents of cO), and cO), are concurrent on the remain- 
ing improper tangent of c^^\ cX^'> or are pKirallel thereto. 

Theorem 12.] Four oriented concurrent lines are arranged 
in cyclic order and an oriented circle drawn jwoperly tangent 
to each two successive lines. Then the remaining common 
pi'oper tangents to successive circles are properly tangent to 
one oriented circle or are in^operly parallel in pairs. 

Theorem 13.] Given two onidented non-parallel lines and 
four oriented circles, the first properly tangent to both, the 
second lyroperly tangent to the first and improperly tangent 
to the second, the third imirroperly tan god to both, and the 
fourth impro 2 ^erly tangent to the first and 2 )roperly tangent to 
the second. The remaining common p)V 02 )er tangents of succes- 
sive circles are 2 ^^^operly tangent to an oriented circle or are 
lyroperly 2 )c^'i'allel in iKtirs, 

We get a special case of this when the first and second 
circles differ only in the sign of the radius from the third 
and fourth. 

Theorem 14.] Given hvo non-co acentric circles and the 

* Ibid., p. ]73. The five following are from the same source. 

t * Analytisch-goometrische Apliorismen Crelle's Journal, vol. xi, 1834, 
p. 117. 
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two common direct or transverse common tangents. Then, if 
any circle he taken touching these tivo tangents^ hut not with 
its centre collinear with those of the given circles, its remaining 
common tangents with these circles are tangent to another 
circle. 

Theorem 15.] Let four oriented lines he drawn 2 :>roperly 
tangent to an oriented^ circle, and six oriented circles he 
drawn each imo'perly tangent to two of these oriented lines. 
These six may he arranged in three sequences of four, each 
sequence determining a new oriented circle hy Theorem 9]. 
The three new oriented circles are imo^perly tangent to the 
same two oriented lines. 

The proof is entirely analogous to II. 22] though demanding 
a little more care. We leave the details to the reader and 
continue the process of drawing corollaries from 8] even as 
we drew some from I. 149]. 

Theorem 16.] Given four oriented circles proiierly tangent 
to an oriented line. If four other oriented circles can 
he found, each properly tangent to the three remaining 
common tangents to three ^^airs of the given circles^ 

these four new oriented circles are also proi^erly tangent to 
a common line. 

Theorem 17.] Given Jive oriented circles properly tangent 
to a common line. With each set of four v'e may, hy 16], 
associate another oriented line, and these five oriented lines 
are properly tangent to an oriented circle. 

The proof is entirely analogous to that of I. IGO]. We 
leave the details to the reader, as well as the task of proving 
the following, which is dual to I. 162]. 

Theorem 18.] Given n oriented circles prop)erly tangent to 
an oriented line. If n he odd ive may associate thereivith an 
oriented circle, if n he even an oriented line, in such a way 
that the circle {line) is properly tangent to the n oriented 
lines {circles) associated with the n sets of oriented circles 
obtained hy omitting each of the original ones in turn. 
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In the same way we have the dual to L 163]» 

Theorem 19.] Given n oriented circles properly tangent to 
one oHented line, and an oriented tangent common to each 
and to a given oriented circle. If n he odd we may associate 
thereivith an oriented line, amid if it be even an oriented circle, 
in such a luay that the line {circle) is pi^operly tangent to the 
oriented circles (lines) associated ivith the n sets of (n— 1) 
oriented circles obtained by omitting each of the original 
circles in turn. 

It is to be noted that in 17] to 19] lines properly tangent 
to an oriented circle will, if two be properly parallel, bo 
replaced by lines of given direction. 

§ 3. Laguerre Transformations. 

In our development of the analogy between the geometry 
of the oriented line and elementary circle geometry we have 
pointed out the three following analogies : 

Oriented line. Point. 

Oriented circle. Circle. 

Tangential segment of two Angle of two circles, 

oriented circles. 

We are immediately led to the idea that there must be 
a whole theory of transformations which carry oriented lines 
into oriented lines, and oriented circles into oriented circles. 
An example of such a transformation was the Laguerre 
inversion, under which the common tangential segment of 
two oriented circles is invariant. The question arises 
immediately. Is this segment invariant under every trans- 
formation that carries an oriented line into an oriented line, 
and the oriented lines properly tangent to an oriented circle 
into proper tangents to another circle ? The answer to this 
question is ‘ No At the same time the total group of such 
transformations has an important sub-group where tangential 
segments do retain their size. This group presents interesting 
analogies to the conformal group of circular transformations. 
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and we find invariants analogous to the double angle and 
double ratio. Before attacking this group directly, let us 
give a space representation of our oriented lines and circles 
which is of capital importance in our subsequent work with 
them.* 

We begin with the equations 

2^ = px„, 

^(X^+Y^ + Z^)=px„ 

— XT = px^, (12) 

— YT = px^, 

-ZT = px,. 

Here {XYZT) are supposed to indicate homogeneous rect- 
angular cartesian coordinates. The null sphere with centre 
{XYZT) will have the equation 

(Tx - Xt)^ + {Ty - Yt)^ + {Tz- Zt)' = 0. 

It will meet the plane s = 0 in the circle 

x„ (x^ + y‘^) + (2 xt) + rcj {2yl) + aq {21^} = 0. (3) 

— 2 x^^x^ + x^^ + + ^4^ = 0. (4) 

This is the oriented circle with centre [XYT) and radius 

ix^ __ 

T' 

If now we make our three-dimensional space a perfect 
pentaspherical continuum by adjoining improper points, as in 
Ch. VII, the improper point 

^0 = = 0 , 

being interpreted as the minimal plane 

x,/x + x.^y + x^z — 0, 

wo see that the latter cuts our plane 0 = 0 in the oriented line 
x,2^x x.^y x^t = 0 . 

This transformation shall be called a minimal ijrojection. 


* Cf. Klein, Ilohere Geometrie, Gottingen, 1893, vol. i, pp. 473 ff. ; Lie- 
Scheffers, Bmihmvgstrans/ormaiionen, Leipzig, 1896, pp 428 flf. ; Scheffers, 
‘ Bestimmung aller Beiuhrungstransformationen des Kreises in dor Ebene ’, 
Leipziger Berichtcy vol. li, 1899, p. 145. 
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Theorem 20.] If finite cartesian space he made a perfect 
pentaspheidcal continuum by adjoining a single point at 
infinity^ and the totality of minimal planes as improper points, 
there is a perfect one to one corres 2 ^ondence between the points 
of such a space and the oriented circles of the plane. In this 
corresjwndence each proper point corresjyonds to that proper 
oriented circle whose centre is the orthogonal projection of the 
given ^loint on the 2 dane, and whose radius is the algebraic 
distance from the point to the plane multiplied by — 
a definite square root of —1; each improper p)oint is rejore- 
sented by the line where the corresponding minimal qlane 
meets the given plane, with an orientation rationally depen- 
dent upon the coordinates of the imp)roper point. 

If (XYZT) aud {X'Y' 7/T') bo two proper points, their 
distance will be 

{{XT --TX'f + (FT' - TY'f + {ZT- TZ'f 

A / rff2 rp/2 


= ^2 ( - - i Ct y,-, + 




( 13 ) 


Theorem 21.] In a minimal p)rojection the distance between 
Uco iwoper p)oints is equal to the common tangential segment 
of the corresponding p)roper oriented circles. 

This last theorem is also simply proved by elementary 
geometry. Two proper points whose distance is null deter- 
mine an isotropic, the locus of points at a null distance from 
both. If a proper point lie in a minimal plane, there is one 
isotropic through the point lying in the plane. Parallel 
minimal planes determine one tangent to the circle at infinity. 
Our correspondence is as follows : 


Plane tt. 

Oriented circle. 

Proper oriented circle. 
Non-linear null circle. 
Oriented line. 

Minimal line. 


Pentaspherical space 2. 
Point. 

Proper point. 

Point of plane tt. 

Minimal plane. 

Minimal plane parallel to 
normals to tt. 
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Common tangential seg- Distance of proper points, 

ment of proper oriented circles. 

Pencil of properly tangent Isotropic in finite domain, 
oriented circles.* 

Pencil of properly parallel Pencil of parallel minimal 
oriented lines. planes. 

Transformation carrying Conformal collineation. 

oriented line into oriented 
line, and proper tangents to 
oriented circle into proper 
tangents to oriented circle. 

Theorem 22.] The group of transformations which carry 
oriented lines into oriented lines, and the proper tangents to 
an oriented circle into those of another circle, depends upon 
seven parameters. Every transformation of the group will 
multiply the common tangential segment of two proper 
oriented circles by some constant. There is a six-parameter 
sub-group that keeps such tangential segments invariant. 

Seven-parameter group of Seven-parameter group of 
oriented lines and circles as conformal collineations. 
envelopes of such. 

Theorem 23.] The six-parameter group which carries 
oriented lines into oriented lines, oriented circles which are 
the envelopes of such lines into other such circles, and keeps 
invariant the common tangential segment of two 
oriented circles, is mixed. It has a six-parameter continuous 
sub-group, and a six-parameter continuous sub-assemblage. 

Six-parameter group keep- Six -parameter congruent 

ing tangential segments in- group, 
variant. 

Six-parameter continuous Six -parameter group of 

sub-group. motions. 

Six-parameter sub-assem- Six-parameter assemblage 

blage. of symmetry transformations. 

* Proper circles of equal radii whose centres lie on a minimal line must be 
considered as properly tangent. 


1702 


A a 
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The mixed six-parameter group for the oriented line shall 
be called the group of Lagiierre transformations^ or the 
Lagnerre group. We may reach this group from another 
point of view which possesses the highest interest. Let us 
define as equilong any analytic transformation of the oriented 
lines of a plane which keeps invariant the distance between 
the points of contact of each line with any two oriented 
envelopes properly tangent to it.* This is the natural dual 
to a conformal transformation. Even as in determining the 
most general conformal transformation of the Gauss plane we 
express each point by means of a single complex coordinate, 
so here we shall introduce complex coordinates of another sort 
for an oriented line.f We begin by writing 

€r;, = 0, 

( 14 ) 

Every oriented lino not passing through a specified circular 
point at infinity will thus have a complex coordinate C 
When ^=go, and a whole parallel pencil of 

isotropies correspond to the single value oo. Conversely, 
suppose that we have given f we may write 

px^ = 2ri, px^ = ( 1 *~ 0 » = -^(1 = 2 ^, ( 15 ) 

and thus find a determinate oriented line corresponding to 
our complex value C Suppose now that we have an equilong 
transformation. It will give rise to equations of the type 

r n = f (f^)- 

If an oriented line touch an envelope at infinity, the same 
will hold for the transformed lino and envelope, hence in- 

* Cf. Scheffers, ‘ Isogonalkurvon, E ^uitangentialkurven, und complexe 
Zahlen’, Ma^h. Annalerif vol. lx, 1905. 

t First done by Scheffers, ibid., p. 528. We follow the treatment of 
Blaschke, ‘ Untersuchungen fiber die Geometrie der Speore in der Eukli- 
dischen Ebene Monatshefte fur Math,^ vol. xxi, 1910. We shall lean heavily 
on this excellent article in the present chapter. See also Grunwald, ‘ Duale 
Zahlen in der Geometrie \ ibid., vol. xvii, 1906. 
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finitely near parallel lines go into other such lines, i.e. is 
a function only of f The invariance of the distance of the 
intersections of a line with two others infinitely near requires 
that the expression 


di] 

^ J 


shall be invariant. The corresponding expression for 
will give the value 

dyj'be-deW 


il 


— <U+ 


^(f 


Six*? 








8r,)-( 


)( 




/h) 

_ \^ri/ (dr)b$-d$hi) 

- - 

\W 


On the other hand, if we have either function of the 
complex variable, 


i^'+af) =/(£+<»»), ii'+trj') =f{i-tri), 


the differential equations corresponding to the Cauchy-Eiemann 
equations for the usual complex variable are 


W _ H' ^ 

^7} “ ^rj 


( 16 ) 


and these give an equilong transformation above. Con- 
versely, when these equations are satisfied is an analytic 
function of C or of C 


Theorem 24.] The most general equilong transformation 
of the plane is obtained by talcing as an analytic function 
of C or of C, andy conversely y every such function will give an 

A a 2 
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equUong transformation. The group of all equilong trans- 
formations is mixed, having a suh-gronp which is continuous 
and dep)ends upon an arbitrary function, and also a con- 
tinuous sub-assemblage depending on an arbitrary function. 

Every equilong transformation of the sub-group shall be 
called direct, those of the sub-assemblage indirect. Every 
indirect transformation is the product of a direct transforma- 
tion, and of the indirect one 

which reverses the orientation of every line. We may pass 
continuously from any direct transformation to the identical 
one ; not so for an indirect transformation. 

The Laguerre transformation is a special case of the 
equilong. The analytical expressions for the direct and 
indirect transformations are 

„ , _ (a + tap 4- (r{) + + (0) _ 

(y + <y') (^ +<>?) + (S + (6') 

>/ , _ (a 4- tap (^— e? 7 ) + (/3 + e/j') _ 

(y + <yp(f-€>;) + (8 + €6p 

The Laguerre inversion is an indirect transformation, for it 
is involutory and keeps invariant all circles which meet an 
oriented line at a fixed angle, and so corresponds to an involu- 
tory congruent transformation of space with all points of 
a plane invariant, i.e. a reflection in a plane. 

Plane tt. Space 2. 

Laguerre inversion. Reflection in a plane. 

Four oriented lines will have an absolute complex invariant 
under the group of direct Laguerre transformations, namely 

(i>i C4) (Ca"” C2) 
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An indirect transformation will carry this into its con- 
jugate. The part independent of rj is seen at once to be 


(fl “ id iis ~ ^2) 



/< = 4 

' 2 

1 = 2 


1 2 

i = 2 


^ sin i ^ 

sin A sin 0.2 


This is the cross ratio of the points of contact with a fixed 
oriented proper circle of proper tangents properly parallel 
to the given oriented lines. The coefficient of e is more 
complicated : it may be written 


i = 1 


t - i " i = 4 

/ = 2 ^ 


Tim ratio between the two invariants is a third invariant 

-/| 


We get the meaning as follows. Let the four oriented 
lines be arranged in cyclic order, and four oriented circles be 
taken, each properly tangent to two successive lines of the 
system. The difference between the sum of the first and 
third sides of the oriented (perhaps re-entrant) quadrilateral 
determined by the given lines in order, and the sum of the 
second and fourth sides, is equal to the corresponding expres- 
sion among the common tangential segments of the four 
circles, each circle corresponding to the vertex of the quadri- 
lateral which is the intersection of the two oriented lines 
which it touches. This expression among the common 
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tangential segments is an invariant for a Laguerre trans- 
formation; hence the difference between the sums of pairs 
of opposite sides of the quadrilateral is also invariant. 
Reverting to our expression (2), let us take for our oriented 
lines (0, {Q,ayb^iVa^ + h^) (0, as any 

four may be reduced to these by a suitable Laguerre trans- 
formation. The quadrilateral has for its sides three sides of 
a right triangle and an infinitesimal side passing through 
the vertex of the right angle. The invariant is thus the 
difference between the sum of the two legs and the hypo- 
tenuse. But our expression (26) reduces to 

x^ (a 4- & — V -f 6^) 

2 ixj^ -h ix^ \/ a— Ir \//>— \/a‘^ i //^ 

_ x^ (x^ 4- x.^ — ixj 

which is one-half the difference in question. 

Theorem 25.] The comj)lex invariant of four oriented lines 
in chosen order is made n2y oftivo 2yctrts. The first 2 )art is the 
corresponding cross ratio of the 2 ^oints of contact ivith any 
proper oriented circle of four oriented tangents, 

pro2yerly 2^oivodlel to the given lines; the ratio of the two 2 )cc'^ts 
is one-half the difference between the sums of the of 

o 2 ~>posite sides of the quadrilateral determined by the given 
lines in the given order,^ 

The invariants of a Laguerre transformation and the sim- 
plification of figure by these transformations lead us to certain 
properties which might not suggest tliemselves naturally. 
Let us say that three pairs of oriented lines belong to an 
involution when this is true of the points of contact with 
a fixed proper oriented circle of proper tangents properly 

* Blaschke, loc. cit., p. 17, confuses the second part of the invariant with 
the ratio of the two parts. He courteously acknowledged the mistake when 
it was shown to him. 
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parallel to them. This condition is invariant for a Laguerre 
transformation.* We thus get 

Theorem 26.] If three proper oriented circles have each 
a pair of proper common tangents^ these will he three pairs 
of an involution. 

We see, in fact, that there is a motion of our three-dimen- 
sional space 2 which will bring any three proper points to lie 
in a plane || tt ; hence there is a Laguerre transformation of tt 
which will carry three proper circles into three others all 
of equal radius. The common tangents to these latter are 
improperly parallel in pairs, and so clearly are pairs of an 
involution. 

Suppose that we have Iff Iff) three pairs of a non- 
parabolic involution. Since we may find a motion of 2 to 
bring any two n on-isotropic lines to be parallel to the plane 
TT, so we may find a Laguerre transformation carrying Iff 
and Iff into two pairs of parallel lines, and owing to the 
existence of the involution I If become a third pair of parallel 
lines also. Let the triangle whose side-lines are Iff -^ be 
marked according to the standard notation of Ch. I, A.^ being 
opposite to 1,1. Let If meet ZyZ^ in points whose distances 
from A;: are Under these circumstances it is an 

!/ 4/ j ' V li, 

easy matter to calculate the lengths of the common tangential 
segments of the oriented circles properly tangent to the 
triads of oriented lines; then, exercising great care as to 
signs, we apply Casey’s criterion, I. 47]. We thus reach an 
admirable theorem due to Bricard.f 

Theorem 27.] If Iff, Iff, Iff he three imirs of oriented 
lines in involution, the four oriented circles properly ta ngent 
respectively to the triads Iff^, ^ffKffhff, Iflfl^^ are properly 
tangent to a fifth or iented circle. 

Numerous corollaries follow immediately. The side-lines 
of a triangle and those of the middle point triangle, when. 

* This definition is due to Laguerre, Collected Woiksi, vol. ii, p, 597. 

f ‘ Sur le probl5me d’Apollonius ’, Nouvelles Annales de Math., Series 4, 
vol. vii, 1907, p. 503. 
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properly oriented, are pairs of an involution. The four 
circles in this case are the inscribed circle (or an escribed 
circle) and the middle points of the sides. We thus get 
Feuerbach’s theorem, 1. 49]. Again, consider the circle 
inscribed in a triangle and the tangent thereto anti-parallel 
to one side-line. We see that the line connecting the points 
of contact of the anti-parallel tangents is parallel to the 
bisector of the corresponding angle of the triangle. But if 
through each point of contact with a side of the triangle we 
draw a parallel to the bisector of the opposite angle, we have 
three concurrent lines, as we see by applying Ceva's theorem 
to the triangle whose vertices are the points of contact. We 
thus find 

Theorem 28.] The side-lines of a triangle and three anti- 
parallel transversals ^vhen p)'i^operly oriented are pairs of an 
involution. 

Since the tangents to the circumscribed circle at the 
vertices are respectively anti-parallel to the corresponding 
side-lines, we have 

Theorem 29.] The inscribed circle to a triangle and three 
circles escribed to the triangles, each having as side-lines a 
side-line of the given triangle and the tangents to the circum- 
scribed circle at the corresponding vertices, are tangent to 
a fifth circle/^ 

We return to the Laguerre group.f There are three types 
of involutory transformation, corresponding to the involutory 
congruent collineations of 2. 

Plane tt. 

Laguerre inversion. 

Corresponding oriented 
lines properly tangent to the 
same oriented circle which 
touches properly two fixed 

* 'Sur le probleme d’ Apollonius Nouvelles Annales de Series 4, 

vol. vii, 1907, p, 505. 

t Cp. Bricard, ‘ Sur la g4om6trie de direction Nouvelles Annales de Mathe- 
matiques, Series 4, vol. vi, 1906. 


Space 2. 

Reflection in plane. 
Reflection in line. 
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oriented lines, while the points 
of contact make two harmonic 
pairs. 

Each oriented line is re- Reflection in a point, 
fleeted in the properly parallel 
tangent to a fixed oriented 
circle. 

Every direct Laguerre transformation corresponds to a 
motion in E ; every motion is either a rotation, a translation 
or a screw, or a limiting case of these. The first and third of 
these leave just two minimal planes invariant ; the translation 
leaves invariant all minimal planes parallel to a given lino. 

Theorem 30.] In a direct Laguerre transformation there 
will he invariant either two distinct oriented lines, or else 
all oriented lines making a fixed angle %vith a given line will 
he invariant. 

Lot us look at this analytically. We see from (17) that the 
invariant lines correspond to roots of the equations 

If (6 — cx) = = y = 0, 

these equations are satisfied regardless of ?/. Our indirect 
transformation (18) will be involutory if 

/i' = y' = 0, 6 + a = 5' - a' = 0, 

or /i = y = 0, 5 — a = 5' + a' = 0. 

It will be the first of these which gives the Laguerre inver- 
sion, as the special Laguerre inversion 

is included therein. 

It is clear that a direct and close analogy exists between 
a considerable number of theorems concerning circular trans- 
formations which were developed in Ch. VIII and theorems 
concerning Laguerre transformations. One reason for this 
may be seen in the fact that the circular group is that of 
congruent transformations of three-dimensional non- Euclidean 
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space, while the Laguerre group is that of congruent Euclidean 
transformations. In order to exhibit as clearly as possible 
this analogy, we shall give in parallel columns the corre- 
sponding theorems, appending to the theorem on circular 
transformations the number which it had in Ch. VIII. We 
start with the well-known fact that every motion of 2 can 
be factored into four plane reflections. 

Laguerre group. Circular group. 

Theorem 31.] Evei'y direct Theorem 526.] Every direct 
Laguerre transformation can circular transformation can 
he factored into four Laguerre he factored into four inver- 
inversions, s io ns. 

Theorem 32.] Evei^ direct Theorem 7.] Every direct 

Laguerre transformation is circular transformation is 
comidetely determined hy the completely determined hy the 
fate of three oriented lines, fate of three points. 

In (17), if there be a single pair of values i and C which 
are interchanged, 

(a + ^oc') = — (6 4- €5'). 

Every pair of corresponding values arc changed in an 
involutory manner. 

Theorem 33.] If a direct Theorem 17.] If a direct 

Laguerre transformation in- circ%dar transformat ioninter- 
terchange a single pair of change a single jjair of points 
oriented lines it is involutory. it is involutory. 

There is a fundamental theorem due to Wiener whereby 
every motion can be factored into the product of the reflection 
in two lines.* 

Theorem 34.] Every direct Theorem 18.] Every direct 
Laguerre transformation is circular transformation is the 
the pi^oduct of two involutomj of tivo Mohius in- 
transformations. volutions. 


* ‘ Zur Theorie der Umwendungon Leipziyer Berichie, vol. xlii, 1890, p. 20. 
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Every real motion of 2 is a translation, a rotation, or 
a screwing about a real axis. Unfortunately, the real motions 
of 2 will not usually give real Laguerre transformations in tt 
and vice versa. Among the imaginary congruent transforma- 
tions of 2 there are those whei'e the only fixed point is on the 
circle at infinity. These will correspond to parabolic Laguerre 
transformations where the fixed oriented lines form a parallel 
pencil. Moreover, such transformations can be real, as wo see 
if we replace ix^ by x^y and the denominator of ^ by ^1*2 — ^^3. 
A real oriented line will then have real coordinates ^ and t], 
and it is easy to find a real parabolic transformation. 

A proper choice of our (old) complex coordinates will 
enable us to write any parabolic transformation in the form 

.. ^ 

(y + ^yOC + 1 

Let the reader show that under this transformation every 
circle 

. . ■“ y‘^'l + k — IX.^) + y^X^ = 0 

IS invariant. 

Theorem 35.] Corres 2 )ond- Theorem 20.] Correspmd- 
ing oriented lines in a imra- ing in a parabolic 

holic Laguerre transformation circtdar transformation lie 
touch same on tangent circles through 

oriented circle of a imoperly a fixed 2 ^oint, 
tangent 

A Laguerre transformation which corresponds to a screw 
in 2 shall be called loxodromic. The indefinite repetition 
of an infinitesimal transformation of this sort will carry into 
itself a one-parameter family of oriented envelopes. There is 
also a one-parameter invariant family of oriented circles (not 
a one-parameter family of invariant circles) properly tangent 
to the two oriented lines which are fixed in the transforma- 
tion, and these are permuted by the given transformation. 
If an envelope be carried into itself it will be repeatedly so 
transformed when the transformation is indefinitely repeated. 
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Every screw motion is a member of a continuous one-para- 
meter group of screw motions all carrying into themselves the 
same systems of curves. We may then inquire what sort of 
an envelope will be carried into itself by a one-parameter 
family of loxodromic Laguerre transformations. When we 
remember that a Laguerre transformation is equilong, we see 
that all such envelopes must be equitangential of this system 
of circles, i.e. each envelope determines a common tangential 
segment of constant length with each circle of the system. 
Lastly, this tangential length will be the same for all the 
equitangentials, for each transformation of the loxodromic 
group will be seen to be commutative with every Laguerre 
transformation having the same two fixed oriented lines. 
Thus let T be our loxodromic transformation, ^ a Laguerre 
transformation with the same fixed oriented lines, k an equi- 
tangential envelope of T, 

Let Sk = k\ 

TSk= IV =:k'\ 

S-^TSk = Tk = k = S-^jy\ 
k = s-^k\ 
k' = k", 

2V = //, 


and ¥ is an equitangential of our group. All these equi- 
tangentials will thus correspond to the same fixed length. 
We characterize our group analytically as follows. We write 
the transformation 




(/> + €'/} 


c-c 

C-fa' 


For a one-parameter group 

; 


following with a second such transformation we have 

Vfip')+V'f{p) =f{pp'), 

f{p) = 

The fixed tangential segment will thus be a function of k. 
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The Laguerre transformation corresponding to a rotation 
of space shall be called hy^^erbolic if the fixed oriented lines be 
real, if they be conjugate imaginary. The Laguerre 

transformation corresponding to a translation of space shall 
be called a parallel transformation. All oriented lines of two 
distinct or coincident parallel pencils are invariant. 


Real Laguerre transforma- 
tions. 

Loxodromic. Two types. 
Corresponding oriented lines 
touch the same equitangen- 
tial of a system of oriented 
circles properly tangent to two 
real or conjugate imaginary 
oriented lines. 

Hyperholic. Corresponding 
oriented lines touch properly 
the same oriented circle 
properly tangent to two real 
lines. 

Elliptic, Corresponding 
oriented lines touch properly 
the same oriented circle pro- 
perly tangent to conjugate 
imaginary lines. 

Parabolic, Corresponding 
oriented lines touch properly 
the same oriented circle touch- 
ing properly a fixed oriented 
circle at a fixed point. 

Parallel. Three cases. 
Corresponding oriented lines 
are properly parallel. Two 
real and distinct coincident 
or conjugate imaginary pen- 
cils of parallel invariant lines. 


Real circular transforma- 
tions. 

Loxodromic. Correspond- 
ing points lie on the same 
isogonal trajectory of a system 
of circles through two real 
points. 

Hyperbolic, Correspond ing 
points arc concyclic with two 
real points. 

Elliptic, (Corresponding 
points are concyclic with two 
conjugate imaginary points, 
and orthocyclic with two real 
points. 

Para hoi ic. Correspond ing 
points arc on the same circle 
touching a fixed circle at 
a fixed point. 
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Theorem 36.] Every periodic Theorem 21.] Every periodic 

direct Laguerre transforma- direct circular transforma- 
tion is elliptic, lion is elliptic. 


If we write a non-parabolic Laguerre transformation in the 


form 




0> + f!7) 


C-Ci 

C-C2’ 


the expression {p-\-€q) is called the invariant of the trans- 
formation. It is the complex invariant of the fixed lines and 
any two corresponding lines. 


Theorem 37.] If tivo direct Theorem 22,] If tivo direct 
non-parabolic Laguerre trans- non-parabolic circu lar trans- 
formations have a common formations have a common 
fixed oriented line, the in- fixed p)oint, the invariant of 
variant of their product is the their qmoduct is the product 
product of their invariants, of their invariants. 

The product of the reflection in two planes may never be 
a screw motion, but may be any of the other kinds of motion. 


Theorem 38.] The hyi^er- Theorem 23.] The hyper- 
bolic, elliqytic, q^arabolic, and bolic, elliptic, and parabolic 
parallel Laguerre transfer- circular transformations, and 
mations, and these alone, are these alone, are the product 
the products of tivo inversions, of two inversions. When the 
The necessary and sufficient circles of inversion are mu- 
condition that two inversions tually orthogonal the two 
should be commutative is that inversions are commutative, 
the system of oHented circles 
invariant in the one should 
be an invariant system in the 
other. 

Let us return for a moment to the indirect Laguerre trans- 
formation. The square of an indirect transformation is a 
direct one, with the same fiixed elements. We see also that 
this square cannot be a loxodromic transformation. 



X 


THE ORIENTED CIRCLE 


383 


Theorem 39.] Every in-- 
direct Laguerre transforma- 
tion may he factored into three 
inversions, every direct one 
into four inversions. 


Theorem 26.] Every in- 
direct circular transforma- 
tion may be factored into three 
inversions, every direct one 
into four inversions. 


§ 4. Continuous Groups. 

The problem of finding real continuous groups of Laguerre 
transformations may be handled like the similar problem for 
circular transform atious. We have the advantage of starting 
from familiar facts concerning Euclidean motions, but, as 
already remarked, the question of reality requires delicate 
handling, for real motions do not usually give real direct 
Laguerre transformations. Our Laguerre group is simply 
isomorphic with the six-parameter group, which leaves in- 
variant one real non-degenerate conic. We begin with three- 
parameter groups, and find that our previous reasoning holds 
in the matter of integrable and non-integrable groups. 


Theorem 40.] The only real 
non - integrable three -para- 
meter groups of Laguerre 
transformations are those 
with one real fiooed oriented 
circle. 


Theorem 35.] The only real 
non-integrable three - para- 
meter groups of circular trans- 
formations are those with one 
real or self-conjugate imagi- 
nary fixed circle. 


It should bo noticed at this point that whereas a real tetra- 
cyclic equation will give a real or self- conjugate imaginary 
circle, the latter type of circle having a real centre but a pure 
imaginary radius will correspond to a real point in 2. The 
group in 2 will be that of a real fixed point, and will not carry 
into one another those points whose distances from tt are pure 
imaginary, i.e. will not give a real Laguerre group. 

An integrable three-parameter group of Laguerre trans- 
foi-mations might have as its invariant sub-group a two- 
parameter group of parallel transformations. In 2 there are 
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two such integrable groups, corresponding to screw motions 
of fixed pitch about axes of given directions and the group 
of translations.* The first of these will correspond to a 
three- parameter Laguerre group with fixed direction for the 
invariant lines, and a fixed segment for the invariant equi- 
tangentials. The second will give the parallel Laguerre 
group. We have also the Newson group with fixed real line 
and fixed tangential segment. 

With regard to four- and five-parameter groups we may 
pursue our previous reasoning whereby these must contain 
three-parameter sub-groups. As before, we see that there are 
no five-parameter groups. Four-parameter groups will fall 
into two classes — those with one fixed real oriented line, and 
those with fixed directions for the fixed lines. The two- 
parameter groups are composed of those with two real and 
distinct or conjugate imaginary invariant oriented lines, 
and those composed of parallel transformations. We see, 
in fact, that every two-parameter group is integrable. If 
the one-parameter invariant sub-group have two distinct 
fixed oriented lines, these will be invariant throughout the 
whole two-parameter group. On the other hand, if the one- 
parameter group be a parallel group, there are co^ invariant 
parallel oriented lines which must be permuted by every 
transformation of the two-parameter group ; hence every such 
transformation must be a parallel or parabolic one. Let us 
exhibit in parallel columns the corresponding groups in the 
two systems. 

Real Laguerre transforma- Real circular transforma- 
tions. tions. 


None. 


Five-parameters. 

None. 


* Cf. Study, ‘Von den Bewegungen und Umlegungen \ Math. Annalen, 
vol. xxxix, 1891, pp. 485 ff. Our enumeration of groups of Laguerre trans- 
formations differs from his for motions precisely in this, that the real domains 
are not in correspondence. 
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Four-parameters. 

Real fixed oriented line. Real fixed point. 

Fixed lines have two real 
and distinct, coincident, or 
conjugate imaginary direc- 
tions. 

Three-parameters. 

Fixed real oriented circle. Fixed real or self-conjugate 

imaginary circle. 

Newson. Newson. 

Constant real or conjugate 
imaginary directions for fixed 
lines, and fixed tangential 
lengths for invariant equitan- 
gential curves. 

Two-parameters. 

Two real fixed oriented Two real fixed points, 

lines. 

Conjugate imaginary fixed 
lines. 

Lines of one direction fixed. Coincident real fixed points. 

Fixed real tangent to fixed Fixed real point on fixed 
real circle. real circle. 

One-parameter. 

Loxodromic, with real or Loxodromic. 
conjugate imaginary fixed 
lines. 

Hyperbolic. Hyperbolic. 

Elliptic. Elliptic. 

Parabolic. Parabolic. 

Parallel. 

§ 6. Hypercyclics. 

We have now studied sufficiently the simplest oriented 
envelope, the oriented circle. It is time to pass on to oriented 
envelopes of a more complicated sort. 

B b 


1702 
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Let us define as a hypercyclic * every oriented envelope 
having an equation of the type 

i, j = 4 

2 «,;/ = 0, + a:/ = 0. (21) 

j = 1 

We may, without restriction, assume that the discriminant 
of the first of these quadratic forms is different from zero. 
Let us seek to reduce our equations to a canonical form under 
the Laguerre group. A transformation of the coordinates of 
a circle will be of the form 

Vq ~ ^oo2/o> 

Vi — ^20 Z/o"!' ^22 2/2 “h ^23 2/3 ”^^24 2/4 > 

Vs = ‘’aoJ/o + <^322/2 + 32/3 + ^342/4. 

2/4' = P402/0 + C422/2 + ^ 432/3 + C442/4 • 

The coefficients , i=j^ 0^ j ^ 0 have the form of a 
ternary orthogonal substitution. Reverting to our previous 
hypercyclic, we write the equation 


22 “P 

^23 

«24 

«32 

«a3“-P 

«34 

^42 

^^43 

W 44 — p 


Let us suppose that this has three distinct roots. We may 
in this case perform such an orthogonal substitution on the 
coordinates x^^ that the transformed equation lacks 

the terms x^x^^ We still have the parameters 

^00 j ^20 > ^30 j ^40 we make use of them to destroy 

the terms x^x^, x^x.^, x^x^. Our hypercyclic has thus the 
canonical equations 

(ax^) = x^-\-x^ -{-x^ — 0 . ( 22 ) 

We mean by a general hypercyclic one where this reduction 
is possible, and where the envelope is not transformed into 

* The more usual name is hypercycle. See Laguerre, Collected Works, vol. ii, 
and Blaschke, loc. cit. The word is hero modified to accentuate tl»e com- 
parison with the cyclic. 
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itself by reversing the orientation of every line. We have 
the following correspondence. 

Plane tt. Space 2. 

Hypercyclic. Focal developable of quad- 

ric. 

General hypercyclic. Focal developable of cen- 

tral quadric. 

Theorem 41.] The general liy'percyclic is transformed into 
itself by a group of eight involutory transformations includ- 
ing the identical one. Three others are Laguerre inversions, 
and three are direct transformations. 

These transformations will, of course, correspond to the 
reflections of various sorts which cany a central quadric into 
itself. 

If an oriented envelope be anallagmatic in a given Laguerre 
inversion, the anallagmatic circle of that inversion which 
touches the envelope at any point will also have proper 
contact at another point. The envelope will thus be generated 
by a one-parameter family of anallagmatic oriented circles. 
These circles will correspond to the points of a focal curve 
of the corresponding focal developable. In the case of the 
hypercyclic, this focal curve is a conic, whose orthogonal 
projection on the plane tt is another conic, the deferent of the 
corresponding generation of the hypercyclic. 

Theorem 42.] The general hypercyclic may be generated in 
three ways by an oriented circle which meets a fixed oriented 
line at a fixed angle, while its centre traces a central conic. 

Remembering the fundamental property of the focal conics 
of a central quadric, VI. 31], 

Theorem 43.] If tivo fixed oriented circles he taken in one 
generation of a general hypercyclic, the sum or difference of 
their common tangential segments with all proper circles of 
a second generation is constant. 

Since every oriented circle having double proper contact 

B b 2 
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with a general hypercyclic will correspond to a focal point of 
the corresponding quadric, 

Theorem 44.] The only oriented circles having double 
proper contact with a general hypercyclic are generating 
circles of one system or another. 

Reverting to the oriented circles of one generation of 
a hypercyclic, we see that the oriented tangents at the points 
of contact meet on the fundamental line of the corresponding 
Laguerre inversion, so that this fundamental line passes 
through the centre of similitude of two successive generating 
circles. If the angles which these tangents make with the 
fundamental line be and 

tan ^ tan — = h. 

Now let 0 be the angle which a normal to the deferent 
makes with a line perpendicular to the fundamental line, 
while o' is the angle which it makes with a normal to the 
hypercyclic, i. e. the line connecting corresponding points 
of deferent and hypercyclic, 

oc^-hoc.^ 

sine _ 2 _ l-k 

sin 0' a, — 1 +k' 

2 

Theorem 45.] The general hypercyclic is an anticaustic by 
refraction of the deferent of each generationy the incident rays 
being supposed to come in a direction orthogonal to the 
fundamental line of the corresponding inversion. 

In the last equation we may not have /;(/»; -f-1) = 0. The 
first would not give a Laguerre inversion at all, the second 
would give an inversion which merely replaced each oriented 
line by its opposite, excluded by the definition of the general 
hypercyclic. 

There are two tangents to the deferent pei-pendicular to 
each real or imaginary direction that is unaltered by the 
inversion. These will meet the fundamental line in points 
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where the hypercyclic has four-point contact with the gene- 
rating circle. They will correspond in 2 to the points where 
the focal conic intersects the quadric. The hypercyclic will 
meet the fundamental line at these four points, and at the 
two intersections with the deferent, which are double points 
with distinct tangents, since the radius of a generating circle 
and the distance of its centre from the fundamental line are 
infinitesimals of the same order. The hypercyclic will have 
no other intersections with the fundamental line. 

Theorem 46.] The general hypercyclic meets the funda- 
mental line of each Laguerre inversion in two double points^ 
in four points where the corresponding generating circle has 
four-point contact, and in no other points. 

The condition of passing through a fixed point is linear 
in the coordinates of an oriented line, hence 

Theorem 47.] The general hypercyclic is a curve of the 
eighth order and fourth class. 

The extremities of the asymptotes of a deferent will not 
usually correspond to self-corresponding directions for the 
Laguerre inversion, so that each asymptote of the deferent 
gives two distinct asymptotes of the hypercyclic. Conversely, 
each asymptote of the hypercyclic must correspond to one of 
the deferent in each generation, unless the point of contact 
happen to be a circular point at infinity. Remembering that 
the hypercyclic must meet the line at infinity eight times, 
we have 

Theorem 48.] The general hypercyclic has each circular 
point at infinity as a double point. 

Theorem 49.] The general hypercyclic has four double foci 
which are also the foci of the four deferents. 

The proof for this last is identical with that given for the 
analogous theorem for the cyclic, IV. 15]. 

Suppose that we know one generation of a hypercyclic, we 
pass to another as follows. First of all we know all the 
asymptotes and double foci. The other fundamental lines are 
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the remaining diagonals of the complete quadrilateral of the 
asymptotes. The asymptotes of the deferents bisect the angles 
of the asymptotes of the hypercyclic. The deferents are all 
known because we know their foci and asymptotes, the funda- 
mental lines are known, and the asymptotes determine the 
constants of the Lagueire inversions. It is to be noted that 
we have here taken no account of the difference between real 
and imaginary. 

The tangents to the general hypercyclic are in one to one 
correspondence with the planes of the focal developable of 
a central quadric, which is a developable elliptic. Thus, 
since the points and tangents of any curve are in one to one 
correspondence, the hypercyclic must be an elliptic curve. 
This fact, combined with its order and class, will enable us to 
find all of its Pllickerian characteristics. 

Theorem 50.] The general hypercyclic is of order eighty 
class four, and deficiency one. It has eight nodes, twelve 
cusps, Uvo double tangents, and no inflexions. 

Suppose that we have a Laguerre inversion characterized 
by the equation 

tan ^ tan ^ = k. 


Let us transform it by inversion with the same fundamental 
line, and the equation 

(X ol' 1 

tan - tan • 

2 ^ iVk 

The result will be the inversion 


X X 

tan tan -- = — 1 , 
2 2 * 


which merely has the effect of reversing every oriented line. 
A hypercyclic which is anallagmatic under this new inversion 
must be a conic counted twice. 


Theorem 51.] There are six Laguerre inversions which 
carry a general hypercyclic into a non-oriented conic. 
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Four oriented lines shall be said to form a harmonic set 
when their complex invariant has the value —1. Under 
these circumstances they touch one oriented circle and, if 
the latter be proper, their points of contact form a harmonic 
set. A given oriented line will have a single harmonic 
conjugate with regard to two given oriented lines. If these 
two be opposite lines, the other pair of the harmonic set are 
the reflections of one another therein. If we reflect all the 
tangents to a conic in a straight line we get tangents to 
another conic, hence 

Theorem 52.] The oriented envelope of the harmonic con- 
jugates of a given non-minimal oriented line ivith regard to 
the pairs of oriented tangents to a general hypercyclic which 
correspond in one Laguerre inversion^ is a second hypercyclic 
anallagmatic in the same inversion. 

The theorems so far developed for the hypercyclic corre- 
spond very closely to theorems developed in Ch. IV for the 
cyclic. The reader would do well to turn back and compare 
one by one. The correspondence may be brought into an 
even stronger light as follows. The general hypercyclic may 
be written 

a^xf^ + a^x^^ + 4- a^x^ = xf' + x.f + x^ = 0. 

A general cyclic may be written 
(62 - h^) xf‘ + (i>3 - xf‘ -h (64 ~ &i) x/ = x^^ + X./ + + x/ = 0. 

Theorem 53.] There is a perfect one to one correspondence 
betiveen the points of a general cyclic and the oriented tangents 
to a general hypercyclic. Concyclic points of the first will 
correspond to oriented tangents to the other ^ which either touch 
one oriented circle or meet a fixed oriented line at a fixed 
angle. 

This theorem may be used to verify the calculation of the 
Pluckerian characteristics of the hypercyclic given in 50]. 
Suppose that we have four oriented circles properly tangent 
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to two oriented lines. Every oriented circle tangent to these 
lines will have coordinates of the form 

where (x') and (aj") are two oriented circles of the system. 
The cross ratio of the centres of four such will be 

I A;x' I • I XV" i 

jx/^i-iAV r 

an absolute invariant for every Laguerre transformation. We 
thus get from IV. 21] 

Theorem 54.] The centres of four oriented circles properly 
tangent to a general hypercyclic and to two fixed oriented 
tangents thereto^ have a cross ratio which is independent of the 
choice of the oriented tangents^ and is an invariant of the 
hypercyclic for every Laguerre transformation. 

Theorem 55.] If three generating circles he properly 
tangent to a general hypyercyclic at the same point, the dis~ 
tances from the centre of the first to those of the second and 
third have a fixed ratio tvhich is an invariant of the hyper- 
cyclic. 

The general cyclic is anallagmatic in four inversions and 
has four systems of generating circles. These will correspond 
to the three systems of generating circles of the hypercyclic 
and to a one-parameter family of pencils of parallel lines, 
two members of each pencil being properly tangent to the 
hypercyclic and being the reflections of one another in the 
properly parallel proper tangent to a fixed proper circle. 
They correspond in the remaining involutory transformation 
which caiTies the hypercyclic into itself. The circles of 
four- point contact with the cyclic will correspond to the 
generating circles which have four-point contact and to 
the asymptotes. 

It is at once apparent that our various residuation theorems, 
IV. 27-34], have exact duals in the case of the hypercyclic. 
We give some of the most interesting. 
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Theorem 56.] If Cy d he the four 'proper tangents 

which a hypercyclic shares with a circle^ a second oriented 
circle touches the proper tangents to the hypercyclic a, 6, c^.d^y 
a third touches the proper tangents a^, 6j, c, d, then the four 
oriented lines 6^, c^, d^ touch a circle or make a fixed 
angle with a fixed orie nted line. 

Theorem 57.] The envelope of pairs of oriented lines, each 
touching a common oriented circle with each of three given 
pairs of oriented lines is a hypercyclic. 

There are many special cases of this which we shall not 
investigate further. 

Theorem 58.] The oscvdating oriented circlestoahypercyclic 
corresponding to the oriented tangents 'which the hypercyclic 
shares with a given oriented circlcy voill each determine with 
the hyj^ercycl'ic one other common proper tangent^ and these 
will also he properly tangent to an oriented circle or meet 
a fixed line at a fixed angle. 

Theorem 59.] If three of the proper tangents common to 
a ge'iieral hypercyclic and an oriented circle correspond to 
generating circles having four-point contacty the same is 
true of the fourth common tangenty or else the latter is an 
asymptote.'^ 

Theorem 60.] If three oriented circles of one generation of 
a general hypercyclic share with the curve the pairs of proper 
tangents aa\ bb\ and cc respect ively y and if a, by c, d touch oiw 
oriented circley tvhile a' yh\c' yd' touch another, then dd'’ will be 
a pair of corresponding proper tangents in this generation. 


§ e. The Oriented Circle treated directly. 

We have so far, in the present chapter, treated the oriented 
circle almost exclusively as an envelope of oriented lines. 

* Cf. Blaschke, loc. cit., p. 59. Much of what we have given in the present 
chapter, both in connexion with the Laguerre group and the hypercyclic, is 
from this excellent memoir. 
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Let us now change our point of view, and examine the oriented 
circle directly. We repeat the previous analogies. 

Plane tt. Space 2. 

Proper oriented circle. Proper point. 

Common tangential seg- Distance, 

ment. 

Ten-parameter group of Ten-parameter group of 

contact transformations of spherical transformations, 
oriented circles. 


This last truly admirable correspondence is due to Lie.* 
It is proved by noticing the isomorphism of the conformal 
group of Ch. IX with the collineation group in that leaves 
invariant the quadratic form 

~ 2 + X./ + x^^ = 0 . 

A one-parameter system of oriented chicles, that is, a system 
whose coordinates are proportional to analytic functions of 
one independent variable whose ratios are not all constants, 
shall be called a series, A system whose coordinates are pro- 
portional to analytic functions of two independent variables, 
the ratios being not all constants, nor functions of one same 
variable, shall be a congruence. Among congruences the 
simplest are the linear ones, determined by equations of 
the type 

— a-^XQ — aQX^-\-a^x^-\‘a.^x.^-\-a^x^ = 0. (23) 

They have the following interpretations with the aid of 
(7) and (6) : 

a) — 2 -f ^ 0, 

— — a^x^ ctgiTg 4 >/2 — a^x^ 

2 -/2 



1 . 

v^2 — cig^ -I 


* ‘ Ueber diejenige Theorie des Raumes^ etc., GoUingische Nachrichtm, 1871. 
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The circles of the congruence meet an oriented circle at 
a fixed angle which will be null if 

— 2 j + = 0. 

When this last equation holds the congruence is said to 
be special^ even when the inequality above does not hold. 
It consists in the oriented circles properly tangent to one 
oriented circle. 

h) ^ 0. 

„ r {a^ + a,? + «/) 1 

2 I - *0 - <^ 0^1 + + «4^4j 

t/oa-'o 

= 2 r "2 " + + < _ «ii 

L «J 

The circles have a fixed common tangential segment wdth 
a fixed oriented circle. 

c) - 2 (ig «! + «/ + = 0 , = 0 . 

Circles invariantly related to a minimal line. 

One or two special cases deserve notice. 

d) (Xq = 0, a./ + a. 5- 0. 

Circles meet an oriented line at a fixed angle. 

e) = ag = a.^ = 0. 

Circles have a given radius which is null if = 0. 

Uq = a,j. = 0^3 = = 0. 

Congruence of all line circles. 

If the coordinates of an oriented cii*cle be connected by 
a linear relation, it will thus in the general case, where all 
of our inequalities hold, meet one circle at a fixed angle, and 
have a fixed tangential segment in common with another. 
If we mean by ‘ in general ’ that these inequalities shall be in 
force, we see 

Theorem 61.] The assemblage of all oriented circles whose 
common tavgential segments with two proper circles bear 
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a fixed ratio, will meet at a fixed angle an oriented circle 
coaxal with the given tioo, or be the limit of svxh an assem-^ 
blage,^ 

Theorem 62.] The ratio of the common tangential segments 
of all circles of a coaxal system with any two of the conjugate 
coaxal system is constant. 

Theorem 63.] The assemblage of all oriented circles common 
to two linear congruences is that of all oriented circles properly 
tangent to two oriented circles, or to a given oriented circle at 
a given point 

The proof is immediate and left to the reader. We pass to 
the general consideration of two linear congruences. These 
will have an invariant under the contact group of oriented 
circles, namely 

- «ofc| - ci^h + a-A + = T ( A\ 

^ — 2a^a^ + + u/ V — 2 + V + ^4^* ~ ‘ ^ ^ 

Let us restrict ourselves to the general case where 

Under these circumstances, if and be the angles 
associated with the definition of the congruences, and 0 the 
angle of their fundamental circles, 

cos (f>i cos </)2 — cos ^ _ j 
sin ^1 sin <^2 

Two linear congruences shall be said to be in involution 
when I vanishes, i.e. 

If one of the complexes be special, its fundamental circle 
is a member of the other congruence ; if both be special, their 
fundamental circles are tangent. 

* This theorem and the next are from rather a poor article by Sobotka, 
* Eine Aufgabe aus der Geometric der Bewegung*, Monatshefte fur Math., vol. vii, 
1896, p. 847. 
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Plane tt. Space 2. 

Linear congiuence. Sphere. 

Invariant of two linear Cosine of angle of spheres, 
congruences* 

Congruences in involution. Orthogonal spheres. 

This analogy of linear congruence with sphere leads us to 
consider that oriented circle transformation which corresponds 
to an inversion in 2 and which contains the Laguerre trans- 
formation as a special case.* We start with a non-special 
linear congruence (cto^i^ 2 ^ 3 ^ 4 )) define as an inversion 
therein the following transformation, which is seen at once 
to correspond to inversion in space. 

= (^4^ “ ^4^) — 2 ( - aj iTy — + a 2 ir 2 + + ^4 ^^ 4 ) ^ =5^ 4 , 

(25) 

^ 4 ' = W - - 2 ( - + ol^x^) 

— 2aoai-f + = 0, 

( - 2 -f X .' 2 + xp -f x^'^) 

= {oL^ — ( — 2 x^^x^ 4- x^ -f x.^ + x^). 


When a^^ = 0 we fall back upon the Laguerre inversion (11). 
The oriented circles (.r) and {x') are coaxal with the circle 
(a). The product of the tangents of the halves of their angles 
therewith is 


0 0 ' . 2 </> 
tan tan - = ^ ^ = tan^ 

2 2 4 * <^4 2 


where (j) is the fundamental angle associated with the linear 
congruence. 


Theorem 64.] If a general linear congruence consist in 
oriented circles meeting a fixed oriented circle at a fixed 
angle not zero, then two oriented circles are mutually inverse 
in the congruence tvhen, and only when, they are coaxal with 
the fixed circle, and the j^'^oduct of the tangents of half their 


* This transformation seems to be duo to Smith, ‘ On a Transformation of 
Laguerre*, Annals of Math*, Series 2, vol. i, 1900, and ‘ On Surfaces enveloped 
by spheres belonging to a linear Complex *, Transactions American Math. Soc., 
vol. i, 1900. 
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angles thereivith is eqiial to the square of the tangent of half 
the angle associated with the congruence. 

We shall not enter into the special or limiting cases of this 
transformation. Let the reader prove the five following 
theorems : 

Theorem 65.] When the angle associated with a linear 
congruence of oHented circles is inversion in the congruence 
is circular inversion. 

Theorem 66.] Inversion in the linear congruence of all 
null circles is the reversal of the sign of the radius of each 
oriented circle. 

Theorem 67.] Inversion in the congruence of all oriented 
circles of given radius will change each oriented circle into 
a concentric one whose radius differs from the negative of that 
of the given circle by a constant. 

Theorem 68.] A necessary and sufficient condition that 
the qiroduct of the inversions in two linear congr uences should 
he commutative is that the congruences should he in in- 
volution. 

Theorem 69.] Every cotdact transformation (f oriented 
circles can he factored into the product office or less inversions 
in linear congruences. 

Before making any further study of series or congruences 
of oriented circles it will be wise to make a slight alteration 
of notation. This amounts essentially to determining each 
circle by the special pentaspherical coordinates of the repre- 
senting point in 2, that is, in (12) we replace the homogeneous 
cartesian coordinates X, F, Z, T by special pentaspherical 
ones. We write, therefore, 

— \/2 Xq = p (Xq -f iXj), 

= pXg, 

^4 = pX^. 


( 26 ) 
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An oriented circle has thus five homogeneous coordinates 
(X) connected by the relation 

(XZ) = 0. (2 7) 

The condition of proper contact of two oriented circles (X) 
and (F) is 

(ZF) = 0. (28) 

In Ch. VI we passed from special to general pentaspherical 
coordinates which were related to five mutually orthogonal 
spheres. Let five congruences in involution be 

(AW), (AO)),..., (AW), 

the angle associated with the congruence (AO)) shall be (f)-^ 
the angle at which an arbitrary circle cuts the fundamental 
circle of (AO)) shall be 6 ^, Let us then write 

y,_ C0S(f>f-C03g j^ (A^^X) 

! A.S^'i 0 = 0. 

(il{0)yi(o)) 0 0 0 0 (ilWZ) 

0 (ilWilW) 0 0 0 (4WZ) 

0 0 0 0 (il(-)X) 

0 0 0 0 
0 0 0 0 (ZWilW) (ylWZ) 

(ZWZ) (Z(I)Z) (4(2)Z) (Z(^)Z) 0 

1 0 0 0 0 A'/ 

01000 A'/ 

0 0 1 0 0 Z„' 

^ = 0 

0 0 0 1 0 A3' 

0 0 0 0 1 A/ 

a; a/ a; A3' a; 0 

(A'A') = 0. 


(30) 
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Theorem 70.] If Jive linear congruences in involution of 
oriented circles consist in the circles meeting five fundamental 
oriented circles at Jive fundamental angles^ then %ve may 
take for the coordinates of every proper oriented circle Jive 
quantities each proportional to the quotient of the difference 
of the cosine of a fundamental angle and the cosine of the 
angle made udth the corresponding fundamental circle, 
divided hy the sign of that fundamental angle. The sum 
of the squares of these coordinates will in every case he zero. 

Four oriented circles have an absolute invariant for all 
contact transformations. 

{XY) (ZT) _ it. ZT 

(XT) (ZY) ~ sin2 1 ^ XT sln^ i4^ZY‘ ^ ^ 

We pass to the general study of systems of oriented circles. 
A general congruence may be expressed in the form* 

/(Xo...Xj = 0. (32) 


Or else in the form 

X, = X,(uv). (33) 

Let us look for series of oriented circles in the congruence 
which osculate their envelopes. If (X) and (X-\-dX) make 
an angle which is infinitesimal to higher order we have 


(mc Zv) {-Vv 


The solutions of this differential equation give the two 
one-parameter families of osculating series ; an arbitrary circle 
will usually belong to two different series; they coalesce if 



(35) 


The following study of congruences and series of circles is based on two 
interesting but higlily unreliable articles by Snyder, * Geometry of some 
Differential Expressions in Hexaspherical Coordinates Bulletin American 
Math. Soc.y vol. iv, 1897, and ‘ On the Geometry of the Circle’, ibid., vol. vi, 
1899. On p. 464 the author corrects several misstatements in the preceding 
paper ; certain erroneous results appearing in the earlier paper have not, 
apparently, ever been corrected. 
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Again, if the adjacent circles (X) and (X -^-dX) be tangent 
to one another, 

(XX) = (XdX) = (dXdX) = 0, 

(X-j-dX) belongs to the properly tangent pencil determined 
by the mutually tangent circles (X) and (dX), These two 
both belong to the linear congruences 

To find the special linear congruences linearly dependent 
on these we must solve the quadratic equation 

+ + (36) 

Assuming first 



the only solutions of the quadratic are /x = 0. The series 
determined by the two linear equations consist in oriented 
circles properly tangent to (X) at either of two given points, 
its points of contact with its envelopes in the osculating 
series. We next assume 



Here the state of affairs is entirely different. Let us first 
assume that the congruence is algebraic, i. e. / is a homo- 
geneous polynomial.* Representing our oriented circles by 
means of points in a projective four-dimensional space we 

vanishes identically with 

(XX) and ^X ; we may apply Nother’s fundamental 
theorem and write 


see that, as in this case, 


* Cf. Klein, ‘ Ueber einige in der Liniengeometrio auftretenden Differential- 
gleichungen *, Math, Annalen, vol. v, 1872, p. 288. 

0 C 


1702 
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A* ‘■’4;' 




22 V _ 


Y Y 




= <xjr)^^. + (x^i);; 


J)/\ 






<, j = 4 


^Y ^/ Y _ /'-Y 

^ JJZ. J)X; - ^ ' UZ i>Z/ 

i, j = 0 4 J *- J 


Y ^'/>' 




It appears thus that the first term in the above expansion 

of / (^X vanishes. We may continue thus and show 

that every term vanishes, i. e. every circle properly tangent to 

the properly tangent circles {X) and (^) belongs to the 

congruence. The latter must consist in the circles tangent to 
one curve. Conversely, suppose that we have a congruence 
of circles properly tangent to an oriented envelope. The 
osculating circle being {Z) we may write 

F,. = Z^(u) + v^/(u), 

{ZZ) = {ZZ') = {Z'Z') = {ZZ'') = {Z'Z") = 0, 



When the equation of the congruence is not algebraic we 
may express it approximately as closely as we please by 
a development in Taylor’s series, the theorem holding for 
each approximation. Hence, it is universally true that (37) 
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expresses the necessary and sufficient condition for a con- 
gruence of oriented circles properly tangent to an envelope. 
Suppose that we have two algebraic congruences 
/= 0 , (#> = 0 . 

The oriented circle (X ) and its immediate neighbours belong 
to the linear congruences 

The special linear congruences linearly dependent upon 
them will be given by the roots of the quadratic equation 

When the roots of this equation are identically equal, i.e. 

when ^ 

\^X dXJ \^X 7>X) \7^X '6X) “ ^ 

we have a series of osculating circles, by II. 25 ]. 

Reverting to our congruence ( 32 ), that series for which 


is said to be composed of singular circles. The infinitely near 
circles tangent to {X) touch it where it touches the oriented 


circle 



That part of the envelope of the singular series 


which comes from this point of contact is called the singular 
curve. 

This hazy talk about neighbouring or infinitely near circles 
attains a clear meaning when we consider our minimal pro- 
jection. 

Plane tt. Space S, 

Congruence of oriented Surface, 

circles. 

Congruence of oriented lines Isotropic ruled surface, 

properly tangent to one en- 
velope. 


c c 2 
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Pencils determined by ad- Isotropic directions in sur- 
jacent circles properly tangent face, 
to given circle. 

Singular circle. Parabolic point. 

Series of osculating circles. Minimal curve. 

Let us apply these general principles to the study of the 
quadratic congruence, that is, the congruence given by equa- 
tions 

2 a,jX,Xj = iXX) = 0. (40) 

j = 0 

We shall mean by a general quadratic congruence one for 
which the equation 


^00 P 

«01 

^02 

^03 

«04 


“ll-p 

«12 

^13 

«14 

^20 

a.^Y 

^22 P 

^23 

«24 



^^32 

<^^33 

«34 

^40 

“41 

^^42 

«43 

«44-P 


has distinct roots. 

Plane tt. Space 2. 

Quadratic congruence. Cyclide. 

General quadratic con- General cyclide. 
gruence. 

We may, as we well know, find a contact circle transforma- 
tion to carry the equations of the general quadratic congruence 
to the canonical fonn 

(aZ2) = {XX) = 0. (41) 

Theorem 71.] The general quadratic congruence ia cameled 
into itself by an inversion in any one of five linear congruences 
in involution. 

Let the condition for a null circle in our present coor- 
dinates be 

{UX) = 0, 

while that for a line circle is 

{VX) = 0. 
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Theorem 72.] The null circles of a general quadratic con- 
gruence generate a cyclic^ its line circles a hypercyclic. 

Let us look for the singular circles of the congruence 

(aZ2) = (a^X^) = {XX) = 0. 


If {Z) be the point of contact with the singular curve, i.e. 
the null circle whose vertex is there, while {Z^) is the oriented 
tangent, 






2 = 0 ; 2 


^/2 ' 

^ — 0 




The first pair of equations are a cubic in A and its derivative. 
The elimination of X amounts to setting the discriminant 
to zero, and is a quartic in Zf ; another such quartic will 
come from the other pair of equations. If we combine with 

{VZ) = {AZ) = {ZZ) = 0, (F^O = {A'Z') = {Z/Z^) = 0, 
we get sixteen solutions. 


Theorem 73.] The singular cu'i^^c of a general quadratic 
congruence is of the sixteenth order and class ivith a multi- 
plicity eight at each circular point at infinity,^ 

This curve may be generated in various ways as an envelope 
of circles. We see, in fact, that a properly tangent oriented 
circle belonging to one fundamental linear congruence is 
doubly tangent. 

Plane tt. Space S. 

Five generations of singular Five focal cyclics of cy elide, 
curve of general quadratic 
congruence. 

The centre of one of the generating circles will be the 
orthogonal projection on 2 of a focus of the cyclide; we 
thus see 


♦ Blaschke, loc. cit., p. 55. 
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Theorem 74.] The singular curve of a general quadrat 
congruence of oriented circles may be generated in five wa\ 
by an oriented circle which meets a fixed oriented circle i 
a fixed angle, luhile its centre traces a hinodal quartic, . 
will have a node at each finite intersection of one of the. 
qiiartics with the corresijonding fiot^d circle. 

The deficiency of this curve, being that of a cyclic, is unit; 
We have thus a sufficient number of facts to enable us I 
calculate the Pluckerian characteristics of the curve ; we fin< 

Theorem 75.] The singular curve of a general quadrat 
congruence has the equivalent of nodes and double tangent 
16 inflexions ami cusps. 

The singular circles which satisfy all the relations 

{XX) = {aX'^) = {a^-X^) = (a^Z^) = 0 (41 

are said to be singular of the second sort. Every oriente 
circle of the system 

KX 1 + fxaiX^ 


will belong to the congruence. Our correspondence is 


Plane tt. Space 2. 

Sixteen singular circles of Sixteen isotropies of genen 
the second sort of general cyclide. 
quadratic circle congruence. 


The one-parameter family of quadratic congruences 


/ - 4 

2 


Ui + A 


= 0 


(4r 


are said to be cosingular. They have, in fact, the sara 
singular curve. We have 

Plane tt. Space 2. 

Cosingular quadratic circle Confocal cyclides. 
congruences. 
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Long as has been our present chapter, it is clear that we 
have by no means exhausted the subject of the oriented circle. 
We began with the study of these circles by means of 
elementary geometry, and there is no doubt that we merely 
scratched the surface. The analogy between the geometry of 
inversion and the geometry of direction could be pushed much 
further. Our next task was to study the Laguerre group, and, 
though we carried this far, yet much remains to bring it to an 
equality with the group of circular transformations. Thirdly, 
be it noticed that we have made no mention of any of the 
special forms of quadratic circle congruence. Several of these 
must be of importance, especially those which correspond to 
two-horned and Dupin cyclides. Lastly, it would seem as if 
the coordinates of the oriented circle offered an ideal method 
of studying Hart systems. The Author must confess that his 
success in this last line has been disappointing, yet he has not 
lost his conviction that much might be done. 



CHAPTER XI 


THE ORIENTED SPHERE 


§ 1. Elementary Geometrical Theorems. 


We saw in the last chapter what a profound change was 
introduced into the geometry of the circle in the plane, or, for 
that matter, the circle on the sphere, by giving a sign to the 
radius. Exactly similar changes occur in the geometry of 
the sphere when a like orientation is introduced. 

We start, as before, with the real finite cartesian domain, 
the domain of Euclidean geometry. The radius of a sphere 
shall be considered as positive when each normal is oriented 
inwards ; outwardly oriented normals shall correspond to 
a negative radius. The angle of intersection of two spheres 
shall be defined as that of their oriented normals at a point 
of intersection ; its cosine will be 


CO3 0 = 


r2 4.r'2-cZ2 
2rr' 


( 1 ) 


When this expression is equal to unity the spheres are said 
to be 'properly tangent ', when it is equal to —1, improperly 
tangent. Every plane (w^o are in the real domain) may bo 
oriented by requiring all of its normals to point from one 
of the two regions into which the plane divides space to the 
other. Two planes shall be properly parallel when they have 
the same system of oriented normals ; when the normals to 
one are opposite to those to the other they are said to be 
improperly parallel. The angle between two intersecting 
planes shall be defined as that of their oriented normals at 
a point of intersection, and this definition shall bo extended 
to include the angle of any two oriented surfaces. If at any 
non-singular point they have tho same oriented normal, they 
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are said to be 'properly ta'ngent*, when the normal to one is 
opposite to that to the other, improperly tangent. 

A number of simple theorems about oriented spheres may 
be obtained immediately from the elementary theorems about 
oriented circles. Let the reader prove : 

Theorem 1.] If, through all lines of an oriented plane 
which lie outside of an oriented sphere, pairs of properly 
tangent idaties he draiun to the sphere, the product of the 
tangents of half the angles which they make with the given 
oriented plane is constant. 

This constant shall bo called the power of the oriented plane 
with regard to the oriented sphere. It may take any value 
between — oo and oo according to the position of the plane. 
Let us note that two oriented spheres, like two oriented 
circles, have but one centre of similitude ; we have then 

Theorem 2.] All oriented planes having equal powers with 
regard to two non-concentric oriented sqjheres of unequal 
radii pass through the centre of similitude; when the spheres 
have equal radii, these pla)ies are parallel to the line of 
centres. 

Wo get at once from the Laguerre inversion in the plane 

Theorem 3.] If oriented planes he transformed in such 
a 'fvay that corresq?onding ones are coaxal tvith a fundamental 
oriented qdane, while the product of the tangents of the halves 
of the angles which they form therewith is constant, then an 
oriented sphere is transformed into an oriented sphere, and 
corresponding oriented spheres have the given fundamental 
'qdane as their radical plane. The common tangential segment 
of two oriented spheres will be invariant under this trans- 
formation. 

We mean, of course, by the ‘common tangential segment’ 
of two oriented spheres the distance of the points of contact 
with any properly tangent oriented plane. Our transforma- 
tion shall bo called a Lag'uerre inversion. It is a special 
case of the general equilong transformation, to be studied 
later. 
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§ 2. Analytic Treatment. 

It is hardly worth while to delay any longer on the elemen- 
tary geometry of the oriented plane and sphere, as much 
more interesting material lies beyond. Wo pass, therefore, to 
cartesian space rendered a perfect complex continuum by the 
adjunction of the plane at infinity, and write the equations 

^0 + + + ^3 (^ 2/0 + (2 2^0 + (2 = 0 ; ( 2 ) 

— 2 + x.^ + x.^^ + x^ + = 0 . ( 3 ) 

Every oriented surface corresponding to these two equations 
shall be called an oriented tiphere. When the first coefficient 
does not vanish, we shall define as its radius the expression 

iXr 
r = — ^ 

0^0 


We have the following types of oriented sphere : 
a) Proper oriented spheres ^ 0. 

h) Non-planar null spheres x^^ ^ 0, Xr^ = 0. 
c) Non-minimal oriented planes ^^0 = 0, 


d) Minimal oriented planes x^ = Xr^ = 0. 

The plane at infinity is included in the latter category. 
The common tangential segment of two non-planar spheres 
{x}f and (t/) will be 


= ( - ^o^/i - ^1 ?/o + ^22/2 d- ^a 2/3 d- ^42/4 + 

V -x^y^ 


(5) 


For the angle of intersection of two not null spheres we 
have 

: 2 ^ - a^i y» + x^y-i + x^y■.^ x,,yr, , . 

2 ^ ' 

We shall leave till a later stage of the present chapter the 
further direct discussion of the oriented sphei’e, and take up 
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for the present a detailed study of the oriented plane. This 
has five homogeneous coordinates (x) where 


x.^x + x^y + x^z + x^t = 0, 

a:,/ + *3® + x^^ + x^^ = 0. 


(7) 


Suppose that these cooi'dinates are limited by a single 
linear equation 

-a^Xi+a^x.^-ira.^x^-^ o^x^ + a.^x^=0. (8) 


If 0 the plane is properly tangent to the orienfed 
sphere 

aJ -f -f a.- \ 

^5 ^2’ ^4' 




— 2an 


If = 0 we see that the extremities of the normals to the 
planes will trace in the plane at infinity a conic having double 
or four-point contact with the circle at infinity, i.e. the oriented 
planes make a fixed angle with a fixed oriented line or is 
invariantly related to an isotropic. Every oriented sphere 
has a linear equation in oriented plane coordinates; every 
Buch equation will represent either an oriented sphere, or the 
planes making a fixed angle with an oriented line, or in- 
variantly related to a minimal line. This latter corresponds 
to the case 

The power of the oriented plane {x) with regard to the 
proper oriented sphere (y) is 


+ ^2^2 + ^3^3 d- y^x^ + 2/5 cc, ^ 

2/o‘^o “ yi^i - yi^i - -- ^4^4 + 2/5*^ ^ ’ 

The formula for a Laguerre inversion in the oriented plane 
will be 


•'»■/= (a5'‘‘-ar,‘'^)^'5- 2 (02*2 + «3'^3 + «4a54 + a5*5)«v 

The geometry of the oriented sphere furnishes simple duals 
to various residuation theorems, which we found in our sphere 
geometry. We start with V. 37j. Suppose that we have four 
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oriented spheres Sg, S3, S4 properly tangent to a plane tt. 
Let TT^ be the other oriented plane properly tangent to the 
three spheres while is an arbitrary oriented plane 

properly tangent to Sj^ and The oriented sphere properly* 
tangent to tt^i shall be s/. We write the equation 

'h IX82S2 -h = 0 . 

This oriented envelope will determine with an arbitrary 
proper oriented sphere a developable of the fourth order ; the 
points of contact will trace a cyclic. The terms of this 
equation are linearly independent, the planes of the system 
properly tangent to would seem to determine thereon a two- 
parameter family of cj dies through the seven points of con- 
tact with TT, TTj, TTg, TTg, TT^g, Tbrougli thcse points 

there will pass but a one-parameter family of cyclics. Hence 
we may choose A, v so that 8 ^ itself shall be part of the 
envelope. The rest will be a second oriented sphere which 
will share with s/ the proper tangent planes 774, 77^4, 7724, 7734. 
The points of contact are not concyclic in the general case, 
hence this sphere must be identical with 84'; the latter must 
touch the remaining common proper tangent plane to a/, 83', 83'. 

Theorem 4 .] 1 / four oriented spheres he (jiven, all irroperly 
tangent to the same oriented plane, but no three irroperly 
tangent to three oidented planes^ aiul if the remaining common 
pyt'oper tangent planes he taken to each set of three, as well 
as one arhitranj plane proi^erly tangent to each two, then 
the four oriented spheres each properly tangent to a plane 
torching three of the original ones and to the three arhitramj 
planes each tangent to two of these three spheres are themselves 
punperly tangent to one oriented plane. 

This theorem may be somewhat generalized by a contact 
transfoimation of spheres ; the statement, which is certainly 
bad enough at present, becomes altogether too involved to bo 
worth while. Let the reader prove by methods analogous to 
those which were used in the case of VI. 11]. 

Theorem 5 .] Given five oriented spheres properly tangent 
to an oriented plane, no three properly tangent to more than 



XI 


THE ORIENTED SPHERE 


413 


two oriented planea, and all arranged in cyclic order. Let 
the common proper tangent plane he constructed to each set 
of three successive si^heres. And let Jive oriented sjjheres he 
constructed each properly tangent to three successive oriented 
planes just found. Then the remaining common proper 
tangent planes to the five sets of three successive spheres in the 
new sequence will themselves touch a sphere^ or make a fixed 
angle with a fixed line, or he invariantly related to a minimal 
line. 

It is intuitively clear that the geometry of the oriented 
sphere may be treated by a minimal projection exactly as 
was that of the oriented circle. We begin with the funda- 
mental equations 

-XT = pX2, ^ 9 ) 

-YT = pX 2 , 

-ZT = px^, 

- WT = px,. 

The finite point in four-dimensional space 2^ with the homo- 
geneous rectangular cartesian coordinates {X :Y :Z iW\T) 
will be the centre of a null hypersphere which will cut the 
hyperplane W = 0 in the sphere 

iTo + 2 /^ + + a *2 {2x) + 0^3 {2y) + (2 z) + (2 1) = 0. (2) 


The radius of this sphere will be 


r = 


ix^ 




iW 

T ’ 


( 10 ) 


We shall make our 2^ a perfect continuum by adjoining 
a single point at infinity with the coordinates x^=z 1, = 0, 

and 00 ^ other improper points whose coordinates satisfy the 
equations 


= a;/ + xj^ + + xj^ = 0. 


( 11 ) 
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We shall define such points as the minimal hyperplanes 
“f" Y 4* ii'^Z 4* *<^*5 4” ~ 


which cut the hyperplane S3 in the oriented planes 
x.,x 4 - x.^y 4 - x^z 4 - ^‘1 ^ = 0 . 

Theorem 6.] If a fonr-dimeiis tonal cartesian space of 
Euclidean measurement be made a perfect hexaspherical con- 
tinuum by the adjunction of a single point at infinity, and 
the totality of minimal hyperplanes as imp>roper points, there 
is a perfect one to one correspondence hetueen the points of 
such a S2xice and the oriented spheres of a three-dimensional 
cartesian space* The correspondence may he effected by letting 
each 2^ro2^r 2^0 int of 2^ corresjiond to the sphere in S3 tvhose 
centre is the foot of the 2)er2^ndicular on S from the given 
2)oint, u'hile the radius Is —i times the algebraic distance 
from that centre to the given point. Each im2>ro2^er 2>oint 
is rei^resented by the plane where S3 meets the corres2)onding 
minimal hyperidane of S4, with an orientation rationally 
determined by the coordinates of the improper 2^oint. The 
distance of hvo 2^^'02wr points will be the tangential distance 
of the corresjyonding oriented spheres, 

V y 

W3. 2.4. 

Oriented sphere. Point. 

Proper oriented sphere. Proper point. 

N on-planar null sphere. Point of S3. 

Non-minimal plane. Minimal hyperpiano whose 

point of contact with the 
sphere at infinity is not in S3. 

Minimal plane. Minimal hyperplane whoso 

point of contact is in S3. 

Common tangential seg- Distance of two proper 
ment of proper spheres. points. 

Pencil of properly tangent Isotropic line, 

spheres. 

Pencil of properly parallel Pencil of parallel minimal 

planes. hyperplanes. 
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Transformation caiTying Conformal collineation. 
oriented planes properly tan- 
gent to an oriented sphere 
into oriented planes also tan- 
gent to a sphere. 

Theorem 7.] There is an eleven-imrameter group of 
transformations which carry oriented planes into oriented 
planes^ and those tangent to an oriented sphere into others 
tangent to another sphere. Every transformation of the 
group will multiply the common tangential segments of two 
p)rop)er spheres by a constant ^ characteristic of the transforma- 
tion. 


23. 2,. 

Eleven-parameter group of Eleven-parameter group of 
oriented planes and spheres. conformal collineations. 

If we use temporarily x,^y x.^, x^ for rectangular cartesian 
coordinates in 2 ^, and put p^ for ^3 the Lie symbol for this 
eleven-parameter group is * 

i = 4 

[Pi. 

i = 1 

The transformations of this group which multiply tangential 
segments by the factor +1 shall be called Laguerre trans- 
formations. 

Theorem 8 .] The Laguerre group in space is a ten-para- 
meter mixed group, ivith a ten-parameter continuous sub- 
group, and a ten-parameter continuous sub-assemblage. 

The Laguerre transformations of the sub-group shall be 

* Cf. Page, 'On the Primitive Groups of Transformations in a Space of Four 
Dimensions \ American Journal qfMath,, vol. x, 1888, p. 345. 
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called direct, those of the sub-assemblage indirect. The Lie 
symbol for the continuous group is 


V 

Laguerre group. 

Continuous direct sub- 
group. 

Sub-assemblage of indirect 
transformations. 

Laguerre invemon. 


V 

-^ 4 * 

Congruent group. 

Group of motions. 

Sub-assemblage of sym- 
metry transformations. 
Reflection in hyperplane. 


It would be natural to assume that this ton-parameter 
group was simply isomorphic with that of all conformal trans- 
formations of three-dimensional space. Such is not, however, 
the case. The conformal group appears in four dimensions as 
a coUineation group keeping invariant a byperquadric of non- 
vanishing discriminant ; the Laguerre group is a sub-group 
of the eleven-parameter group which leaves in place, not 
a hyperquadric, but a quadric surface. 

Before resolving our Laguerre transformations into factors, 
it is well to approach the subject from another point of view, 
exactly as we did in the plane. Let us define as eqidlong 
any analytic transformation of oriented planes which keeps 
invariant the distance of the points of contact of an arbitrary 
oriented plane with any two envelopes. We seek the general 
analytic expression for such a transformation. We first 
write our oriented plane 

aj:-{-hy’\-cz = p. (12) 

Here a, 6, c are supposed to be the direction cosines of the 
directed normal to the plane. We may write this same 
equation also in Bonnet coordinates * 

n-\-v . u — v uv—1 w 

X + ^ 1 / H 0 r= • (13) 

1 uv + l uv-^l w 4- 1 


Cf. Darboux, Theorie gtmrale de$ surfaces, vol. i, Paris, 1887, pp. 243 ff. 
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Let the reader establish the relations between these and 
our previous oriented plane coordinates, namely 


p.Tj = -^10, 

U = — 



4- 




p:r,^ = i{u-v), 

V = — -—-4, 

x^ + 

( 14 ) 

px^ = tt?; — 1, 



pXr, = i {tvv+ 1), 

tv = K — ; 

+ IX 



ii and V are the isotropic parameters of the spherical repre- 
sentation of the plane. In an equilong transformation 
parallel planes must go into parallel planes, exactly as in the 
case of the plane equilong transformation, hence 

U=:U{u, ?;), V=V(u, fj). 

Moreover, two planes which intersect in a minimal line, 
whereon all distances are null, must correspond to two other 
such planes, hence 

either U = U (it), F= V (v), 

or else U = U (v), V = V {v ). 

Evidently, if we prove that we have transformations of 
both types, the first of these will be direct and the second 
indirect. In order that the transformation be real we must 
have 

77 = a, V = u. 

Let us now look at the triangle in the plane (it, v, iv) 
formed by the adjacent planes 

(u + du, V -f dv, w + dw), {ii + d'li, v + d' w -f d\v), 

Since our equilong transformation is to carry this into an 
equal triangle (the sides of one are, by definition, equal to 
those of the other), its area must be invariant, at least if 
we disregard the sign. Conversely, suppose that we have 
a transformation of oriented planes which is conformal for 
their spherical representations and leaves the ai-eas of such 

1702 ^ d 
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triangles invariant. Every such triangle is carried into 
a similar and equivalent triangle, i. e. into an equal one, and 
the transformation is equilong. Reverting to the first form 
for the equation of the plane (12), we find the area of a 
triangle from the volume of a tetrahedron, and the distance 
from a vertex to the opposite face-plane. Thus the square 
root of the area of the triangle in question will differ by 
a constant factor from 


a h c p 
da db dc dp 
d'a d^b d'c d'p 
d^'a d"b d"G d"p 


i 

\ a b c 

i 

a b c 


j\ a b c 


da db dc 


d"a d"h d"c 

1 

'i d'a d'b d'c 


d'a d'b d'c 


da db dc 


1 d"a d"b d"c 


In expanding in terms of the first row the coefficient of i) 
vanishes, since 

{ada + bdb + cdc) = {ad\t 4- bd'b -f cd'c) = (ad" a + bd"b -f cd"G) = 0. 

a b c 
da db dc 
d'a d'b d'c 

_ + 2 ^ (du d'v — dv d' a) 

(uv-\- 1) 


(da^ + db^ + dc^) (dad' a + dbd'b -f- dcd'c) 
(dad'a + dbd'b -f- dcd'c) (d'a^ 4- d'b^ 4- d'c^) 


<ip = 


dv) 

uv-\-\ 


%c ( iidv 4- vdti) 
(uv 4- 1 


Our invariant expression thus becomes, except for a con- 
stant factor, 

du dv dw 
d'u d'v d'w 

d"u d"v d'w 

a/ ± (dud'v — dvd'u) ^/ + (d'ud"v — d'vd"u) >/ ± (d"udv — d"udvb) 
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To caiTy through the direct transformation we put this 
equal to the corresponding form, remembering that 


<^W 

dU= Wdu, dv = rdv, dW^ ^-du+ - - dv+ 

CU dv OW 


Our expression above thus becomes equal to 


dW 

dw 


U'V' 


du dv div 
d'u d'v d'lv 
d''u d% d"w 


I {U' V')'^ \/ + {dud^v — dvd'u) V ± {d'nd'^v—d"nd^v) \/ + {d"udv--d"vdu 


dW 

dlV 


V+U'V\ 


Wo thus get the fundamental equations for direct and 
indirect equilong transformations,* 

17 = U{u), y = V{v), W=:w^^±UT' + F{^l,v), 

_ (15) 

U=U(v), V=V{it), W=tvV±U'r + F{u,v). 

Let us now see what form these various functions take if 
the oriented planes properly tangent to an oriented sphere go 
into other such tangents. The equation of an oriented sphere 


* The fact that these transformations depend upon arbitrary functions was 
first suggested by Study, * Uober mehrere Probleme der Geometrie, welche der 
konformen Abbildung analog sind *, Sitzungsberichte der niederrheinischeti GeselU 
schaftfur Natur- und Heilkunde, December 5, 1904. The formulae with the upper 
sign wore first published by the Author, ‘The Equilong Transformations of 
Space’, Transactions American Math, Soc., vol. ix, 1908. The complete form 
given above was published independently a year or two later by Blaschko, 
‘ Ueber einige unendlicho Gruppen von Transformationen orientierter 
Ebenen im Euklidischen Raume’, Qrunerts Archiv^ Series 3, vol. xvi, 1910. 
Between these two articles appeared the dissertation of LOhrl, Ueber konforme 
und dquilonge Transformationen im Raume, Wurzburg, 1910. Here we find no 
such formulae. On the contrary, the author’s object is to establish the 
correspondence between the conformal and equilong groups. In consequence 
the whole dissertation rests upon the erroneous idea (p. 27) that the equilong 
group depends upon ten parameters. The proof which he offers for this 
incorrect theorem is geometrical, and contains an obvious error. 

D d 2 
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is linear in the quantities v, ttv— 1. Hence U and V 
must be linear functions, W must be a fraction whose 
denominator is the product of the denominators of U and F, 
while its numerator is linear in u, w, (iiv—1). Our direct 
Laguerre transformation will thus have the form 

- yu + b' /v + b'" 

,p_ V ±(ab-i3y){a'b'--i^'Y}'ii' + /»'>' + <li' + >'v + f^ , . 

iYn + b){y'v + h') ■■ ■ ^ ’ 


The general indirect one will be 

ar-f /3 y_ 

yv + b y'u + 6'' ^ 

l|,^ _ ± ] ocb — I3y) iocb'- fl' y)^v^ pil v + qv> -f rv + 8 . 

(/n+d') (yv-hb) ‘ ^ ^ 

The ten independent parameters are well set in evidence 
in these equations. Four oriented planes will have an abso- 
lute invariant under the Laguerre group 


(U1-U4) (1/3- 

Recalling theorem 9] and equation (6) of Ch. VIII, we see 
that the modulus and argument of this complex expression will 
give the double ratio and double angle of the stereographic 
projection of the points of contact of the four oriented planes 
with’ their common proper tangent sphere. We find a more 
direct interpretation for the modulus as follows. Consider 
the real oriented planes (iiiV^Wj) 


= -2(Wl-^'2) (•((-, -W 2 ). 
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V; 


(Ml— Mj) 

K-«2) 




(«l-«4) («3- '«2) 




= + 




_ 12 sin 3^ _ 

“ sin I ^14 sin I ^ 32 ' 


This invariant will take the value unity when the points 
of contact form an orthocyclic set. Another absolute in- 
variant is 


0 

i = 2 1 — i = "1 

i =: !'t / = .> / =; .'> 




n (sin|^12sin J^34 + sin 1^13 sin 42 + sin 14 sin 23) 

sin^fl- 12 1 ^^4 gjQ2 1 ^ 1 4^^2 1 ■ 

This vanishes when the points of contact are concyclic. 
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A real indirect transformation will be involutory if it have 
the form 

jj OLv + h au + i 

U — , K = , 

cv — a cu — oc 

jyr __ -- (ocoi -i- be) tv luv + fxu ’h flv -h n 
{cv — a) {eu — oc) 

h — by c = c, I — ly n — Uy — bl + HOC jxdi + uc = 0 . 

Let us consider the real Laguerre group a little more 
closely. Instead of minimal projection, let us consider the 
analog of Fiedler’s cyclographic method developed in Ch. IV. 
If the centre of a real sphere be xyz, and its radius r, we 
represent it by the point xyzr of four-dimensional space. 
We define as the distance of two points in this space the 
expression 

V{x— x'f + {y — y'f + {z— z'f + {r — r'f. 


The Laguerre group is simply isomorphic with the group 
in our four-dimensional space ^ 4 , leaving invariant a real 
quadric with imaginary generators in the hyperplane at 
infinity, i.e. the Lorenz group of the modern theory of rela- 
tivity.* The hyperplane at infinity shall be called /S 3 , the 
quadric The group in S.^ is that of Ch. VIIL As we 

may pass continuously from a direct transformation to the 
identical transformation, we have in a collineation per- 
muting among themselves the generators of each set of 
We have the following types of fixed elements in 8.^ : 

1 ) Two real and two conjugate imaginary fixed points of 8^^, 
no other fixed point in 8^^ 

2 ) One real line of fixed points, and two real or conjugate 
imaginary fixed points where its polar intersects 8^^. 


* Cf. Wilson and Lewis, * The Space-Time Manifold of Relativity Pro- 
ceedings American Academy of Arts and Sciences^ vol. xlviii, 1912. The nature of 
the group of relativity was, of course, known from the first ; its geometric 
exposition is nowhere more elaborately discussed than in this article. 
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3) Limiting cases of 1) and 2), where pairs of real fixed 
points tend to fall together. 

4) All points of ^3 fixed. 

In a transformation of typo 1) there will be two real fixed 
lines in mutually polar in The totality of planes 

through each will be a two-dimensional projective manifold 
which is subject to a real collineation. Two fixed planes are 
the tangent ones to 82 ^ through the given line ; there will be 
a third not in 8 ^, We thus get two real fixed planes not 
lying in a real space, and so intersecting in a finite fixed 
point. Each of the fixed planes through this point is the 
locus of non -Euclidean perpendiculars to the other thereat 
(lines conjugate with regard to 82 ^)* The transformation of 
8 ^ is the product of successive rotations about these two 
planes, and each rotation can be factored into the product 
of reflections in two hyperplanes. 

2) In a transformation of this type, if there were a finite 
fixed point there would be a pencil of fixed lines through 
it to the fixed points in 8 .^, the transformation would have 
to be a non-Euclidean rotation about the plane of the pencil, 
and so the product of two reflections. If there were no finite 
fixed point, but a finite fixed plane as before, we should have 
a screwing about this plane which, again, could be factored 
into four reflections in hyperplanes. 

3) Since these transformations are limiting cases of the 
previous, they also can be factored into four reflections, for 
every limiting form of a hyperplane reflection which is not 
a degenerate transformation is still a reflection. 

4) There can be no finite fixed point, for then every point 
would be fixed ; we must have a translation. 

Theorem 9.] Every direct Laguerre transformation can 
he factored into four Laguerre inversions, every indirect one 
into five inversions. 

The Laguerre inversion is not the only type of involutory 
Laguerra transformation. We have transformations which 
correspond to reflections in planes, lines, and hyperplanes. 
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The nature of these is seen by choosing the simplest case, and 
noticing the behaviour of the invariants.* We thus get 

^ 4 * 

Laguerre invei'sion. Reflection in hyperplane. 

Corresponding oriented Reflection in plane, 
planes touch properly oo^ 
oriented spheres properly tan- 
gent to two fixed oriented 
planes, the points of contact 
being in every case a har- 
monic set. 

Corresponding oriented Reflection in line, 
planes properly tangent to 
same oriented sphere which 
touches properly oo^ fixed 
oriented planes ; points of 
contact with corresponding 
planes inverse in circle of 
contact with fixed planes. 

Corresponding oriented Reflection in a point, 
planes reflections of one 
another in oriented plane 
properly parallel to them, and 
properly tangent to fixed 
proper oriented sphere. 

It should be noticed that the second and fourth of these 
transformations are direct, while the first and third are 
indirect. 

§ 3. The Hypercyclide. 

Let us next take up the oriented surface which corresponds 
in three dimensions to the plane hypercyclic. We shall define 

♦ First studied by Laguerre, Collected Works^ vol. ii, pp. 432 if. See also 
Smith, On a Transformation y cit., p. 165 ; Blaschke, Qeometrie der Speere, cit., 
p. 55 ; Muller, ‘Geometrie orientierter Kugeln’, cit., pp. 295 if. ; Bricard, ‘Sur 
la g4om4trie de direction dans Pespace', Nonvelles Annales de Math.y Series 4, 
vol. vi, 1906. 
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as a hypercyclide every oriented envelope given by oriented 
plane equations of the form 

2 a,ij x^i - 0, + x.^ + x^ +x^^ = 0. ( 20 ) 

/, = 1 

2 ,. 2 ,. 

Ilypercy elide. Focal hyperclevelopable of 

hyperquadric. 

Theorem 10 .] The kyp)ercyclide is an oriented envelope of 
the fourth class. 

Suppose that our hypercyclide is of such structure that the 
following equation has four distinct roots, 


^^22 p 

(^23 

^24 

«2.-, 


«33-^' 

«34 


^^42 

<'43 

«44-p 


^52 

^^53 

«64 

^fr>5-P 


and that it is not transformed into itself by a reversal of the 
orientation of every plane, it shall be called a (jeneral hyper- 
cyclide. 

= xf + xf + x^^ + xf = 0 . ( 21 ) 

2 V 

"a* 

General hypercyclide. Focal hyperdevelopable of 

central hyperquadric. 

Theorem 11 .] The general hypercydide is ancdlagmatic in 
four Laguer7^e inversions and carried into itself by a group of 
ten involutory Lague^'re transformations^ including the iden- 
tical transformation. 

In each hyperplane of symmetry of a central hyperquadric 
of 24 will lie a focal central quadric, a double surface of the 
focal hyperdevelopable. The orthogonal projection of this is 
also a central quadric ; hence 

Theorem 12 .] The general hypercyclide may he generated 
in four ways by an oriented sphere whose centre ti^aces a central 
quadric^ ivhile it meets a fixed oriented plane at a fixed angle. 
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Theorem 13.] The general hypercyclide is an anticaustic 
by refraction of each of its deferents, the rays of light being 
supposed to come in a direction perpendicular to the funda- 
mental plane of the corresponding Laguerre inversion. 

The proof of this is identical with that for the corresponding 
theorem about the hypercyclic, and so is omitted. We pass 
to the determination of the order of the general hypercyclide. 
We see, first of all, that the intersection of the fundamental 
plane of each Laguerre inversion, with the corresponding 
deferent, is a double curve of the hypercyclide (cf. Ch. X, 
theorem 4G). It will also meet this plane simply along a curve 
which is the envelope of lines through which pass tangent 
planes to the deferent which are perpendicular to anallagmatic 
planes through the same lines. This curve is the intersection 
of the fundamental plane with the developable which touches 
the deferent and a conic in the plane at infinity which has 
double contact with the circle at infinity. The order of the 
curve is eight, for it is of the fourth class with deficiency one, 
and has two double tangents. (It is dual to the cone from an 
arbitrary point to the curve of intersection of two quadrics.) 

Theorem 14.] The general hypercyclide is of the twelfth 
order. It meets the fundamental plane of each Laguerre 
inversion when the plane is finite, in a double conic, the 
intersection with the corresponding deferent, and in a simple 
curve of the eighth order and fourth class which is a line of 
curvature of the surface. 

The truth of the last statement is evident from the fact 
that the tangent generating spheres have stationary contact. 
Each infinite point of the deferent in general position will 
give two distinct asymptotic planes of the hypercyclide. 
Conversely, each asymptotically tangent plane to the hypor- 
cyclide whose point of contact is not on the circle at infinity 
will give an asymptotically tangent plane to the deferent. 
How^ about the circle at infinity, is that also on the hyper- 
cyclide ? If we take a line in a fundamental plane tangent 
to the focal developable of the corresponding defei’ent, one 
tangent plane to the deferent is minimal, hence one tangent 
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plane to the hypercyclide touches it on the circle at infinity, 
but in no other case will a finite line in the plane give 
a point of the hypercyclide on the circle at infinity. Through 
each point of the infinite line of a fundamental plane will pass 
four tangent planes to the focal developable of the corre- 
sponding deferent, but only two tangents to the circle 
at infinity ; the latter must be a double curve of the 
hypercyclide. 

Theorem 15.] The general hypercyclide has the circle at 
infinity as a double conic, it has no 2:)roper foci, its double 
foci are those of the deferents. 

It is easy to see that in four dimensions there are two 
hyperplane reflections which carry any non-minimal hyper- 
plane into any other not parallel to it. When they are 
parallel there is but one. 

Theorem 16.] If no fundamental plane for a Laguerre 
inversion in which a general hypercyclide is anallagmatic lie 
at infinity, there are eight Laguerre inversions which will 
carry it into a central quadric counted doubly. 

Since every transformation of the Laguerre group is a 
contact transformation of oriented spheres, it will carry strips 
of curvature of a surface into other such strips. We thus get 
from the familiar properties of the lines of curvature of 
a central quadric 

Theorem 17.] The lines of curvature of a general hyper- 
cyclide are algebraic, and are determined by the common 
generating spheres of one system which it shares with a 
one-parameter family of hypercy elides, all anallagmatic in 
the same set of Laguer re inversions. 

Theorem 18.] The oriented tangent planes to a general 
hypercyclide may he put into one to one correspondence with 
the points of a general cyclide in such a way that the planes 
properly tangent to an oriented sphere, or making a fixed 
angle vfith a fixed oriented line, or invariantly related to 
a fixed minimal line, will corresqmid to points on a sphere. 
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The common oriented developable of a general hypercy elide 
and oriented sphere will touch the latter at the points of 
a cyclic. The cyclic degenerates into two circles in the case 
of a generating sphere of one system or another, and in that 
case alone, for there are no other spheres with double pi’oper 
contact. The common developable becomes in this case two 
cones of revolution. Two such cones circumscribed to the 
hypercy elide and to the same oriented sphere are said to be 
residual; two cones residual to the same cone are coresidual. 

Theorem 19.] If tivo cones of revolution pro^^erly circum- 
scribed to the same general hypercyclide be coresidual, every 
such come residual to the one is residual to the other. 

The vertex of a properly circumscribed cone of revolution, 
being the centre of a generating null sphere, is on a focal 
conic of the deferents, hence 

Theorem 20.] The cones of revolution properly circum- 
scribed to a general hypercyclide fall into four systems^ each 
containing two series. The cones of each system are anallag- 
matic in one of the fundamental Laguerre inversions^ their 
vertices trace the corresponding double comic, each point of the 
conic being the vertex of a cone of each series belonging to 
the system. Two cones of the same series are coresidual, two 
of the same system but different series residual. 


§ 4. The Oriented Sphere Treated Directly. 

We turn now from the consideration of oriented planes and 
their envelopes to the direct discussion of oriented vspheres ; in 
other words, we pass from the Laguerre group to the fifteen- 
parameter contact group of oriented spheres. A system of 
such spheres whose coordinates are analytic functions of three 
parameters, their ratios not being all functions of a lesser 
number of parameters, shall be called a complex. The simplest 
complex is the linear one composed of spheres whose coor- 
dinates satisfy a linear equation of the type 

• 

— + = 0 . ( 22 ) 
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The discussion of the special cases is exactly analogous to 
that carried out in the last chapter ; 

— + a.^ + ^ 0. 


— — a„a;| +a^x^ + a^x.^ + atX^+ ^/2a,)0^ — a./ — — 

2 y2a„«j-of/-a3-‘-rt/a;- 

= l[^-- 7o si- (23) 

L V2rt.„Oj — — O 3 — «4 

The oriented spheres of the complex meet a fixed oriented 
sphere at a fixed angle. If we have 


— = 0 , 


( 24 ) 


our oriented spheres are properly tangent to a fixed oriented 
sphere, and the complex shall be said to be special. 


-2a,. 








= 2 r - 1 . 

L-o,, 2a^^ J' 


The oriented spheres have a fixed common tangential seg- 
ment with a given sphere. 

— 2 + ctr^) = 0. 

Oriented spheres invariantly related to a fixed minimal 
plane. 

cfQ = 0 , a/ + + or/ 9 ^= 0 . 

Oriented spheres meeting a fixed plane at a fixed angle. 

— a.^ = = 0 . 

Complex or oriented spheres of given radius, which is null 
if = 0. 

«() = ^2 = = (U = == 

Complex of all oriented planes. 
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Theorem 21 .] The assemblage of all oriented spheres whose 
common tangential segments with two fixed oriented spheres 
hear to one another a fixed ratio is, in general, that of all 
oriented spheres meeting at a fixed angle a fixed oriented 
sphere coaxal with the given spheres. 

Two linear complexes (a) and ( 6 ), neither of which is special, 
have an absolute invariant under the fifteen-parameter group, 
namely 

V -2a^a^^ a af + a^ + af ^ — 2 hd^ + + bf + b^^ + hf 


In the general case where the complexes consist in oriented 
spheres meeting fixed spheres at the angles and J’^spec- 
tively, while 6 is the angle of these fixed spheres, we have 

cos(/), cos(i)o“Cos^ ^ , 

V-— = /. (26) 

sin (hi sin 02 ' 

When the numerator of this expression vanishes, the com- 
plexes are said to be in involution. 

Theorem 22 .] Two linear complexes of oriented spheres, 
which consist in the assemblages of all spheres meeting two 
fixed oriented spheres at fixed angles, will be in involution 
lohen, ami only when, the p>roduct of the cosines of these fixed 
angles is equal to the cosine of the angle of the fixed spheres. 

Theorem 23.] A special linear complex is in involution 
with every linear complex which includes its fundamental 
sphere. 


Theorem 24.] If a linear complex consisting in oriented 
spheres meeting a fixed sphere at a fixed angle be in i nvolution 

ivith that of all null spheres, the angle is - • 


Theorem 25.] If the fixed sphere of a linear complex be 
planar, the complex is in involution with that of all oriented 
planes. 

The transformation of inversion in a linear coftiplex is 
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analogous to the corresponding transformation in the plane. 
The analytical expression will be 

— 2 {— 

- 2 + a,,x.^ + + a^x^) a-. ( 2 7 ) 

— 2a^^al + ^^ 2 ^ + = ^• 

( — 2 + ^^ 2 ^^ + ^ 3 "^ + + x-f^) 

= - a52)2 ( _ 2 + .V + ^3^ + V + x^^). 

Theorem 26.] Two oriented sjoheres are mutually inverse 
in a linear complex consisting in the totality of oriented 
spheres which meet a fixed sphere at a fixed angle^ if they he 
coaxal with the fixed sphere, and the product of the tangents 
of the halves of their angles therewith is equal to the square of 
the tangent of half the fixed angle.^ 

Theorem 27.] When the fixed angle of a linear complex 
is inversion in that complex is inversion in its funda- 
mental sphere. 

Theorem 28.] Inversion in a linear complex of oriented 
spheres of given radius is a dilatation. 

Theorem 29.] Inversion in the linear complex of all null 
spheres reverses the orientation of evei^ sphere. 

We may easily find such a linear complex, called temporarily 
the inverting complex, that inversion therein will carry the 
complex of all null spheres into any other non-spacial linear 
complex. We see also that our geometrical definition for 
inversion in a linear complex breaks down in the case of null 

Cf. Smith, Transformation of Laguerre, cifc., On the surfaces enveloped^ cit., and 
* Geometry^ with in a Linear Spherical Complex Transactions American Math. 
Soc., vol. ii, 1901. 
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spheres. In this inversion corresponding spheres are coaxal 
with the fixed sphere, and the oriented spheres of the inverting 
complex properly tangent to the one are properly tangent 
to the other. The points of the fundamental sphere of 
the complex transform into themselves. The points of a 
minimal lino will be transformed into a pencil of properly 
tangent oriented spheres whose point of contact is on the 
fundamental sphere. 

Theorem 30.] Each oriented sphere of a linear complex 
is properly tanyent to a pencil of spheres of the complex at 
each p)oint of a circle. 

A surface considered as a point locus will transform into 
a congruence of oriented spheres in a linear complex. The 
spheres tangent to a point surface at a given non-singular 
point will fall into two pencils, according to their orientation, 
and will be transformed into two pencils of properly tangent 
oriented spheres to the oriented envelope of the spheres of the 
congruence. When the point of contact in the first place is 
on the fundamental sphere of the inverting complex, the 
points of contact of the two transformed pencils fall together. 

Theorem 31.] If a point siirface he inverted in a linear 
complex with a ftindamental s2)herey the curve of intersection 
ivith this fundamental sphere will he a double curve of the 
envelope of the oriented sjyJieres which correspond to the jjoints 
of the surface. 

Lines of curvature of the point surface will correspond to 
strips of curvature of the corresponding envelope, the curve 
of contact with the focal developable will correspond to a strip 
of contact along a line of curvature of the envelope which lies 
on the fundamental sphere of the inverting complex, and con- 
focal surfaces will correspond to surfaces with the same strip 
of curvature along such a curve.* 


* These ideas are developed in detail by Smith, Geometry within a CompleXy 
cit., pp. 238 if. lie finds interesting analogues to various classical theorems, 
such as those of Joachimsthal and Darboiix-Dupin. 
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We revert to the minimal projection 


Linear complex. 

Complexes in involution. 
Special linear complex. 
Fifteen parameter group 
of contact transformations of 
oriented spheres. 


V 

^ 4 * 

Hypersphere. 

Orthogonal hyperspheres. 
Null hypersphere. 

Fifteen parameter group 
of hyperspherical transforma- 
tions. 


Every hyperspherical transformation of 2^ may be carried, 
by an inversion in a hypersphere, into a conformal collinea- 
tion, and this will be accomplished by any inversion with 
a fixed finite point of the hyperspherical transformation as 
centre. We speak loosely here about hyperspherical inver- 
sions and collineation of 2^, leaving to the reader the simple 
task of defining these analytically according to the analogy 
of what was done in two and three dimensions. The ratio of 
similitude in this transformation will not be independent of 
the radius of the hypersphere of inversion ; hence we may 
choose this radius so that the ratio of similitude shall have 
the value + 1- O^r conformal collineation is thus a congruent 
one ; we ha ve from 9] ; 


Theorem 32.] Every contact transformation of oriented 
spheres may he factored into the p)roduct of inversions in six 
or seven linear complexes,'^ 

When we come to the study of complexes of oriented spheres 
of a more complete structure there is advantage in changing 
slightly the form of our coordinates, exactly as we did in the 
case of the oriented circle. Let us write 


- 2 x„ = p (X„ + 'LYi), 

2 = p (-Yi — ^-Y j), 

^2 P ^ 2 * 

X- = pX^. 


( 28 ) 


1702 


* Smith, Surfaces Envelopedj cit., p. 380. 
E e 
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We have a one to one correspondence between our oriented 
spheres, and systems of coordinates (X) connected by the 
identical relation 

{XX) = 0. (29) 

The condition for proper contact of two oriented spheres 
(Z) and (F) will be 

(ZF) = 0. (30) 

More generally, if we have six linear non-special complexes 
in involution, where (f)^ is the fundamental angle of the iih 
complex, and 6^ is the angle which a given sphere makes with 
the fundamental sphere of that complex, then we may take as 
the homogeneous coordinates of that sphere the six quantities 


A", 


cos — cos 0^ 
sin^ ~ 


Equations (29) and (30) will subsist and retain their mean- 
ings for this more general system of coordinates. 


§ 6. The Iiine-sphere Transformation. 

The system of oriented sphere coordinates just explained 
lead in the most natural way to one of the most beautiful 
transformations in the whole field of geometry, the line-sphere 
transformation of Sophus Lie.* We begin by taking two 
points of complete cartesian (projective) three-dimensional 
space with the homogeneous coordinates (f) and (tj). Their 
line has the Pliicker coordinates 

Pij = 

The condition of intersection of two lines is 

2 = 0, (i-fe) (i-l) (y-k) (y-l) 0. 

ij 

* There are innumerable accounts of this transformation. It was first 
published by Lie in his article, ‘Ueber Complexe, insbesondere»Linien und 
Kugelcomplexe % Math, Annalerij vol. v, 1872. 
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From these we pass to what are sometimes called the Klein 
coordinates, as follows : 

1^01 ~ 

2^02 ~ ■!“ '^^4 5 jf-^32 ~ *^1 ^^4 > 

'Po[i = ^2 ' 2^2 = ^2 ~ ^ 5 * 

{XX) = 0. (29} 

The condition for the intersection of the lines (A") and (F) 
will be 

(XY) = 0 (30) 

Let us further call the linear complex 

^5=0 

the notable com/plex^ while the line with the coordinates 
(1, % 0, 0, 0, 0) shall be the notable line. We have, then, the 
following correspondence.* 

Sphere space. 

Oriented sphere. 

Properly tangent oriented 
spheres. 

Null spheres. 

Spheres differing only in 
orientation. 

Plane at infinity. 

Oriented planes. 

Minimal planes. 

Pencil of properly tangent 
oriented spheres. 

Oriented surface element. 

There is one special case of the last correspondence which 
should be mentioned. Two spheres of equal radius whose 

* The form here given is that followed by the Author, * Metrical Aspect of 
the Line-sphere Transformation’, Transactions American Math. Soc., vol. xii, 
1911. Cf.*also Snyder, Ueber die Unearen Complexe der Lieschen Kugelgeomeiriey 
Dissertation, Gottingen, 1895. 


Line space. 

Line. 

Intersecting lines. 

Lines of notable complex. 

Polar lines in notable com- 
plex. 

Notable line. 

Lines intersecting notable 
line. 

Lines of notable complex 
intersecting notable line. 

Pencil of lines. 

Surface element. 
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centres are on the same minimal line fulfil the analytic 
requirements of contact and will correspond to intersecting 
lines ; a pencil of lines may thus correspond to a system of 
spheres of given radius whose centres lie on a minimal line. 
The surface element here is at infinity at the end of the 
minimal line ; the tangent plane is the corresponding minimal 
plane. But the point of contact and tangent plane are 
independent of the magnitude of the constant radius assigned 
to all the spheres, so that the correspondence of surface 
elements in the natural sense is not one to one for such cases. 
When we speak of a surface element as in general position 
we shall mean that this case does not arise * 


Points of minimal line. 

Pencil of properly parallel 
planes. 

Pencil of parallel minimal 
planes. 

Spheres containing minimal 
line. 

Group (Jirjiir, of all contact 
transformations of oriented 
spheres. 

Group of all contact 
transformations factorable 
into an even number of in- 
versions. 

Inversion in linear complex. 

Linear complexes in involu- 
tion. 

Oriented spheres properly 
tangent to oriented spheres. 

Du pin series. 


Pencil of lines of notable 
complex meeting notable line. 

Pencil of, lines meeting 
notable line, but not belonging 
to notable complex. 

Pencil of lines of notable 
complex meeting notable line. 

Point and polar plane in 
null system of notable com- 
plex. 

Group girJiY^ of all collinea- 
tions and correlations. 

Group of all collinea- 
tions. 


Polarization in null system. 
Linear complexes in involu- 
tion. 

Linear congruence with 
distinct directrix lines. 
Kegulus. 


* The Author’s attention was first called to this exceptional casc^by a con- 
versation with Professor Study. 
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Not null circle. 

Involutory transformation 
where corresponding members 
are properly tangent to same 
two members of two conjugate 
Dupin series. 

Six linear complexes in 
involution. 

Group of thirty-two invo- 
lutory transformations inter- 
changing these. 


Regulus in notable complex. 
Polarization in quadric of 
nonVanishing discriminant. 


Six linear complexes in 
involution. 

Group of sixteen collinea- 
tions and correlations inter- 
changing these. 


It is clear that the properties of six linear lino complexes in 
involution will lead to a number of simple theorems about 
six linear oriented sphere complexes in involution. It w'ould 
be tedious to carry through the results, in the case of the line 
complexes, as they are familiar enough ;* we have but to trans- 
late into sphere geometry, as follows : 


Theorem 33.] linear e(yii%]jlexes in involution deter- 

mine^ by fours j fifteen 2 )airs of oriented sidieres^ and, by threes, 
twenty Dupin series, forming ten p>ciirs of conjugate series. 
Each p)eiir of spheres determined by four complexes belongs to 
four Duplin series ; each such series contains three of the fifteen 
pairs of spheres. If a pair of spheres do not belong to a Diqrin 
series or its conjugate, they correspond in the involutory 
transformation determined by the series. Each of the thirty 
sjdieres is p)rop)erly tangent to six others constituting three 
p)airs. 

We shall define as a series of spheres a system whose coor- 
dinates are proportional to analytic functions of a single 
variable, the ratios being not all constants. A congruence, 
likewise, shall be a system whose coordinates are proportional 
to analytic functions of two independent variables, the ratios 
not being all functions of one variable. The envelope of 
a series of spheres is an annular surface, in the general case. 
If, however, adjacent spheres tend towards contact, i.e. the 


* Cf. Koenigs, La Geomeirie regUe, Paris, 1895, pp. 99-125. 
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difference between the radii of any two spheres of the series is 
equal to the negative of the corresponding arc of the deferent, 
the spheres trace two i^tropic ruled surfaces. Conversely, 
if an isotropic ruled non-developable surface be given, adjacent 
generators determine a sphere. A one-parameter family of 
spheres is thus determined, part of whose envelope is the 
given surface. The remainder will be another surface of the 
same sort, which we shall speak of as cou'pled with the first.* 

Coupled isotropic ruled sur- Developable and its polar 
faces. in notable complex. 

Let us now show that not only do surface elements corre- 
spond to surface elements, but surfaces to surfaces ; in other 
words, we have a contact transformation. Consider a con- 
tinuously oriented non-developable surface in sphere space, 
i. e. a non-developable surface where the orientation of the 
normal is analytically determined — the envelope of oo^ oriented 
planes. The surface elements can be assembled in two ways 
into a one-parameter family of curvature strips, each element 
belonging to two strips, and the point will have two usually 
distinct lines of advance in the plane, so that the plane is 
tangent to the locus of the point. Corresponding to these we 
shall have oo^ surface elements which can be assembled in two 
ways into developable strips, each element belonging to 
two strips, and once more the point has two lines of advance 
in the plane. Hence again the envelope of the planes is the 
locus of the point. 

Minimal developable. Developable in notable 

complex. 

Oriented surface not mini- Non-developable surface, 
mal developable. 

Congruence. Congruence. 

Envelope of oriented spheres Focal surface of congruence, 
of congruence. 

* The Autlior has been told that this idea of coupling ruled minimal 
surfaces dates back to Monge ; he has not, however, been able t<f verify the 
statement. 
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This correspondence of surface element to surface element 
is subject to the ‘ in general ' restriction mentioned on 
p. 436. 

Theorem 34.] In a general 
congruence of oriented spheres, 
the strij) of contact with the 
envelope of those whose surface 
elements of contact fall to- 
gether is a strip of curvature. 

Theorem 35.] The spheres 
of curvature of one system of 
a surface have no other en- 
velope. 

The two theorems on the right are familiar enough in 
differential line geometry, arising from the fact that the 
developable surfaces of a line congruence determine two 
conjugate systems of curves on the two nappes of the focal 
surface; the theorems on the left come from those on the right 
by our transformation. 

The focal surface of a line congruence of the second order 
and class is the Kummer qiiartic surface with sixteen conical 
points and sixteen planes of conical contact.* Since every 
such congruence is contained in a linear complex, let us 
assume that we have a congruence in our notable linear 
complex. It will be the total intersection of this complex 
and a quadratic one, and correspond under our transforma- 
tion to the points of a cy elide. Now, by VII. 42], the lines 
of curvature of a cy elide are its complete intersection with 
the confocal cyclides, and are space curves of the eighth 
order. 

Theorem 36.] The Kiimmer quartic surface has algebraic 
asymptotic lines of the sixteenth order, being curves of contact 
with doubly enveloping ruled surfaces of the eighth order. 


In a general line con- 
gruence the strip of contact 
with the focal surface of those 
lines whose focal points and 
planes fall together is an 
asymp)totic strip. 

The asymptotic lines of one 
system of a surface are tangent 
to no other surface. 


* Cf. Jessop, Treatise on the Line Complex^ Cambridge, 1903, pp. 101 and 296. 
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§ e. Complexes of Oriented Spheres. 

The general complex of oriented spheres shall be indicated 
by an equation 

f{X,...X,) = 0, (31) 

or else in the parametric form 

Xi = X.i (u, V, w). (32) 

If a sphere adjacent to (X) in the complex be properly 
tangent thereto, 

(A^Y) = {XdX) = (dXdX) = 0. 


The oriented spheres (Y) and (dX) belong to the linear 
complexes 

(.V.V-, = (V A-') 


0 . 


To find the special linear complexes linearly dependent on 
these, we must solve the quadratic equation 


X>(A'A) + 2X,(a|/)+,.(^. V) = 0 . 

Assuming first ^ 0, 

the only solutions of the quadratic are A = 0 ; hence 


(33) 


Theorem 37.] The. oriented spheres of a c.ovnplex infinitely 
near arid properly tanyent to an arbitrary sphere thereof, 
touch it in the points of a circle. 

We next assume that 


UA ^AV - 


0 . 


We may repeat exactly our reasoning in the last chapter 
and show that the spheres of the complex are properly tangent 
to an oriented surface or curve. The converse is better proved 
as follows. Consider the corresponding question for a line 
complex. Equation (33) in line space means that the lines of 


* Lie, ‘ Ueber Complexe cit., p. 207. 
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a complex infinitely neai' one line thereof and intersecting 
it will usually belong to a linear congruence with one directrix 
line, i.e. those which meet it at any point lie in a plane 
connected with that point by a process called a normal corre- 
lation. When, however, the identity is satisfied, the lines of 
the complex infinitely near (X) pass through a fixed point, 
or lie in a fixed plane.* It is this, and not the other, which 
must happen for a complex of tangents ; hence the identity 
must be satisfied, and it will likewise be satisfied for a complex 
of oriented spheres properly tangent to a surface. 

Suppose, thirdly, that the identity is not satisfied, but (A"^) 
is such a sphere that 


/V ‘V\ 

\bX iAV 


= 0 . 


It is then said to be a singular sphere of the complex. 

The oriented spheres (A"') and are properly tangent. The 

envelope of their surface element is called the shujalar surface. 
The point of the name is seen as follows. If ( Y) be an oriented 

sphere through an isotropic common to (X) and 

(•«’> = (u- ’■) = »• 


then in finding the oriented spheres of the tangent pencil 
\ fjilX) which belong to the complex, we see that two 
members fall together in (X), the series of spheres through 
this isotropic, and in the complex will have (X) as a double 
member. Conversely, suppose that (X) belongs to the complex, 
and there is such an isotropic thereon that (X) counts as 
a double member of the series through this isotropic and in 
the complex. If (Y) and (Z) be any two oriented spheres 
through this isotropic, they touch (X)'and one another. 


(XF) = (XZ) = (FX) 


= V 


) = (ri 



Koenigs, loe. cit., p. 36. 
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The linear complex = 0 having three mutually 


tangent members, not linearly dependent, must be special, and 
our equation is satisfied.* 

Let us next consider a congruence 


/=<#> = 0. 


The spheres of the congruence infinitely near an arbitrary 
sphere and tangent to it are given by the equations 



There are but two special linear complexes linearly depen- 
dent on those given by these equations ; they fall together if 



This equation will be identically satisfied when, and only 
when, the spheres of the congruence are properly tangent to 
but one surface or curve. Next take a series 


/=<#> = ^=0. 

The spheres of the series infinitely near (A) belong to the 
linear complexes 

= & ^') = Qx ^’) = (« = “■ 


These equations liave usually two distinct solutions. They 
fall together if 

I / V 2>/\ /If /^ I 

\i)X ix) \bX ix) \hX dXf 



^\{f ^f'\/^'l/ ^<f>\ /^'i' 

O’ oJ vO oy \Sx oi 


* The matter of singular elements is more luminous when regarded from 
the point of view of line space. Transforming our reasoning above about 
isotropies, we see that a singular line of a complex is a double^line of tho 
cone of the complex whose vertex is any point of the lino. 
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and this equation is identically verified when, and only when, 
the envelope is not an annular surface, but two coupled 
isotropic ruled surfaces. 

Let us apply these general methods to the particular case of 
the quadratic complex. This will bo defined by the equations 

2 a,.X,X. = (ZZ) = 0. (36) 

We shall limit ourselves to the study of the general quadratic 
complex, that giving distinct roots to the equation * 


1 

§ 

«Ol 

^02 




"lO 




Wji 

"l.-, 

(M 

(1 1 

^22'~P 

^^23 

«24 

«2-, 



^32 

^33 P 

“a4 

Os.-, 


<'4I 

«42 

^^43 

<^u~P 

«4-, 


«51 

«52 

^53 

«rA 

" 55 -P 


We may find a contact transformation of oriented spheres 
to reduce the equation of such a general complex to the 
canonical forms 

{aX'^ = {XX) = 0 . (37) 

Theorem 38.] The general qiiadratic complex of oriented 
spheres is anallagmatic in six linear complexes in involution. 

Theorem 39.] The null spheres of a quadratic complex 
generate a eyclide, its pdanar spheres a hypercyclide. 

The singular spheres of the general quadratic complex have 
the equations 

{a^X^) = {aX^) = {XX) = 0 . (38) 

The condition that an oriented sphere shall be either null or 
planar is linear in our present coordinate system. If if be 

* For an elaborate discussion of the various types of quadratic complex, 
see Mooref ‘ Classification of the Surfaces of Singularities of the Quadratic 
Spherical Complex’, American Journal of Math.^ vol. xxii, 1905. 
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either the point or plane of contact of a singular sphere with 
the singular surface, we have 


W = 2,;, ft, =2, 




Of these last two equations, the first is quartic in r, the 
second its derivative. The result of eliminating r will be to 
equate to zero the discriminant of the quartic, an expres- 
sion of the sixth degree in Considered with the first 

equation in Z and three linear equations, we get twenty-four 
solutions. 


Theorem 40.] The singular surface of the general qiiad- 
vatic convplex of oriented sqyheres is of the t iveniy-fov rth order 
and class %vith the circle at injinity as a curve of the twelfth 
order. There are six sidceres which meet it in a double cyclic 
and a line of curvature of the sixteenth order. It is the 
envelope of six quadratic congruences of oriented spheres, each 
contained in one linear complex vjith regard to ichich the 
given quadratic complex is amdlagmatic 

VVe may also reach this surface from the focal surface 
of the general quadratic line complex, the Kummer surface 
with sixteen conical points and sixteen planes of conical 
contact, f 

Sphere space. Line space. 

General quadratic complex. General quadratic complex. 

Singular surface. Kummer surface. 

We next turn to the lines of curvature of the singular 

surface. They are connected with the singular spheres of 
the second order determined by the equations 

{XX) = {aX^) = {a^X^) = {a^X'^) = 0 . (39) 


* Smith, Surfaces Enveloped, &c., p. 387, and Blaschko, Geometrie der Sj^eere, 
cit., p. 59, incorrectly by Snyder, Some Differential Expressions, cit.* p. 150. 
t Jessop, Line Complex, cit., pp. 97 ff. 
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The easiest proof comes from considering the correspond- 
ing question in line space. Here every line of the pencil 
A (X^y-h fJLCt iXi belongs to the complex, and this pencil consists 
of tangents to the Kummer surface which is the singular 
surface of quadi*atic line complex. The line connecting the 
centres of two infinitely near pencils of this sort is tangent to 
the singular surface, and belongs to both pencils. Hence, as 
the centre of such a pencil proceeds along the surface, its plane 
rolls about the tangent to the curve, and we are following an 
asymptotic direction which corresponds to a direction of 
curvature of the singular surface of the sphere complex. Thus 
one line of curvature is given by the singular spheres of the 
second order. More generally, consider the quadratic complex 

= = ( 40 ) 

/ = 0 ^ 

Let us write further 

(r,, + A)AV= X,. 

Then, if (X) be a singular sphere of the complex ( 37 ), (X^) 
is a singular sphere of the complex ( 40 ), and, since (X') belongs 
to the tangent pencil determined by (X) and «^X^, the two 
quadratic complexes have the same singular surfaces. We get 
other lines of curvature of our surface from the series 


(X'X) 


2 


+ A 



+ A)^ 



= 0 . 


Since the lines of curvature are algebraic, and the two sets 
are not rationally separable, we get all of our lines of curvature 
in this way. To find the order of one such line or the class of 
the enveloping developable, let {Z') be the point of contact, or 
the properly tangent plane 

P)^ h 


(ZZ) {aZ'^) 


= N 




y 2 

= y 

(“i + = n (^^i p)^ 


= 0 . 


We may eliminate p exactly as in previous cases, and find 
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Theorem 4L] The lines of curvature of the singular surface 
of the general quadratic complex of oriented spheres are of the 
thirty -second order; the tangent developable along such aline 
is of the thirty-second clats.^ 

We saw in 40] that the singular surface can be generated 
in six ways by an oriented sphere belonging to a linear 
complex. Such a sphere will usually meet a fixed sphere at 
a fixed angle. These generating spheres are the minimal 
projections of one focal surface of the hypersurface in four- 
dimensional space which corresponds to the complex ; which 
surface is a pentaspherical cyclide. The locus of the centres 
of the generating spheres will be the orthogonal projection of 
this cyclide. A hyperplane will meet this cyclide in a 
spherical cyclic whose orthogonal projection is a binodal 
quartic. The projection of the cyclide will bo a surface of 
the fourth order with two double points in an arbitrary 
plane : 

Theorem 42.] The singular surface of a general quadratic 
ccymplex of oriemted sphey^es may he generated in six ways by 
an oriented sphere ivhich meets a fixed sphere at a fixed angle^ 
while its centre traces a surface of the fourth order with 
a double conic, 

A slight modification must be made to this theorem when 
the linear complex does not consist in spheres meeting a 
fixed sphere at a fixed angle. 


There are few parts of our whole subject where more 
remains to be done than in connexion with the oiiented 
sphere. It is impossible not to believe that a sufficiently 
ingenious use of our plane and sphere coordinates will settle 
the interesting question of whether there be any systems 
of spheres which correspond to the Hart systems of circles of 
the fii*st sort. Again, the group of euclidean motions in four- 
dimensional space and the allied group which leaves a real 


* Deduced dififerently by Smith, Surfaces Envdoped^ cit., p. 387. 
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quadric invariant are deserving of the same sort of careful 
study that has been bestowed on three-dimensional motions, 
for their own sakes, for the light thereby thrown on the 
oriented sphere, and for their relation to the theory of 
relativity. The general equilong three-dimensional trans- 
formation has never received any more attention than we 
have here given to it ; surely there must be much of interest 
to be found in this connexion. Lastly, there must still 
remain a number of interesting undiscovered properties of 
the simplest linear and quadratic systems of oriented spheres. 



(JHAPTER XII 


CIRCLES ORTHOGONAL TO ONE SPHERE 
§ 1. Relations of Two Circles. 

We have at various times caught glimpses of curious 
relations which can exist between circles which are not on 
one sphere. In particular, in Ch. VIII. 12] we met two 
circles in an interesting relation which we called bi>involu- 
tion, while in Ch. IX we met two circles so situated that they 
were each cut twice perpendicularly by an infinite number of 
circles. The time has now come to make a detailed study 
of circles which are not cospherical, and the rest of the 
present work will be chiefly devoted to this purpose. The 
space in question is pentaspherical space. We begin with 
a couple of elementary theorems. 

Theorem 1.] Any tnm circles vnll have one common ovtJto- 
gonal sphere, omd only one unless they he cospherical, in 
u'hich case they are orthogonal to a coaxal system. 

Theorem 2.] If a circle he cospherical v)ith two others 
'which are not cospjherical with one another, it is orthogonal 
to their common orthogonal sphere. 

We leave the proofs of these simple theorems to the reader. 

A most fundamental element in the study of the circle in 
pentaspherical space is its focus. Suppose that we have 
a ciide determined by two spheres [x^) and (y'). Let us see 
whether there be any null spheres through this circle. Such 
a sphere will be linearly dependent on {x') and {if), and have 
coordinates (x), where 

Xi = \x/ + nt/i- 



CIRCLES ORTHOGONAL TO ONE SPHERE 449 


Substituting in the fundamental identity for pentaspherical 
coordinates, 

{x'x') + 2 X/x (a?'/) + {y'y') = 0. 

If, now, these spheres (a?') and {y') do not touch one 
another, the discriminant of this quadratic equation is not 
zero, there arc two null spheres in the coaxal system and 
their vertices shall be called the foci of the circle. 

Theorem 3.] A necessary aiul sufficient condition that tivo 
not null circles should he cospherical is that their foci should 
be concyclicf. 

Theorem 4.] A necessary and sufficient condition that tu'o 
not null circles should touch is that their foci should lie on tuv 
intersecting isotropies^ whose intersection is not a common 
focus of the two circles. 

If a sphere be orthogonal to a circle, and so to the spheres 
through it, it passes through the foci of that circle when they 
are distinct, and vice versa. Two circles shall be said to be in 
involution when each is orthogonal to a sphere through the 
other. If a circle c' be orthogonal to a spliei*e aS through 
a circle c, its foci, if distinct, lie on s. Every sphere through 
c' will be orthogonal to 8, since the two null spheres through c' 
are orthogonal to it, and the foci of c are clearly mutually 
inverse in every sphere through c. Hence a sphere through c' 
and one focus of c goes through the other focus. 

o o 

Theorem 5.] one not null circle be cospheHcal ivith the 
foci of a second^ then the second is cosp)herical \cith the foci of 
the firsts and the Uvo are in involut ion. 

We have defined two circles as being in bi-involution when 
every sphere through one is orthogonal to the other. Let the 
reader prove 

Theorem 6.] If the foci of one not null circle lie on a second 
such circle, then the foci of the second lie on the first, and the 
tivo are in bi-involution, 

¥ f 


1702 



450 CIRCLES ORTHOGONAL TO ONE SPHERE CH. 


Theorem 7.] A necessary and sufficient condition that two 
not null circles should he in bi-involution is that each should 
contain the foci of the other. 

The common orthogonal sphere of two non-cospherical not 
null circles is that through their foci. 

Theorem 8.] A necessary and sufficient condition that two 
non-cospherical not null circles shoxdd he in involution is that 
each should he cospherical vjith the circle orthogonal to their 
common orthogonal sphere which is in hi-involution ivith the 
other. 

Let the reader show thiit the word each may be replaced by 
the word one. 

Let us next seek a common perpendicular to two non- 
cospherical circles. The first shall have the foci {x) (y), the 
second the foci (x') (y'). If such a common perpendicular, 
and we mean thereby a circle cospherical and orthogonal to 
both, be determined by the spheres h(x)-\- ix(y), + 
there must be some sphere through each circle that is ortho- 
gonal to each of these spheres. This will require that 
^(x) — }x(y) be orthogonal to A'(a;') +/x'(7/'), and — 

orthogonal to A (x) +u(y)» We thus get the equations 

\k\xx')-pn(yy') = o, 

^x\'(yx')-\}/{xy') = 0. 

Eliminating A'/fx', 

X^xx') {xy') - ix^iyxf) (yi/) = 0. 

The roots of this equation differ only in .sign, and give two 
mutually orthogonal spheres, and the samo would be true of 
the corresponding equation in A'/zx', 

Theorem 9.] Ttvo non-cospherical not null circles are 
usually cospherical and orthogonal to hvo circles in hi- in- 
volution and no others. 

We must now find the exact meaning to attach to the word 
‘ usually \ The discriminant of this quadratic equation is 

j 

- 4 (a-a-O {xy') {yx') (yy'). 
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Theorem 10.] A Tiecesaary and sufficient condition that two 
not null and non-cospherical circles should he cospherical and 
orthogonal to two and only two circles is that no focus of one 
should lie on an isotropic with a focus of the other. 

Suppose, next, that a single pair of foci lie on an isotropic, 
say 

{ocx') = 0, {xy') (yx!) {yy') ^ 0. 

If they had a common focus they would be cospherical, 
which we exclude. We therefore cannot have (x) = (x^) ; we 
must have [x — ix ^ 0, and the isotropic connecting (x) and {x'} 
is the only circle to fit the conditions. 

Next suppose 

{xx') = (yx') = 0. 

Here is entirely indeterminate, but the system of circles 
found are all null. Thirdly, let 

(xx') = (yy') = 0. 

Here, since the circles are not cospherical, their foci lie in 
pairs of two skew isotropies. There are oo^ sets of values for 
X/fx ; the circles, though not cospherical, are cut twice ortho- 
gonally by QO^ circles, i. e. they are paratactic. 

Theorem 11.] A necessary aiul sufficient condition that 
tu'o not null and nonwospherical circles shov.ld be cospherical 
and orthogonal to a single circle is that just one focus of one 
should lie on an isotrojyic luith om focus of the other. 

Theorem 12.] A netessary and sufficient condition that 
two not null and non-cospherical circles should he imratactic 
is that their foci shoidd lie in pairs on ttuo skew isotropies. 

Lastly, suppose 

(xx') = (xy') = (yj/) = 0. 

If (yy') 0 the common orthogonal circles are all null ; 

if (yy') = 0 the given circles are in bi-involution. 

Theorem 13.] A necessary and sufficient condition that 
huo not %ull circles should he cospherical and orthogonal to 

F f 2 
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a two-parameter family of circles is that they should he in 
bi-involution. 

We shall define as the non-Euclidean angles of two dircles 
those of two pairs of spheres, the spheres of each pair being 
determined by the given circles and a circle cospherical and 
orthogonal to both. If we represent each sphere of our 
pentaspherical space by a point in four-dimensional projective 
space of elliptic measurement, the angles of two circles will 
correspond to the distance of the corresponding lines, or the 
angles of these lines.* The pairs of spheres are 

V{yx') V {yy') {x) + (y) ; 

V{y'y) {x') ± V{x'x) V(x'y) (y'). 


If 0^ and ^2 angles of these circles, we find 

cos^ 0 ^ 4- cos^ ^2 


2 . _ 2 [ixx') iyy') + jyx') (a:?/)] 


COS^ 6 ^ COS^ ^2 


{xy) (x'y') 

[(xx') (yy')-(yx') (xy ')]- _ 
(xy)'^ {x’y'f 


( 1 ) 


The condition that these angles should be equal or 
supplementary is 

ixx') {xy') {yx') {yy') = 0. 

This will involve either {xx') ~ {yy') = 0, 
or else {xy') = {yx') = 0, 

as otherwise the spheres making these angles are null and the 
angles meaningless. 

Theorem 14.] A necessary and sufficient condition that 
tico non-cospherical not null circles should he paratactic is 
that their non-Euclidean angles should he equal or su^yde- 
mentary. 

Suppose that we have two paratactic circles whose common 
orthogonal sphere is not null. Take any circle cospherical 


* Cf. tho Author’s Xon~Evclichan Geometry ^ ci(., pp. IJl and 113. 
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with hotli and the oo^ circles into which it is timisformed by 
the onc-paramcter group of spherical transformations which 
leave the given circles invariant (cf. IX, p. 344). The foci 
of QO^ circles must all lie on the same pair of generators of one 
set of the fixed sphere; any two of the go^ circles are thus 
paratactic. There will thus be a second one-parameter group 
of spherical transformations leaving all of the oo^ circles in 
place, and carrying the two original ones into oo^ others 
generating the same surface as the first group of circles ; 
hence 

Theorem 15.] Two imratactic circles are generators of oo^ 
cyclideSy each liamng ttuo conjugate generations composed of 
paratactic circles. 

Strictly speaking, we have only proved this in the case 
where the common orthogonal sphere of the first two circles is 
not null. When it is null we reach the same theorem by 
continuity, or, in cartesian space, by inverting into a non- 
Euclidean hyperboloid with paratactic generators. 


§ 2. Circles Orthogonal to one Sphere. 

The theorems so far developed in the present chapter were 
of a general character for circles in pentaspherical space ; from 
this point on we shall limit ourselves to the discussion of 
circles orthogonal to one fixed not null sphere, which for 
definiteness we shall take as = 0. Every sphere orthogonal 
to the fundamental sphere will lack the last coordinate. If 
two such spheres {x) and {y) be given, we may determine their 
common circle by the following six homogeneous coordinates 
called the Plikher coordinates of the circle. 

— — ^22/o5 ^o2/3~ 

Pi^23 = Pibl = ^32 /i P^^12 = ^i2/2 *“ ^22/i * 

These coordinates being homogeneous are essentially un- 
altered yvhen the original spheres are replaced by any two 
others coaxal with them. They depend, therefore, on the circle, 
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and not on the individual spheres. They are, moreover, con^ 
nected by the fundamental quadratic identity 

I I = = 0- 

Introducing (merely for the purposes of the present cliaptei’) 
the symbolism 

ip/q) = {p,,iq^,+P^An +Pi>i(lv- +P-i,.%\ +i>3i'7(« + /^i 2 ?oa)> (3) 

our identity becomes 

{p/p) - 0 - (^) 

Suppose, conversely, that we have a system of homogeneous 
values, not all zero, which satisfy (4) ; to be specific, suppose 
^ we then write 

P23^1+i>3l^2+i>12^a= 0, 

-PU^0-^P02^1-P01^'2 = 

We see by a simple elimination tliat every solution of the 
first two equations is also a solution of the last two ; the four 
will represent a coaxal system of spheres. Take the spheres 
of the system orthogonal to two arbitrary spheres (u) and (v) 


<0 

^2 



to 

tx 

^2 

tz 

0 

1^23 ^^31 

Pn 

’ 

0 

P'iO Pi\ 

Pn 

-P23 

^ P03 

-P^ 


-P 20 

0 P^z 

-P 02 

«o 

^2 



% 


^2 

Vz 


The Plucker coordinates of the circle of intersection will be 


p<^ iViy-yj^i) = -2v. 


® P'iS Pil 'Pli 
-P-a 0 

^0 ^2 ^^3 


Piy 


^0 % ^3 


Here neither coefficient of will vanish, so that there is 
indeed a circle with these coordinates. Lastly, if we know 
the coordinates of a circle, we may easily find, rationally, in 
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terms of them the coordinates of the sphere through the circle 
orthogonal to an arbitrary sphere, so that two different circles 
could not have the same Pliicker coordinates. 

The condition that two circles of our system should be 
cospherical is 

{p/q)=.0. ( 6 ) 

If {p) and {q) be two circles of our system, then 

will represent a circle when, and only when, the two are 
cospherical, and, by varying A//ut in this case we get all circles 
coaxal wkh (jo) and {q). Similarly, if we have three circles 
cospherical two by two, then either all pass through two 
points, or are on one sphere orthogonal to the fundamental 
sphere. The circles 

^ip)+p{q) + v{T) 

will in the first case be those through the two points, in the 
second those of our system lying on the particular sphere. 

If {x) (y) and {x') {y^) be respectively the foci of two circles, 
the condition that the two should be in involution is 


(xx') {xy') 

('/■'•) iyy') 


i , ./ = 3 


2 0 -* 


For bi-involution we shall have 


( 6 ) 


{xx) = {yy) = {xx') = {xy') - {yx') - {yy') - {x'x') = iy'y')= 0. 



Xj X^ Xi 


yj yk yi 

pXi = 

Xj' Xj' x{ 

. <^yi - 

Xj' x^ x{ 


yj yk y{ 


y/ yk yl 


P<rpij = \xyx'y' \ (7) 


* In every expression of the form 

i, J = 3 

i, j = 0 

the summation is meant to include the six terms given by (2). 
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We therefore get the circle of our system in bi-involution 
with a given circle by replacing each Plucker coordinate by 
its complementary. With regard to the non-Euclidean angles 
of two circles we easily find 


^ ; = 0 

;,j = 3 i,j = 3 

2 2 2^if = ¥y'f- 

i,j — 0 /, y = 0 


ip/vr 


0 {xx') {xy') 

iyx) 0 {yx') (2/2/0 

(x'x) {x'y) 0 {x'y') 

(2/'^) {y'y) (y'^') o 


( 8 ) 

(9) 


The cosines of the angles of the cireles will be found from 
the equation 

= 3 i, J = 3 

2 2’i/ 2 

i, j = 0 j = 0 



The condition that the circles should be paratactic is 


i, j^3 -j2 i,} = 3 i,J-=3 y 

( 2 V 2 O+ 2 Pij2’i/ ~ 2 2 V 2 

i, 0-0 J i, 0=0 *,0 = 0 , 

T = V ?.; = 3 i,j = 3 . 

• (2Vp')- 2 2^ij2¥ - 2 iV 2 Pin = 0 . (11) 

.L *,0 = 0 J i.0 = O 0=0 J 


It will be found, in fact, that the first factor vanishes if 
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{yx') = {xy') = 0, while the second vanishes if {xx') = (yy') = 0. 
Conversely, when this equation is satisfied, we find 

{xx^) {xy') (yx') (yy') = 0. 


The most important invariant for two circles under the 
spherical sub-group which leaves the fundamental sphere in- 
variant is the product of the cosines of their non-Euclidean 
angles. This is 

o = 3 


I (pp^) = cos cos ^2 = 


2 PijPij 


G ./ = 0 



( 12 ) 


When wo speak in general of the invar iatU of two not null 
circles we shall mean this product. 

A great flood of light is thrown upon the system of circles 
orthogonal to one sphere when we compare the formulae here 
developed with those of line geometry in the usual Pliicker 
coordinates. We have the following correspondence : 


Spheres orthogonal to fixed 
sphere. 

Circles orthogonal to fixed 
sphere. 

Cospherical circles. 

Pliicker coordinates. 

Coaxal system. 

Point-pair inverse in fixed 
sphere. 

Angle of cospherical circles. 

Non-Euclidean angles of 
circles. 


Points of projective space. 
Lines. 

Intersecting lines. 

Pliicker coordinates. 

Pencil of lines. 

Plane. 

Angle of intersecting lines 
in elliptic measurement. 

Angle of skew lines in 
elliptic measurement. 


This correspondence, which we have reached by purely 
algebraic means,* may also be derived directly by geometrical 

* Cf. Fofbes, Geometry of Circles Orthogonal to a given Sphefi'Cy Dissertation, New 
York, 1904. 
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considerations,* Let us imagine that our circles lie in cartesian 
space of Euclidean measurement, and that the fundamental 
sphere is not planar. Each circle orthogonal to this sphere 
may be set into correspondence to its axis, i.e. the line through 
the centre orthogonal to the plane of the sphere. Every 
proper circle and every null circle whose centre is finite 
and on the sphere will correspond to a determinate line. 
A diametral line will correspond to the line in the plane at 
infinity, and in the planes perpendicular to the given diametral 
line. Con versely^ if any line be given, there is one plane through 
the centre of the sphere orthogonal to it. If the line be not an 
isotropic through the centre, the plane meets it in a definite 
point, the centre of a circle in the plane oithogonal to the 
sphere. An isotropic through the centre will correspond to 
a parabolic circle, i.e. a parabola touching the circle at infinity, 
with the line as axis. Here the correspondence is not one to 
one. Intersecting lines will correspond to cospherlcal circles. 

We pass to the consideration of the simplest systems of 
circles orthogonal to one' sphere. We begin with the linear 
complex^ defined as the totality of circles whose coordinates 
satisfy an equation of the type 

/ ~ 3 

= (13) 

; = 0 

If {a/a) = 0, 

the complex consists in the totality of circles cospherical with 
the fixed circle q;^ - = When this equation does not hold, 

we have a more complicated system, which we shall call the 
non-special case, the sphere being not null. 

Theorem 16.] A non-special linear complex of circles ortho- 
gonal to a fij^ed sphere will share a coaxal system with every 
sphere orthogonal to this sphere, and with every point-pair 
anallagmatic therein. It will set up such a one to one corre- 
spondence between the spheres orthogonal to the fundamental 

* Cf. Moore, ‘ Circles Orthogonal to a given Sphere^, Annals of Ma4h., Series 2, 
vol. viii, 1907. 
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aphere and the point-pairs, that each point-pair lies on 
the corresponding sphere and each sphere passes through the 
corresponding point-pair ; the spheres through a circle ortho- 
gonal to the fixed sphere will correspond to point-pairs on 
such a circle^ and vice versa. The hco circles so defined hear 
a reciprocal relation, and will fall together in the case of the 
circles of the complex, and in no other case.^ 

This long theorem may be immediately deduced from the 
fundamental properties of the linear line complex, or else 
proved immediately by a simple analysis. A linear complex 
has an absolute invariant, under the sub-group of spherical 
transformations which leaves the fundamental sphere invariant, 
namely 

K ./ = y 


H 



= 0 

(a/a) 


( 14 ) 


Let us see what will be the meaning of this. We note, to 
begin with, that circles orthogonal to the fundamental sphere, 
and in bi-involution with those of the given complex, will 
generate a second complex 

(a/p) = 0 . ( 15 ) 

The circles common to the two complexes will satisfy the 
equation 

i, j = 3 

^ 2 = 0 . 

= 0 

regardless of the value of A/fx. We shall thus get two circles, 
usually distinct, by requiring the complex whose equation was 
last written to be special, i.e. 

/, ; = 3 

(A2 4- /x2) {a/ a) 4- 2 Afx 2 

i, ; = 0 

The resulting circles shall be 

pOLij = ( — if 4- V I)a^j4*a4.^. 

CLij 4-(— if+ 

* Cf. Forbes, loc. cit., pp. 19 ff. 
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It is immediately evident that these two are in bi-involution. 
If be any circle orthogonal to our fundamental sphere, the 
ratio of its invariants with regard to these two will be 

i, 7 = 3 

( - If + 2 « Pij + («» 

I (tx p) i, / = 0 

I{a.'p) ~ ^ 

2 a.,ypij + {~H+Vir^-\)(a/p) 

^ ./■ = 0 

For a circle of our complex this ratio reduces to 
-H- 

Conversely, when the ratio so reduces, the circle (;;) must 
belong to our complex. 

If 

the two circles (a), {ol') are distinct. 

We shall find it convenient from now on to speak of two 
circles in bi-involution as forming a cross, and the cross formed 
by the circles (a) and (ex') shall be the axial cross of the com- 
plex. Restricting the word general to those linear complexes 
where (a) and (ex') are distinct, we have 

Theorem 17.] The circles orthogo nal to a fixed sphere, ivhose 
invariants ivith the two circles of a cross orthogonal to this 
tiphere hear a fixed ratio which is finite and different from 0 or 
+ 1, will generate a linear complex ivith the given cross as 
axial cross, and, conversely, every general linear complex may 
he generated in this %vay. 

When the fundamental sphere is null we must prove by 
continuity, or by inverting into a linear line complex in non- 
Euclidean sphere. 

The existence of the axial cross leads us to the canonical 
form for the equation of the linear complex. In fact, if we 
take the fundamental circles of our pentaspherical coordinate 
system as passing two by two through the circles of the axial 
cross, the equation of the linear complex may be written 

= 0 . ^ • * 


( 16 ) 
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A thorough discussion of all special cases of the linear com- 
plex, under the quaternary orthogonal group of substitutions, 
would lead us too far afield. We merely note that if 

the two circles of the cross fall together in an isotropic. On 
the other hand, if the complex be in bi -involution with itself, 
i.e. if 

= />«W> P* = 1, 

any two circles which correspond by means of the complex 
according to the description in (16) may be taken to give the 
axial cross. 

The assemblage of all circles orthogonal to a fixed sphere, 
and common to two different linear complexes, shall be 
called a linear congruence. Let the reader show that 
usually this consists in the assemblage of circles cospherical 
with two distinct or adjacent circles orthogonal to the 
fundamental sphere. Let him also show that the totality of 
circles common to three linear complexes will usually be one 
generation of a cy elide. 

liefore leaving altogether the linear complex, and systems 
of linear complexes, let us look again for a moment at the 
transformation mentioned in 16]. If the complex be that 
given by (13), the transformation will be 

9iJ = (“A) <lij - 2 («/ 3) 1 ’’) 

We see, in fact, that this will permute circles orthogonal to 
the fundamental sphere, leaving invariant only such as belong 
to the given complex. It will also carry cospherical circles 
(orthogonal to the sphere) into cospherical ones. The trans- 
formation is involutory, but is not a spherical transformation, 
and will carry a sphere orthogonal to the fundamental sphere 
into a point-pair anallagmatic with regard thereto. A circle 
of the complex cospherical with (q) is cospherical with (q') 
also. We shall call this transformation a polarization in the 
linear complex. The necessary and sufficient condition that 
the linear complex 

; = 3 

• 2 Pij == ^ 
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should be carried into itself by polarizing in our given com- 
plex is 

{a/h) = 0. 

Let the reader show that this is also a necessary and sufficient 
condition that the product of successive polarizations in the 
two linear complexes should be commutative.* 

It is easy to find a system of six linear complexes, each of 
which bears this relation to the five others. They will deter- 
mine ten cyclides each having the given sphere (when not 
null) as a fundamental one, and a group of sixteen spherical 
transformations which carry the whole figure over into itself. 

If we define as a complex of circles orthogonal to our fixed 
sphere a system where the coordinates of each member are 
proportional to analytic functions of three independent 
variables, the ratios not being all functions of two variables, 
then a general complex may be written 

fip) = 0. 

Remembering that our circles are in one to one correspon- 
dence with the lines in projective space, and they in turn with 
oriented spheres, we find at once, if 


( 


U /if 

'dp! 2^ 



the complex consists in circles bitangent to a surface anallag- 
matic in the fixed sphere, or meeting a curve in pairs of 
anallagmatic points. When this expression does not vanish 
identically, we get the singular circles of the complex by 
eqrating it to zero. Each singular circle determines a sphere 
orthogonal to the fundamental sphere, and an anallagmatic 
point-pair thereon ; the locus of the point-pairs is the envelope 
of the spheres. The circles of the complex through the point- 
pair will generate a surface having the singular circle as 


* The reader familiar with line geometry might naturally expect us to 
speak of two such linear complexes as being in involution. Such a locution 
might, however, lead to confusion, for if the complexes were special, 
(a/a) = {h/h) - 0, the circles (a) and (b) would be in involution if 

Sj = 3 

2 (®A) = 

;• = 0 
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a double circle, and the singular circle will be double among 
the circles of the system on the sphere. 

A system of circles whose coordinates are proportional to 
analytic functions of two independent variables, their ratios 
not being all functions of one variable, shall be called a 
congruence. We determine a congruence frequently by two 
equations 

fip) = </> (2>) = 0- 

An arbitrary circle of the congruence will, in general, be 
cosplierical with two adjacent circles thereof, that is to say, 
the circles may be assembled in two wa 3 s into generators 
of a one«-parametcr family of annular surfaces. These will 
reduce to a single system if 

'bp) 

A S 3 ^stem of circles whose coordinates are proportional to 
analytic functions of one independent variable, their ratios 
not being all constants, shall be called a series. If a series be 
given by the equations 

/il’} = <p(l>) = 'P (l>) = 0, 

the necessary and sufficient condition that the surface 
generated should be annular is 

bp/\b2}/ bjJxbj)/ bp) 

p / bp) j:) / ^ p) xbjy / Vp) 

(bxjf /^\/bjr /^\/H /H\ 

\b2')/ b2})\bp/ b2))\b2)/ bp) 

If the series be given in the parametric form 

p=p{u), 

the condition for an annular surface will be 
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§ 3. Systems of Circle Crosses. 

We have now given in outline the most important facts 
concerning systems of circles orthogonal to one sphere. 
Before leaving these circles altogether, let us revert to that 
striking figure, the circle cross, for a good deal of interest 
comes to light when we take the cross rather than the 
individual circle as a space element.* We start with the 
linear complex ^ 

2«i/-P</ = 0. (13) 



i, J = 0 




Let us then write 





^01 "b ^23 

III 

^01“ 

-"23 = 

<rZi, 



«02- 

-«3t = 


tto3 + tXj2 


«„3- 

- (*12 = 

<rX, 


If the axial cross be determinate, neither set of coordinates 
(X) (X) will vanish identically. The coordinates of the circles 
of the axial cross will have the form 

If, now, we replace {X) and {X) by X{X) and ii{X) respec- 
tively, we get 

«o/ + aju = ^ (Ooi + - ^jk = M («-„i - 

and the new linear complex (a') will have the same axial 
cross as the original one. Conversely, suppose that two 
linear complexes have the same axial cross, 

f , j = 3 ^ = 3 

2 ai/ihj = p 2 f'ijPij+qWiA 

h J * J ^ = 0 

/, j =: 3 

{(l'/p) = V 2 «yi>y+8(«M 

r = (/, 8 = 

X/=0) + 2)Z,, Xf={p^q)X,, 

* The remainder of the present chapter will be found in tJie Author’s Sftidy 
of fhe Circle Cross j cit. 
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We see thus that {X) and {X) may be taken as two separately 
homogeneous triads of coordinates to determine the cross.* 
Two crosses, orthogonal to the same not null sphere, will 
have certain invariants under the quaternary orthogonal 
group. Let the circles of the cross have the coordinates (a) 
and (a'), where 


In the same way let a second cross be determined by the 
circles (/5) and (/3'). If 6^, 0^ angles of the circles (oc) and 

(/3), we have by (12) 


f^i j 


COS 0^ COS 0.^ = 


I, J = 0 


2 I ^ f^ij 

; = 0 "yj /, ; = o 


In like manner we find without difficulty 


sin 0^ sin 0,^ 





h, 


fh/ 


) 


cos (0^ + 6^) 


cos (0j + 0^ 


(XY) 

V(XX) V{YY) 
jXY) 

V{XX) ^/{FF) 


The condition that the circles (a) and (/3) should be co- 
sphcrical, or that one should bo cospherical with the mate of 
the other in a cii'cle cross, is that 


= + _J^ZL_. ( 18 ) 

^/{XX) ^/{ YY) - AXX) v/(Ff) 

* The idea of taking a line cross as a space element is due to Study, and 
plays a fundamental rule in his Geometrie dcr Dynamen, Leipzig, 1903. See 
also, for tly3 case of non-Euclidean space, the Author’s Non-Euclideaji Geometry, 
cit., pp. 124 if. 


1703 


Og 
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They will be cospherical and in involution, i.e. intersect 
twice orthogonally, if 

(A"F) = (XY) = 0. (19) 

Theorem 18.] If the circles of two crosses be orthogonal to 
the same sphere^ then^ if one circle of the first cross be cospherical 
with one of the secoyid^ the same will be true of the remaining 
circles of the tivo crosses. 

Suppose that (a) is cospherical with the two circles (ft) and 
of a certain cross. It is then, by 2], orthogonal to their 
common orthogonal sphere. Every sphere through (fS) will 
be orthogonal to the sphere (a) hence (/3) cuts (a) twice 
at right angles. Our equation (19) is thus satisfied. It will 
also be satisfied if we replace (a) by (a'). 

Theorem 19.] If a not null circle be cospherical with two 
circles of a cross^ it will cut each of them tivice orthogonally^ 
as will the circle caihogonal to the common orthogonal sphere 
of these three circles and in bi-involution with the first one. 

Theorem 20.] If two circles, neither of which is null, inter- 
sect twice orthogonally, then each intersects tiuice orthogonally 
the circle in bi-involution with the other which is orthogonal 
to the common orthogonal sjfiiere of the hvo. 

We shall say that two crosses intersect orthogonally when 
each circle of one meets twice orthogonally each circle of the 
other. The condition for this is given by (19). The con- 
dition for parataxy will be, from (11), 

[{XX) ( YY) - (XF)]" [{XX) (FF) - (XF)^] = o. 

This may be written 



The only real solutions will be 

F, = pX, or F, = ^X,. 


( 20 ) 
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Theorem 21.] If two not null circles he imratactic^ each is 
paratactic loith the circle orthogonal to the common orthogonal 
sphere %vhich is in hi -involution %uith the other. 

It will be proper here to speak of the crosses themselves as 
2 )arat(cctic. 

The simplest one-parameter families of crosses are those 
given by equations of the form 

= + Xi = \Y. + y^Zi. ( 21 ) 

These will be the axial crosses of the pencil of linear com- 
plexes 

a;j = \bij + ixCij. 

There are four important varieties in this system 

(cO Yi^pZi, Y, = <rZi. 

The system consists in but a single cross 

C>) Y^ = pZ^, Y,^^Z,. 

Here all crosses of the system are paratactic. Let {X') 
satisfy the equations 

(X'Y) = (X'Z) = 0, 

then (M) = 0. 


On the other hand (X^) shall merely be required to satisfy the 
equation 

(X'Y) = 0. 

We may then write 

.Y/ = X'F/ + /^/, Xi'=Yi'=Z/. 

We thus have a second system of crosses exactly like the 
first, each cross of one system cutting each of the other oi-tho- 
gonally. We have, in fact, two residual generations of the 
same cyclide, each not null circle of one generation cutting 
each of the other orthogonally, while each two proper circles 
of the same generation are paratactic. 

G g2 
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(c) Yi^pZi, Yi = <TZi. 

This is not essentially difterent from the last. 

id) Yi^pZ,, Yi^crZ,. 

Here we have something quite different. Let us write 

rU,= YjZ,^Yj,Zj, sU,= YjZ,^Y,Zj. 

The crosses of our system cut this fixed cross orthogonally. 
The surface generated by these crosses shall be called a pseudo- 
cylindroid,^ It has one highly remarkable property. Suppose 
that we have a congruence of circles orthogonal to our funda- 
mental sphere. We may express them parametrically 

Z, = Z,K^;), X, = Z,(u, 4 


Let us assume that 


X 


^ <^v 


ou ov 


The cross cutting orthogonally the adjacent crosses (Z) (Z) 
and (Z -^-dX) (Z -hdX) will be determined by the equations 






Ill 

CL 

iXj 




^U 




Xj X, 




IXj ^Xp 

du + 





c)?; 


We shall mean by the general position of a cross in our 
congruence one where the left-hand side of the identity (or 
rather non-identity) does not vanish. 

Theorem 22.] If a congruence of circles he given orthogonal 
to a fixed sphere of such a nature that its circles cannot he 
assembled into a one-p>arameter family of series of j^aratactic 


* It is carried by our line-circle transformation into that surface in non- 
Euclidean space which corresponds to the Euclidean cylindroi^. See the 
Author’s Non-Euclidean Geometry, cit., pp. 128 and 219. 
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circles, then the circles cospherical and orthogonal to a circle 
of the congruence in general position and its adjacent circles 
generate a 2)seudo-cyiindroicL 

We may find a canonical form for the equations of the 
pseiido-cylindroid as follows. The cross which is orthogonal 
to the various crosses of the series shall be (1, 0, 0) (1, 0, 0). 
There wdll be two crosses of the series which intersect ortho- 
gonally. Let us, in fact, undertake to solve the simultaneous 
equations 

(YV) {Xjx + ix\.f{YZ) ixix' (ZZ) — 0, 

, AA' ( YY) + (A// + mAO (YZ) + ixiY (ZZ) = 0. 

Eliminating X'/ix' we get a quadratic in A//x, which is seen 
to be the Jacobian of (XX) and (XX) looked upon as quadratic 
forms in A//JI. If our crosses (F) (F) and (Z) (Z) be real, the 
quadratic equations (XX) = 0, (FF) = 0 have conjugate 
imaginary roots. The two quadratics can have no common 
root unless they are identical. Hence the invariant cannot 
vanish, and the quadratic in A / /x has distinct roots. Let us 
take the crosses corresponding to them as (0, 1, 0) (0, 1, 0), 
(0, 0, 1) (0, 0, 1). Our canonical form then becomes 

X, = X, = 0, 

X3 = yXj, / 3 , y constant. 

To find the equation of the surface generated, let (p) be the 
PlUcker coordinates of a circle of our system. 

'Pol ~ 

Ihl) (Po3 d" P 12 ) ~ y (p02 “h Ihi) ('P 02 ~Pl2)* 

A point (x) will lie on this circle if 

px^ = — P^l ^ 'Po2y ^^2 ~ Po‘dy ^^’3 “ 

= 0 - 

2 h 2 “ ^^02 ^ i ^03 “ Psi ~ ^0^2> 

f3 (x^^ x^ -h X. Xj) (x^^ x.^ + Xj^ xj) — y (iCy Xo — Xn x.^ — x^x.j)^0. (2 2) 
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Theorem 23.] The general pseudo-cyliiuiroid is a surface 
of the eighth order ^ ^vhich, in cartesian space^ has the circle at 
infinity as a quadruple curve^ and two circles in hi-involution 
as double curves. 

Among congruences of crosses the simplest are those which 
come from the axial crosses of a three term linear system 
of linear complexes. Here we have 

X.^aY,-^hZ:^ + cT,^ A, = aY,-^hZ^-^ct,. (23) 

(a) 1 YZT\ = \ YM^\ = 0. 


This gives the crosses, cutting a given cross orthogonally, 

(0 \YZT\^0, 

= (a kc)Y^’\' (b ixc)Z^. 

Let {a’\-Xc) = 2\ {b + fxc) =: q. 


bjy — aq 

Kq^ 


^i = l^Yi + qZi, 





kq-n2) 



1. 


The congruence contains one parutactic generation of each 

of QO^ cyclides corresponding to different values for ^ • The 

residual generations will generate a second congruence of 
like sort. 

(c) I YZT 1 X I YZt I ^ 0. 

Here we may solve one system of equations for a, Z>, c, and 
substitute in the other, getting 

pXi = 2 (24) 

The crosses intersecting orthogonally pairs of crosses of this 
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congruence will generate a second congruence of like sort 
called the conjugate to the first. 

(25) 

; = i 

The relation between the two is reciprocal. If we seek 
a cross that belongs at once to both sj’^stems, we shall fall 
upon three equations of the type 

.^ = 3 

T Xi b^jXjt 

The condition for compatibility gives a cubic in t whose 
discriminant does not vanish identically. If, now, we give 
the name general chain congruence only to a congruence of 
our present type where this cubic has distinct roots, we see 
that it shares with its conjugate three crosses, and only three. 
The common perpendicular to each two of these crosses which 
belongs to both congruences must be the third cross; hence 
each two intersect orthogonally, and we may take them as 
fundamental in our coordinate system. Our chain congruence 
and its conjugate may thus be reduced to the canonical form 

= = (26) 

; = 3 i = 3 

n ^ 0. n - <^k) ^ 0- 

I ^ I i = L 

Theorem 24.] The crosses cutting orthogonally pairs of 
crosses of a general chain congruence generate a second such 
congruence. The relation hetiueen the tivo is recvpi'ocaly and 
they have in common three orthogonally intersecting crosses. 

The condition that two circles of our two systems should be 
cospherical, or that one should be cosphorical with the circle 
in bi-involution with the other, is 

{UX) [ U^) ± ^JXX) = 0. 
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If the first factor vanish, {UX) = (UX) = 0, the two cut 
orthogonally. If the second factor vanish, every circle of 
a cross of the first congruence for which 

q{aX-)=p{XX) 

is cospherical with a circle of every cross of the second for 
which 

Theorem 25.] The circles of a general chain congruence 
cospherical ivith one circle of the conjugate congruence and 
orthogonal thereto generate a pseudo -cyl indr o id ; those co- 
spherical mwith a circle of the conjugate congruence hut not 
orthogonal thereto generate a cyclide ; the residual generation 
will he composed of c idles of the conjugate congruen<^e. 

If we have a cyclide one of whose fundamental spheres 
is our given sphere = 0 it is clear that the circles of either 
corresponding generation form a rational series which can be 
expressed in the parametric form 

X, = t^r, + tz, + T,; Xi = t^ F, + tz, + F,. 

Eliminating t"^, t, and 1 we fall back upon three equations 
of the type (24). The series of circles is thus surely contained 
in one of our chain congruences. 

Theorem 26.] The circles ^vhich are cospherical and ortho- 
gonal to 2Mi7^s of chxles of one generation of a cyclide will^ in 
general^ generate a chain co7igruence whose conjugate includes 
this generation of the cyclide. 

The words ‘ in general ’ here indicate that there are a number 
of possible exceptions. We shall not, however, stop to investi- 
gate them. If we take the equation of our congruence in the 
form (24), we may assume that the sphere cCq = 0 beai's no 
special relation thereto. Now all circles of this sphere satisfy 
the relation 

Xi^pXi. 
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Hence three circles of the sphere (orthogonal to the funda- 
mental sphere) lie in our congruence. 

Theorem 27.] Three circles of the general chain congruence 
lie on an arbitrary s'phere orthogonal to that sphere vjhich is 
orthogonal to all circles of the congruence, and three circles of the 
conjugate congruence also lie thereon. Each spherical triangle 
formed Iry the three circles of one congruence is polar to each 
formed by the circles of the other congruence. 

Our congruence is traced by pairs of circles in bi-involution. 
If a circle generate a sphere orthogonal to the fixed sphere, 
the circle in bi-involution therewith passes through two fixed 
points, the foci of the circle common to the two spheres, and 
vice versa. 

Theorem 28.] Through each pair of points anallagmatlc 
in the sphere, %chich is orthogonal to the circles of a general 
chain congruence, icill jxjfss three circles of the congruence, 
and three of the conjugate congruence. Each circle of one 
congruence through these 'points cuts orthogonally two circles 
of the other congruence. 

It is doubtful whether there remains a great deal in the 
subject of circles orthogonal to a fixed sphere which is worth 
protracted study. Of course it would be possible to develop 
the subject until we had an explicit counterpart for every 
known theorem in line geometiy, metrical or projective, but 
most of these results would be of mediocre interest, and easily 
found by any one who needed them. The pseudo-cylindroid 
might well be given some further attention, and also certain 
complexes of circles, notably those corresponding to the 
quadratic line complex. The methods to be emploj^ed are 
perfectly obvious, and the results can be at once predicted. 



CHAPTER XIII 


CIRCLES IN SPACE, ALGEBRAIC SYSTEMS 


§ 1. Coordinates and Identities. 


The greatest aid to the study of circles in space is the 
correspondence established in Ch. VI between the spheres 
of pentaspherical space and the points of a four-dimensional 
projective space of elliptic measurement. Let us write down 
again such facts in regard to this correspondence as will be 
particularly useful to us in the present chapter. 


Pentaspherical space S.. 

Sphere. 

Point. 

Circle. 

Null circle. 

Point-pair as locus of spheres. 
Spheres orthogonal to given sphere. 
Mutually orthogonal .spheres. 

Coaxal circles. 

Conjugate generations of cyclide. 

Intersecting circles. 

Cospherical circles. 

Circles in involution. 


Projective space >84. 

Point. 

Point of S./. 

Line. 

Line on or tangent to S.^, 

Plane. 

Hyperplane. 

Points conjugate with re- 
gard to >sy-. 

Pencil of lines. 

Conjugate generations of 
quadric. 

Lines whose hyperplane 
touches S./. 

Intersecting lines. 

Lines, each of which intei’- 
sects the polar hyperplane of 
the other with regard to IS./, 
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Circles in bi-involution. Lines, each of which lies in 

polar hyperplane of the other 
with regard to 

Circles meeting twice ortho- Intersecting lines conjugate 
gonally. with regard to 

Twenty-four - pai’ameter Group of all collineations. 

group carrying spheres to 
spheres and circles to circles. 

Ten-parameter group of Ten-parameter collineation 

spherical transformations. group leaving invariant. 

The b^sis for the algebraic study of circles will be the 
Plucker coordinates * 

i=:0...4 

Of these there are clearly twenty-five. They are connected 
by the following identities : 

Pij = -Pji, Pkn = 0 (2) 

-s^oiPP) ^PnP.n + PrsPi%+PuP2i = 0 . 
i ^ iw) = Po^'Pi^i + 'PoiPit+PoiVii = 0- 
4 iig {PP) = PoiPn+PoiPii + PoiPvi = 0. (3) 

4 ( PP) = ^>01 Pi2 + P^Pti +P^‘/Pu = 0- 

iPp) = PoiP^,z+Po2PA+l\yiPvA = 0- 

The last five arise from the obvious equation 
^i{pp) = j^ I txyxy |. 

The polar of the form 12^ {pp) shall be written Q.i{pq). 

Since the totality of circles in space depends upon six 
independent parameters, it is clear that the identities above 
cannot all be independent. Suppose that we have twenty- 
five homogeneous quantities {'p) which satisfy merely the 
equations 

Pij = -Pji- (2) 

* The first writer to use these seems to have been Stephanos, ‘ Sur une 
eonfiguraiion remarquable de corcles dans I’espace’, Comptes renduSy vol. xciii, 
1881. 
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We easily find 

?l = 4 

W - 0 

If thus 

P,j iz 0 , % {'pii) = a, (i>p} = (pi>) = 0 . 

Wo have also = ^j{vp) = 

Every circle will have thus ten essentially distinct Plucker 
coordinates which satisfy our identities ( 3 ). When we say 
essentially distinct we mean that no two, in the general case, 
differ merely in sign, and none vanishes automatically. Let 
us show, conversely, that just one circle will correspond to 
each set of homogeneous values not all zero which satisfy these 
equations. Assuming first ^ 0. 

Let us take the two spheres 

?i — 4 n - 4 

2^ in Pjn^n ~ 

n = 0 n = 0 

Multiply the first equation by the second by 2^kii 
add, wo get 

n 4 

-Pij 2 i^kn^n = 0- 

n = 0 


The points (x) which satisfy those equations will lie on one 
circle. To find the Plucker coordinates of this circle we have 
but to take the spheres ( 4 ) 


Mrs = 


Ihr l^is 

Pjr Pjs 


IHj Vrs* 


There will surely be one circle corresponding to each set of 
Plucker coordinates. Let the reader show that there cannot 
be more than one. 

The coordinates of a circle are occasionally determined in 
another manner. Suppose we start with the knowledge that 
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our circle is orthogonal to the three spheres (r), (s), (<), The 
spheres through this circle orthogonal to (w) and (v) are 

iCt = 1, ^vrat j. 

luvrstl = A:^0. 

n . 

P'Pij = A Sj, Si s,„ ■ (5) 

h 

Two circles will be in involution, when, and only when, 
a sphere through one is among the spheres orthogonal to the 
other. This gives 

\xyr' s ' 1 = S 'pi/ = 0* (6) 

The only circles in involution with themselves are null 
circles. The condition for a null circle will thus be 

^Pi/ = 0. (7) 

Two circles will be cospherical when there is linear depen- 
dence between the spheres through the one and those through 
the other. The condition is 

a,i{2yp')=0, i = 0, ...4. (8) 

These five conditions are not independent. They amount 
to requiring that the rank of the matrix 

X^^ Xi X^ ^^4 I 

Vo Vi 2/2 y-A Vi I 

Xff X^ X.^ X'^ X^ I 

Vo' Vi' y% Va vl \ 

shall not exceed three, and this imposes two conditions only. 
When the circles {p) and {p') are not cospherical, the coordi- 
nates of their common orthogonal sphere will be 

pZi = Sli{2>p'). ( 9 ) 

* The expression v P}j Qij be understood in the present chapter to 

cover ton values of r, essentially distinct in the sense explained above. 
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This will be null, and the circles will intersect if 

/ = 4 

2 ft/ too = 0. (10) 

i =0 


The left-hand side of this equation is a relative invariant 
of the two circles for all spherical transformations. More 
interesting is theii* absolute invariant which we found in 
Ch. XIL (12). 

^PiJ PiJ 


COS cos ^2 = 




(11) 


There is a second meaning which may be attached to this 
invariant, and which is of not a little interest. We first ask, 
when will the circle (^)) be tangent to the sphere (a;') ? 
An arbitrary sphere orthogonal to (x), (y), (x') may be written 


= I ! +P- 




Here (u) and ();) are two arbitrary spheres not linearly 
dependent on (x), (y), (x'). 

We also introduce the notation 


n = 4 n = 4 

Pij Pin Pjn — PniPnj* 

n = 0 n = 0 


The condition for tangency is the condition that there 
should be but one null sphere orthogonal to {x), (a;), (y). We 
thus write the condition that the equation in A / (zz) — 0, 
should have equal roots, and apply the identity 


A 


eVA 




<)A 


(xx) (xy) (xx') 

iy^) (yy) (y^) 

{x'x) (x'y) {x'x') 


= 0 . 




(*'*') 2 i?i/= 2 Pij^i^'j 
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Let us next define as the orthogonal projection of a circle 
on a sphere the intersection of that sphere with a second 
orthogonal to it, passing through the circle. This becomes 
indeterminate only when the circle is itself orthogonal to the 
sphere. Let us, then, take two not null circles 0/). Let 
(a?') be a sphere through (p') tangent to {pi) ; we seek the cosine 
of the angle of {p') with the orthogonal projection of (p) on (a;'). 
If (i/') be the sphere through {p') orthogonal to (a;'), we need to 
find the angle of (y') with the sphere (y) through {p) orthogonal 
to (aj'). We easily find 


C03 6 = ^ 


ivy') 


S/;,: 


^iyy) ^iy'y') '^{y'y'i 






i = ( 12 ) 


Theorem 1.] The product of the cosines of the non~Euclklean 
angles of tivo not null circles is the cosine of the angle which 
the one makes with the orthogonal projection of the other on 
a sphere through the first tangent to the second. 

We shall define this angle as the angle of the two circles. 
It will be found that such a definition will agree with the 
usual one when the circles are cospherical, or reduce to straight 
lines of cartesian space.* 

The condition that two circles should be paratactic is 
reached by rewriting XIL (11) in invariant form 

P ^ =4 -i2 

+ {-^-PijPijJ - 2 W) 

i 0 

= ^Plf ^Pp- 


* This invariant is duo to Koenigs. See liis remarkable article ‘ Contribu- 
tions a la th^orie du cercle dans I’espace \ Annales de la Faculte des Sciences de 
ToidousCj vol. ii, 1888. The interpretation as the product of the cosines of two 
angles lirst^ appeared in the Autlior’s Study of the Circle Cross, cit , p. 155. The 
interpretation as the cosine of a single angle is due to Dr. David Barrow. 
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Our last two equations can be put into particularly neat 
form by introducing an additional circle coordinate : let us 
write 



(13) 

II 

(14) 


For parataxy 

/ = •} 

2 W) = 

i = 0 

When the given circles are real this last equation must 
amount to two distinct equations. 

Assuming that the paratactic circles are determined bj’' 
their foci, 

(xx) = iyy) = {xfx') = {y'y') = {xx') = {yy') = 0. 

Pij = - (xy) (.lYJi + xjyi). 

The conditions for parataxy become * 

n = 4 = 4 ~ 4 n = \ 

V Viu ^ i)i " 1 " P ^ Pin ^ in — PP 2 Pin Pin ^ In^in = 

a = (j n = 0 /i = 0 n = 0 

w = 4 — 4 

P Pin ^ in P Pi7i ^ in 

n =0 n = 0 


>1 = 4 >i = 4 

= m> 2 Pin Pin - 2 l\n =0, i = 0, . . . 4. (16) 

n = 0 n = 0 

The sphere through a given circle orthogonal to a sphere 
(r) has the coordinates 

>1 = 4 

P^i ~ Pin'^n* 

>» =0 


* Cf. von Weber, ^Zur Geometric des Kreiscs im Raumc’, Gruverfs ArchiVf 
Series 3^ voL vii, 1901, p. 292. 
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Two circles will be in bi-in volution when every sphere 
through one will be orthogonal to every sphere through the 
othen The condition is 

n = 4 

'^PinPjn =0, i,j = 0 ... 4. (17) 

n = 0 

We have now a sufficient analytic basis for the study of 
systems of circles. Before taking up continuous systems we 
shall discuss a very curious figure formed by five circles, and 
an analogous one involving fifteen. We shall approach these 
figures by pneans of our four-dimensional representation.* 

Suppose that we have three lines a, h, c in four-dimensional 
projective space, no two coplanar, nor are the three in one 
hyperplane. There are planes which intersect all of them. 
Let an arbitrary hyperplane tt be taken. It will contain one 
plane of the system, that which joins its intersections with 
the three lines. We assume that the hyperplane does not 
contain the single line (V that intersects a, 6, c. The cross 
ratio of the four points where d' meets a, h, c, tt will be that of 
the four hyperplanes through any plane of the system, and 
through a, e and the point or the cross ratio of the four 
planes through the line of intersection of this plane with tt, 
and the four fixed points ^tt, Stt, ctt, d'l:. This brings out the 
important fact that the planes of our system meet an arbitrary 
hyperplane in the lines of a tetrahedral complex, which is, 
of course, of the second order. 

Suppose, next, that we have four lines a, i, c, no two 
coplanar, no three in one hyperplane, nor does one lie in 
a plane which meets the other three. They will be inter- 
sected in threes by the four lines a\ b\ c\ d\ a similar system 
Let us fix our attention on the hyperplane {dd'). Every line 
in this hyperplane which intersects d' will lie in a plane 
meeting a, 6, e. 

The linear complex {d') will thus split off from the quadratic 
complex. Tlie residue will be a linear complex which does 

♦ Cf. Segro, ‘ Siiir incidonza di retti e di piani nello spazio a quattro dimeu- 
sioni RenUiconii del Cercolo maiemaiico di PdlermOy vol. ii, 1888. 

H h 


1702 
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not contain {df), so that the lines thereof which meet {d) will 
also meet a line 6. In other words, every plane which inter- 
sects a, 6, Cy d will also intersect e. The linear complex could 
not be a special one with e as directrix, for then every plane 
meeting a, b, c would meet e, an absurdity, since through 
each point of the plane common to the hyperplanes (ab) and 
(ce) there will pass but one line to meet ab and one to meet 
ce. Hence d, e arc mutually polar in the linear complex, and 
are symmetrically related to a, b, c. No other line / can meet 
all the planes which meet a, 5, c*, d. For if it were in the 
hyperplane (dd') it would meet all lines of the linear con- 
gruence with directrices d, d\ which is impossible ; but if not in 
this hyperplane, the linear congruence with directrices dy f 
would not lie in the tetrahedral complex determined by planes 
cutting a, 6, c. Our five lines will thus bear to one another 
a symmetrical relation : any plane meeting four will intersect 
the fifth. 

Theorem 2.] If four circles be giveriy no two cosplterwal, 
no three orthogonal to the same sphere^ and no one containing 
a point-pair cospherical with each of the other three^ then every 
circle in involution with these f mr circles is in involution 
with a fifth. The relation connecting the five is reciprocal ^ each 
being uniquely determined by the other four. 

This figure is the famous pentacycle of Stephanos.* To find 
the construction let us notice that e lies in the hyperplane 
(dxl) ; by symmetry it is in the hyperplanes (aa'), {bb')y {cc'). 
Four circles fulfilling the restrictions mentioned in 2] shall be 
said to be in general position. 

Theorem 3.] If four circles be given in general positiony 
there are four others each of which is cospherical with three 
of the given ones. The common orthogonal sqyheres to each two 
non-cospherical circles, one from each system, will pass through 
the foci of the circle completing a pentacycle with the four 
original circles. 


Sur une configuration remarquable, cit., p. 579. 
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We next note that e plays the same r61e with regard to 
a\ c', dJ as it does with regard to a, 6, c, d. Draw the line 
connecting {ah') {a'b). This lies in the hyperplanes {aa'), (bh')^ 
and so is coplanar with e. In the same way the line 
{cd') {c'd) is coplanar with e. But the line {cd') {c/d) lies in 
the hyperplanes (cc?), {c'd')^ which are identical with the 
hyperplanes {a'b'), (a6), so that {cd') {c'd) intersects {ah') {a'b)» 

Theorem 4.] Oiven four circles Cg, in general 

2 ^osition, and four others c/, cf^ Cg', c/ so placed that c^ and Cj 
are cospherical if i'f^j. The circle of intersection of the 
sphere with the sphere {c{cj) and the circle of intersection 

of the sphere {C]^Ci') with the sphere {cjjci) are cospherical. The 
three spheres so obtained p)ass through a circle cf which com- 
pletes a pentacycle with Cg, O 3 , c^ and with Cj', cf, cf, cf. 

This, method of construction leads to an extension of the 
pentacyclic figure which is of much interest. Let the circles 
fj, Cg, Cg, O 4 , cf be renamed 01, 02, 03, 04, 05 respectively, while 
^2 » ^'3 5 ^4 j become 15, 25, 35, 45, 05. The circle deter- 
mined by the spheres (01, 25), (02, 15) shall be 34; it is 
cospherical with the circle of the spheres (03, 45), (04, 35) 
which shall be 12. We have the following fifteen circles: 

01 02 03 04 05 

21 12 13 14 15 

31 32 23 24 25 

41 42 43 34 35 

51 52 53 54 45 

The necessary and sufficient condition that two of these 
should be cospherical is that their symbols should have no 
common digit. They are cospherical by threes on fifteen 
spheres. The circles with the digit 0 and those with the 
digit 5 form two pentacycles. Consider the circles 01, 21, 
31, 41. Each three are cospherical with one of the circles 
05, 25, 35, 45. 15 completes a pentacycle with the latter 

four, hence it does with the first four also. Next consider 
two triads {ij^jh, hi)^ (Im, mn, nl). Each circle of one triad is 
cospherifial with each of the other, but no two of the same 

II h 2 
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triad are cospherical. We thus reach a beautiful theorem 
due to Stephanos.* 

Theorem 5.] G^iven four circles in general j^osition. We 
viay associate therewith eleven other circles as follows. The 
fifteen circles lie hy threes on fifteen spheres, each circle 
belonging to three spheres. They may be grouped by fives 
in six p)^^dacycles, each circle belonging to tivo pentacycles. 
They may, lastly, be grouped by threes in ten pairs of con- 
jugate triads, each such pair of triads belonging to conjugate 
generations of the same cyclide. 

Let us call such a system associated circles. We get 
a construction for them by reverting to four dimensions. 
Suppose that we have six points P^, P.^, P^, Pr„ Pq, 
whereof no five are in one hyperplane. We have fifteen 
triads of lines such as {PiPf), (P 3 P 4 ), (P^Pj). These will 
nob lie in a hyperplane, so that there will be one line » lu > r>G 
intersecting all, and of these lines there will be fifteen. They 
are concurrent three by three as follows: 

hj^hnyml in intersection of (P^P^) with the hyper- 

plane (P;^P^P^P„). In no other case will two of the lines 
meet. Our lines are thus concurrent by threes in fifteen 
points, hence f 

Theorem 6 .] If six spheres be given, no five having a 
common orthogonal sphere, they may be divided, in ffteen 
ways, into three groups of two each, and a circle found 
cospherical with the circle of each group of tivo spheres. The 
resulting figure will be fifteen associated circles. 

It will be noticed that the pentacycle and the figure of 
fifteen associated circles are carried into like figures by any 
linear sphere transformation. 

* Sur une configuration, cit., and Sur une configuration de quinze cercics dans 
Vespace, ibid., p. 633. 

t This figure is discussed by Richmond, ‘On the figure of six points in 
a space of four dimensions’, Quarterly Journal of Math., vol. xxxi, 1899. The 
most complete discussion is in a long article by Weitzcnbock, ‘ Projektive 
Geometric des R* ’, Wiener Berichte, vol. exxi, 1912. 
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Let im now see what can be done towards an algebraic 
study of the pentacycle. We start with four circles (p)^ (^), 
{r)y (s). If (p') be in involution with them we have 

2 + Mij + IHj = 0- 

For how many values of kipivip wiji the coordinates 
(p^) satisfy our identities (3)? If we substitute in three 
identities we have three quadratic equations in K: piv : p 
giving eight solutions. Let us show that only five of these 
will satisfy the other identities. We write 

^ Pij “f PQiJ d* * 

Let us try to satisfy the equations 

= = = 0 . 

One solution will be 

^23 == ^24 ~ hi ~ 

Otlierwise, we have, by (2), three solutions for the equations 

L, = a,{ii) = a, = 

and for these 

X2., (ll) 124 ^ 0* 

There are thus five values of A : ju : r : p for which 12^. (M) = 0, 
and our theorem 2] is proved algebraically.* To find the 
coordinates of the circle (s') which is cospherical with 
{p), iq), (r), let these latter be determined by the pains of 
spheres (x) (y), {x') (/), (a;") (y"). Let (u), (v), (lo) be three 
spheres orthogonal to (/). Then, by (5), 

Uj^ til 
; w,, ^Vl 

* The actual equation of the fifth degree, on whose solution the problem 
depends, ^%^s exhibited by Weitzenbfick at the fifth International Congress of 
Mathematicians in Cambridge, 1912, and will be found ibid., p. 2574. 
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We may take (u), (v), (w) as orthogonal to (q) (r), (r) (p)j 
and (p) (q) respectively 

%(?»') 

%M I- ( 18 ) 

%(Fi) 


S,; ; = 


The fifth circle forming a pentacycle with {p)y (q), (r), (s) is 
orthogonal to the common orthogonal spheres of (p) (p^), 
(?) (?')> (^) hence 


t 


kI 


W) ipp') ipp') 

^kim') ^liW) ^niiqq') • 


( 19 ) 


If (rc), (2/), (z), (r), (s), (t) be six spheres, no five having 
a common orthogonal sphere, the fifteen associated circles 
thereby determined will be the intersections of pairs of 
spheres such as 

\ X z r 8 1 \ (y) y z r 8 1 \ (x) ; \xyT8t\{z) — \xyz8t\ (r). 

These expressions may be much simplified. We may find 
such multipliers for the homogeneous coordinates (a;), {y)^ {z), 
(^% (0 ^hat 

+ + + + = 0 , 0 ... 5 . 

Otherwise written 

{Xx) + {Xy) + {Xz) + {Xr) + {Xs) + {Xt) = 0. 

Our circles will be determined by pairs of equations 
such as 

{Xx)^{Xy) = {Xz)^{Xr) = (Xs) + (Z0 = 0. 

These simple formulae lead us to another property of the 
system of fifteen associated circles. Let us write the equation 

{Xxf q- {Xyf + {Xzf + {Xrf + {Xsf + {Xt)^ = 0. (20) 

This will be a surface containing all fifteen circles, hence 

Theorem 7.] Evei^ system of fifteen associated circles will 
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lie on a surface of the sixth order which^ in cartesian sjMce^ 
has the circle at infinity as a triple curve,^ 

§ 2. Linear Systems. 

A system of circles whose coordinates are proportional to 
functions of five independent variables, the ratios not being 
all functions of four variables, shall be called a hypercomplex. 
The simplest hypercomplex is the linear one, determined by 
an equation of the form 

( 21 ) 

Theorem 8.] Nine arbitrary circles will belong to one, andy 
in general y only one, linear hyp>ercomplex. 

Theorem 9.] The assemblage of all circles in involution 
with a given circle is a linear hypercomplex. 

Manifestly this will not give the general linear hyper- 
complex, in fact the necessary and sufficient condition that 
(21) should represent a linear hypercomplex of this sort is 

ill Z = 0 ... 4. 

A linear hypercomplex has two important invariants under 
the group of spherical transformations, namely 

; =4 

I ='^ «^ = 2 («“)• ( 22 ) 

^ = 0 

The vanishing of these invariants and of various expressions 
dependent on them will lead to special types of linear hyper- 
complex, some of which we shall investigate. Let us write 
(21) at length 

= 0 . 

The sphere (y) being fixed, {x) is orthogonal to (z) where 

n = 4 

n = 0 


Stephanos, Quinse cercles, cit., p. 634. 
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It is to be noticed that, as a result of our identities (2), 

n -- 4 

2 (««) = 0 - 

n = 0 

Theorem 10.] If a linear hyper complex he not composed 
of circles in involution laith a fixed circle, then the circles of 
the system on an o.rbitrary sphere are those which are ortho- 
(jonal to the intersection with a second S 2 )here orthogonal to the 
first, and to a sphere xcniqiiely determined hy the hyqyer- 
complex. 

Consider the circles of the system through two fixed points 
iv)y (0- (0 point on such a circle, 

j VJ: Vl Vm 

Ch Cl Cm = 

I Ch Cl Cm 

SO that (^) traces a sphere. 

Theorem 11.] The circles of a linear hyperconvqdex ivhich 
2 KISS through two arbitrary q^oints will usually trace a coaxal 
system. 

We shall see presently exactly what meaning to attach to 
the elusive word ‘usually The sphere {x), whei’o 

pXi = a- [aa), (24) 

shall be called the central sphere for the linear hypercomplex. 
In (23) we get the same value for (z) if we replace (y) by 
^ (?/) + M W- 

Theorem 12.] The circles of a linear hypercomplex which 
lie on the spheres of a coaxal system including the central 
sphere are orthogonal to one sphere. 

Theorem 13.] All circles of a linear hypercomidex which 
are cospherical %vith a circle of the central sphere are orthogonal 
to one sphere. 
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Theorem 14.] All circles of the central sphere of a linear 
hypercomplex heloog to the hypercomplex. 

We may find a spherical transformation to carry our central 
sphere, when not null, into = 0 . The equation of the 
linear hypercomplex will then lack all terms with the sub- 
script 4 ; equation (23) will give the same values for (z) if wo 
replace (y) by either null sphere through the circle common 
to (y) and the central sphere. It will thus give a relation 
between each point-pair anallagmatic in the central sphere, 
and a corresponding sphere. This, however, is nothing in the 
world but the polarization in the linear complex of circles 
of our hypercomplex which are orthogonal to the central 
sphere, a process described on pp. 461, 462. We see by con- 
tinuity, or non-Euclidean line geometry, that this relation 
holds even when the central sphere is null. 

Theorem 15.] Tice circles of a linear complex lying on an 
arbitrary sphere are orthogonal to the polar in the linear 
complex of the circles of the system which are orthogonal to the 
central sphere^ of the foci of the circle common to the given 
sphere and to the central sphere. 

When the equation of the linear hypercomplex is written 
in the form ( 21 ) we may assume = 0 to bo an arbitrary 
sphere. Circles orthogonal to this will lack the subscript 4 , 
hence 

Theorem 16.] The circles of a linear hypercomplex ortho- 
gonal to an arbitral^ sphere will generate a linear complex. 

Are there any exceptions to theorems lO] and 16]? For 
an exception to lO] we must have in (23) 0 ,^ = py^^. If 
P iyy) = aiid the sphere is null. But on a null sphere 
there are but 00 ^ circles orthogonal thereto, so that we have no 
exception. In the second case {y) is the central sphere, and 
this will constitute the only exception to 10 ] when there is 
a central sphere. When the hypercomplex consists in circles 
in involution with a given circle every sphere orthogonal 
thereto will be exceptional. As for 16] if all circles ortho- 
gonal to any sphere belonged to a linear hypercomplex, we 



490 


CIRCLES IN SPACE 


CH. 


might choose this (when not null) (0, 0, 0, 0, 1) ; in the equation 
of the hypercomplex there would be no terms except those 
involving the subscript 4, and the hypercomplex would be 
without a central sphere. By continuity this will hold 
even when the sphere in question is null. When the hyper- 
complex consists in circles in involution with a fixed circle, 
every sphere through the fixed circle will be an exception 
to 16 ]. 

We next look for a canonical form for the equation of 
our hypercomplex. The hypercomplex shall be said to be 
general if 

Whenever the first factor does not vanish there is a not null 
central sphere which we may take as 0:4 = 0. We have then 

{aa) = (aa) = {aa) = £ 1 .^ (aa) = 0, (aa) 0. 

^^OlPoi + ^02Po2 + ^OdPo^^ + ^r6p2^ + ^nPzi + ^ 12^^12 = 

This equation is independent of 

Theorem 17 .] When the central sphere of a linear hyper- 
complex is not null, the system consists in the circles meeting 
this in the same pairs of points as a linear complex of circles 
orthogonal thereto* 

Theorem 18 .] The assemblage of all circles meeting a not 
null sphere in the same pairs of points as do the circles of 
a linear complex orthogonal thereto will be a linear hyper- 
complex with this as central sphere,^ 

If we confine ourselves to what we have described as the 
general linear hypercomplex, we may, as in Ch. XII, reduce to 
the canonical form 

«oi?Joi + « 2 ai ^23 = 0 - ( 25 ) 

Here 1 1 ] suffers no exception except for two points on the 
central sphere, and on a circle of the system. 

♦ Cf. Cosserat, * Le cercle comme element g6n<5rateur de I’espace *, AnnaUs 
de la Faculte dts Sciences de Toulouse, vol. iii, 1889, p. E. 66. 
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The axial circlcvS of the linear complex orthogonal to the 
central sphere shall be called the axial circles of the hyper- 
complex, their cross its axial cross. Their coordinates are 
here 

«01 = 1. «i/ = 0 ; 0(23'= 1, 0. 


We have thus 


J {of p) 


For a circle of our hypercomplex this becomes 
I (a p) ^ V/- 


(26) 


Theorem 19.] The ratio of the cosines of the angles which 
each circle of a general linear complex makes with the two 
circles of .the axial cross is constant^ and, conversely , the 
assemblage of all circles such that the cosines of their angles 
with the two circles of a proper cross have a constant finite 
ratio different from zero or unity is a linear hypercomplex 
with the given cross as axial cross.^ 

This theorem may be somewhat generalized. Let (q) be any 
circle orthogonal to the central sphere, and (q^) its polar in the 
linear hypercomplex (25); we see, by XIL (17), that if (p) 
belong to our hypercomplex, 

= const. (27) 

i{qp) 

Theorem 20.] The cosines of the angles of the circles of 
a general linear hypercomplex with any two circles orthogonal 
to the central sphere and mutually polar in the linear complex 
of circles of the hypercomplex orthogonal to this sphere will 
have a constant ratio. 

Let us turn aside for an instant to look at special types 
of the linear hypercomplex. If 

/ = 0, J ^ 0 , I {ocp) = ±il {oi^p)> 


Cf. the Author's Circle Cross, cit., p. 165. 
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If the circles of the axial cross coalesce in 

a circle which is in bi-involution with itself, i.e. an isotropic. 

Reverting to the general case, we rewrite the canonical 
equation 

«oi2^oi+«2s2’23= 0. (25) 

Let us take an arbitrary sphere {y). The spheres through 
the circles of the axial cross which are orthogonal to (y) are 

(2/i~2/o(>00) ( 00 y,^-y., 0 ). 

The circles of the hypercomplex on the sphere (y) are 
orthogonal to its intersection with (z) where 

^0 = ^iVl , - ^iVo^ ^2 = ^232/a» ^3 = - VJ2> ^4 = 


This sphere is a linear combination of the two spheres 
above, orthogonal to (y). The ratio of the cosines of the 
angles of (z) with these last two spheres is found to be 


“oi 

«23'v^y2" + 2/~3®’ 


hence 


Theorem 21.] In a general linear hypercomplex the circles 
on an arbitrary sphere are orthogonal to a circle coaxal with 
the orthogonal projections of the circles of the axial cross 
thereon y while the cosines of its angles therewith have a ratio 
which is a constant multiple of the ratio of the cosines of the 
angles which the circles of the axial cross make with the given 
sphere. 

This construction for the hypercomplex is simplified if we 
limit ourselves to those spheres where the ratio of the angles 
with the circles of the axial cross is 

^01 J 

Here the circles of the complex will be orthogonal to a circle 
of antisimilitude of the orthogonal projections of the circles of 
the axial cross. If / = 0 we have 

Theorem 22.] A general linear hypercomplex where 7=0 
is composed of the circles on each sphere tangent to the central 
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sphere^ orthogonal to one circle of antisimilitude of the ortho- 
gonal projections of the circles of the axial cross thereon. 

Suppose that we have a spherical transformation. There 
is necessarily one fixed sphere which will not be usually null. 
On this sphere there will be two pairs of fixed points, lying 
two by two on four isotropies. If we choose our fixed sphere 
as = 0, and determine our fixed points by the pairs of 
spheres = oji = 0, 0, our transformation, if direct, 

may be written 

xj — cos S — x^ sin 0, 
x( = iTy sin 0 -f- cos d, 
xf = cos (p — x.^ sin (/>, 
xf = x^ sin (fy-hx.^ cos <f>. 

For’an infinitesimal transformation we may write 

dx^ — - ““ tl/j dr 0 f 

dx^ = x^^d0^ 

rZajg == —x.^d(l), 
dx»^ x^ d ^y. 

Let {y) be a sphere orthogonal to (a?) and (x^-dx). 
iyx) = iydx) = d 6 + d^ (* 2 ;'/ 3 - * 32 / 2 ) = 0 - 

Remembering, lastly, that an infinitesimal transformation 
must be direct : 

Theorem 23.] If an infinitesimal spherical transformation 
leave invariant a not null sphere and tiuo distinct isotropies 
of each set thereon, then the circles on each sphere in space 
orthogonal to the circle of intersection with the transformed 
sphere will generate a linear hypercomplex with the given 
fixed sphere as central sphere^ ivhile the axial circles meet this 
sphere infixed pyoints for the transformation. 

The general linear hypercomplex contains certain rational 
systems of circles which are worth mentioning. Let us first 
define as a series of circles a system whose coordinates are 
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proportional to analytic functions of one variable, their ratios 
being not all constants. When the coordinates are pro- 
portional to analytic functions of two variables, the ratios not 
being functions of one variable, the system shall be called 
a congruence. When the coordinates are pi’oportional to 
analytic functions of three variables, their ratios not being 
all functions of two variables, the system is called a complex', 
when they are functions of four variables, their ratios not 
being functions of three, a hypercongruence. We thus find :* 

Theorem 24.] The characteristic circles of evei'y rational 
series of spheres of order less than six tvill be contained m 
a linear hypercomplex. 

Theorem 25.] Given txvo rational series of spheres of order 
less than three; there is a linear hypercomplex cont(;iining 
the circle of intersection of every sphere of one series with 
every sphere of the other. 

Theorem 26.] The complex of characteristw circles of every 
rational congruence of spheres of order less than three lies in 
a linear hypercomplex. 

The next type of circle system to engage our attention is 
the hypercongruence. We turn especially to the linear 
hypercongruence given by 

'^%'Pij = = 0. (29) 

The circles of the hypercongruenco arc common to all linear 
hypercongruences of the pencil 

X{a)-\-li{h). 

To find the central spheres we write 

(cc) = {aci^ -I- 2 -f* 

Suppose first 

pili {aa) = {bh). 


* Cf. Mesuret, ‘Sur les propriet^s i nfinit^si males des syst^mes lineairesdo 
cercles’, Comptes Rendus, vol. cxxxvi, 1903 . 
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We have a transformation of the twenty-four-parameter 
linear sphere group which will carry this into = 0. 
Equations (29) will lack all terms in 

Theorem 27,] If two linear hy'percomplexes have the same 
central sphere^ this is also the central sphere of evei'y linear 
hypercomplex linearly dependent on them. The hy^yercon^ 
gruence common to the two hypercomplexes consists in. the 
totality of all circles in involution with two circles^ usually 
distinct^ orthogonal to this sphere. 

Theorem 28.] If two linear hypercomplexes consist in the 
totality of 'circles in involution with two non-cospherical circles 
the pencil of linear hypercomplexes determined hy them have 
all one central sphere^ namely^ that orthogonal to the tioo 
circles ; when the circles are cospliericaf the hypercomplexes of 
the peticil consist in the systems of circles in involution with 
the circles of the coaocal system determined hy the given circles. 

Theorem 29.] If one linear hypercomplex consist in circles 
in irwolution with a fixed circle y while a secoiul hypercomplex 
has a central sphere^ the central S 2 )heres of their pencil trace 
a coaoml system. 

Theorem 30.] If hvo linear hy 2 yercomp)lexes have different 
central s 2 T>hereSy the central s 2 )heres of their pencil generate 
a conic series. 

In this case, and this alone, we shall say that the hyper- 
congruence is general. 

Theorem 31.] The c ircles of a linear hy 2 ^rcongruence ly ing 
on an arbitrary sphere generate a coaxal system. 

The circles of the hypercongruence on a sphere {y) are those 
orthogonal to the sphere (z) in (23), and to a second such 
sphere determined by another hypercomplex of the pencil. It 
is conceivable that the two spheres orthogonal to {y) should 
coalesce. Here we should have 

n ~ A - 4 

\ 2- ^inVn'^ 2^ = 9, i = 0 ... 4. 

n ~Q *= 0 
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These, however, are the equations to determine the central 
sphere of X (a) -f juc (i). 

Theorem 32.] The only spheres ivhich contain more than 
a coaxal system of circles of a general linear hyper congruence 
are the central sp)heres of the corresponding pencil of linear 
hypercomplexes,^ 

Theorem 33.] Through an arbitrary poinUpair will pass 
hut one circle of a linear hypercongruence. 

Theorem 34.] The circles of a linear hypercongruence 
orthogonal to an arbitrary sphere generate a linear hyper^ 
congruence. 

We leave to the reader the task of noting exceptions to the 
last few theorems. Let us note that it occasionally happens 
that a linear hypercongruence splits into two parts. For 
instance, suppose that we have 

1^01 ~ Po2 ~ 

Here, since ^>^{pp) = 0.^{pp) = 0, wo must cither have 
= p^^ = 0 or else = 0. In the first case we have the 
circles orthogonal to a fixed sphere, in the second those 
cospherical with a fixed circle. We note that in this case 

(au) = ill Z = 0 ... 4. 

Suppose, conversely, that we have 

ill ^ = 0 . 4. 

From (2) we easily find 

rt = 4 

2 + + 2/Vii„ {hb)) = 0, 

n = 0 

i = 0 ... 4. 

— 4 n " 4 

2 = 2 huK (««)• 

n — 0 n ~ 0 


* See an interesting article by Castclnuovo, ^ Ricerche nella geometria della 
retta nello spazio a qiiattro dimonsioni A(H del R. Istituto Veneto, Series 7, 
vol. ii, Part I, 1890. 
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Then either 

{aa) = (bb), n= 0... 4. 


In ’this case there is but one central sphere for all hyper- 
complexes of the pencil, or else 

(aa) = 12^ (hb) = 0, = 0 ... 4. 


The hypercongruence consists in circles in involution with 
the circles of a coaxal system, i.e. either orthogonal to their 
sphere or cospherical with the circle whose foci are the points 
common to the coaxal circles. 

Two linear hypercomplcxes have a simultaneous invariant 
under the • group of spherical transformations which is of 
interest, namely, the cosine of the angle of their central 
spheres. 

= I 


cos 0 = 


H = 0 


Among complexes of circles the simplest is the linear one, 
defined by three equations of the type * 

^ «i/ ihj = 2: hij pij = s Ci- 2)ij = 0. (31) 

The study of this figure is clearly closely connected with 
that of the linear hypercomplexes linearly dependent on three 
given hypercomplexes. The complex shall be said to be 
general when no two hypercomplexes of the net have the 
same central sphere. Remembering that one central sphere 
can be taken as = 0, 

Theorem 35.] If three linear hypercomplexes have the same 
central sphere, that is, the central sphere for every linear hyper-- 
complex, linearly dependent on them ; if, fnrther, the three he 
linearly independent, the corresponding linear complex con- 
sists in the totality of circles in involution with those of one 
generation of a cyclide. 

Theorem 36.] If two linear hypercomplexes have the same 
central sphere, and a third have a. central sp)here different 

* Many writers, as Castolnuovo, loc. cit., use the term ‘ linear complex’ for 
that which we have called ‘ linear hypercomplex ’. 

1 i 


1702 
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/rom theirs, the central spheres of the net determined by them 
will generate a conic series. 

Theorem 37.] An arbitrary sphere will contain hut one 
circle of a general linear complex. The only eocceptions to this 
rule are the central spheres of the linear hypercomplexes of the 
corresponding net. 

Theorem 38.] The circles of a linear hypercomplex ortho^ 
gonal to an arbitrary sphere generate a cy elide. 

This theorem will suffer no exceptions in the general case. 
Let us look for the equation of the surface enveloped by the 
central spheres of the net in the general case. If we write 

2/f = (««) (fib) + (cc) + 2nr£l. (be) 

+ 2vkili{ca) + 2 (ab), (32) 

we must have 



(^l{aa)x) {^l{ah)x) {^l{ac)x) 
{^l{ha)x) {Q.(bb)x) {^l{hc)x) 
({l(ra)x) (Sl(cb)x) (S2(cc)x) 


= 0 . 


Theorem 39.] The central spheres of the linear hyper- 
cow.plexes which contain a general linear complex envelop 
a surface of the sixth order %vhich, in cartesian space, has the 
circle at infinity as a triple curve. 

It will be convenient to call this congruence of central 
spheres the central congruence. Each sphere of the con- 
gruence contains a coaxal system of circles of the complex. 
It will pay to investigate this congruence with some care.* 

If iy) be a sphere of the central congruence, we must have 
five consistent equations. 

.? = 4 j ~ A J - A 

I 2 ^ijVj + m 2 hjVj + 2 = 0> i = 0 . . . 4. (33) 

j == 0 ./■ = 0 j? = 0 

* Cosserat, loc. cit., slights the linear complex surprisingly. The following 
discussion is based upon Castelnuovo, loc, cit., pp. 867 ff. 
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The following matrix must therefore have a rank nob 
exceeding two : 




• • • 

• • • 

.y-o 


.; = 4 


• • • 

■ • • 

j=i' 

J=.0 

./■ = -1 

J = 4 

• • • 

• • • 

.y = 0 

J = 0 


Again, the spheres of our congruence appear in (32) as 
depending -upon the homogeneous parameters \ : fx: v, and 
may be represented by the points of a plane or the points 
of a rational surface of the fourth order in four- dimensional 
projective space. The spheres of the congruence orthogonal 
to an arbitrary sphere will be represented by the points of 
a conic or by the points of a space quartic in one to one 
correspondence with the conic, and so, rational, yet without 
a double point. Such a curve being projected from every 
one of its points by a rational cubic cone, has on© trisecant 
(line cutting it three times) through each point. Every such 
trisecant meets the quartic three times, every line meeting 
the quartic three times lies in oo^ hyperplanes of and so 
is a trisecant of oo^ quartics. The trisecants in any hyper- 
plane will generate an irreducible ruled surface, hence they 
form an irreducible complex. Let us show that they corre- 
spond to the given linear complex of circles. Let us take an 
arbitrary circle of this complex. We may assume that it is 
orthogonal to = 0. 

J - 3 V, j = 3 f , j = 3 

^ij Pij -S Pij Pij 

* i, J - 0 i, J - 0 ?■ , J = 0 


I i 2 
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Let this circle be determined by (x) and ( 5 ^), while (y) is 
a sphere of the central congruence through it. 

Vi = + «yi = -aij> 

j = 3 j = 3 .; = 3 j = 3 

^0 2 «0j + ^1 2 J +^2 2 «2; + «3 2 «3J “i,- = 0- 

j = 0 ^ 0 = 0 j = 0 

j-3 ;=3 ; = 3 j=3 

2^0 2 Kj + S'! 2 ^'j + ^2 2 ^■' 2 ; + «3 2 Kj Xj = o. 

J = {) j = {) ^ = 0 j = 0 

J = 3 j = 3 J — 3 J = 3 

^0 "h 2 J ^2 2 ^‘2 j "1" ^3 2 ^’ 3 J ^ 

J = 0 J = 0 0 ^ 0 


But 

J - 3 J=. 3 .; = 3 J 3 . 

Zo 2 ao;«j + -1 2 «ij + ^2 2 « 2 j -J + «3 2 <hj = 0 . &c- 

^ - 0 ; = 0 j -- 0 J - U 

Hence 

i,j-3 hj-3 

2 «v «» M sj) = 2 % + M ) 

^ = 0 J, ^ = 0 

*, ./ - 3 

= 2 CijZi{\Xj + ^lZj) = 0. 

Substituting for (y) in (33), we get four equations: 

j = 3 j = 3 

^ 2 + m 2 

j = 0 i = 0 

j ~ 

+ n^ Cij {kXj iJLZj) = 0, ^ = 0 ... 3. 

j = o 

Every solution of three of these is a solution of the fourth 
by the equations immediately preceding. Hence we may 
eliminate l:m:n from three, getting a cubic in A///, or 
three central spheres go through our circle. 
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Theorem 40.] The general linear eomplex is generated by 
circles ivhich lie on sets of three spheres of a rational guartic 
congruence. The congruence 'will he the central congruence 
of the complex. 

Certain special forms of the linear complex are worth 
particular notice. Consider the five equations 

{aa) + {jl "12^ (bh) -f v ^12^ (cc) + 2 /xr il - (6c) -f 2 v\ 12^ (ca) 

+ 2 A/x 12^(66) = 0. 

If these equations have a common solution, then all circles 
of the complex are in involution with a fixed circle. The 
congruence of spheres orthogonal to this will be a part of 
the central congruence. A second linear congruence of spheres 
will split off when the equations have two common solutions. 
If they have three common solutions the congruence is 
defined by the circles in involution with three fixed circles. 
If no two of these are cospherical, and the three are not 
orthogonal to any common sphere, the central congruence 
will include all spheres orthogonal to any one of these three 
circles or to the circle cospherical with all three. We see, 
in fact, that in four dimensions we wish to find those points 
through which pass a pencil of lines intersecting each of three 
planes in general position. The locus will be the three planes 
and the plane lying with each in a hyperplane. 

It is conceivable that four linear hypercomplexes of our net 
might consist in circles in involution with fixed circles. If 
three of the fixed circles were (a), (6), (c), the matrix 

I2(j (6c) 12^ (6c) 122 (6c) (be) {be) ^ 

12^^ (ca) I2i (ca) (ca) 12.^ (ca) 12^ (ca) , 

12q (ab) 12i (ab) (ab) 12^ (ab) 12^ (a6) 

would have a rank of two or less. If no row vanish identi- 
cally, and no two were proportional, the spheres orthogonal 
to the pairs of our three circles would be coaxal, and there 
would be a circle in bi-involution with all three. Conversely, 
when there is such a circle this matrix will have a rank of 
two or less. But if three circles be in bi-involution with 
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a fourth, every circle cospberical with the latter 18 in involu- 
tion with the throe former, and we have a hypercongruence, 
not a complex of circles. 

If two rows of the matrix be proportional^ but no two 
identically zero, the three circles are orthogonal to one sphere. 
If we take this as = 0, the five equations above reduce to 

XfjLD.^(ab) + ^v^l^(hc) -f = 0. 

The circles of our complex are in involution with all those 
of a series. If all the elements of one row vanish, the 
circles of our complex w ill be in involution with the circles 
of a coaxal system and with one other circle. If all the 
members of two rows vanish, the circles of the complex are 
in involution with those of tw^o coaxal systems with a common 
circle. If the matrix have rank zero, we have no complex, 
but a hypercongruence. 

We next turn to the linear congruence, characterized by the 
equation 

“ lUj = “ f>ij Pij = - Cij pij = ^ Pij = 0- 

If we write the conditions that a linear hypercomplex 
linearly dependent on these four should consist in circles in 
involution wdth a given circle, we find exactly the same 
equations which w^e encountered in our first analytic treat- 
ment of the pentacycle. Defining as general the linear con- 
gruence where these have five distinct roots, we see 

Theorem 41.] The general linear congi'uence voasids in the 
circles in involution v ith those of a j)entacycle.^ 

Theorem 42.] Two cirdes of a linear congruence are ortho- 
gonal to an arhitrairy sphere. 

It appears from this that two circles of the congruence wdll 
pass through an arbitrary point. Assuming a theorem to be 
proved in the last chapter, namely, that the circles of a con- 
gruence are, in general, tangent to four surfaces, we see that 
the circles through a point fall together when it is a focal 


* Cf. K^jfcnigH, Conti iUutions a la theories cit., p. F. 11. 
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point, i.o. a point of one of these focal surfaces. We find 
these surfaces by seeking the spheres such that the circles of 
the congruence orthogonal to them coalesce. The equation 
of this complex of spheres is 

(fl {aa) x) {£1 {ah) x) {il (ac) x) (12 {ad) x) 

(12 ijja) x) (12 {l)h) x) (12 (fee) x) (12 {hd) x) 

(12 {ca) x) (12 (efe) x) (12 {ec) x) (12 {cd) x) 

(12 {da) x) (12 {dh) x) (12 {dc) x) (12 {dd) x) 


We see, in fact, tliat this is a covariant form, and when we 
make a linCar transformation of the twenty-four parameter 
group to carry this sphere {x) to = 0, this equation 
becomes, in the notation of the last chapter, 


{a/a) {a/h) {a/c) {a/d) 
(h/a) (h/h) (h/c) (h/d) 
(e/a) {c/b) {(/c) {c/d) 
{d/a) {d/h) {d/c) {d/d) 


= 0 . 


This is the necessary and sufficient condition that four 
linear complexes of circles orthogonal to a sphere should have 
l)ut one common circle.* 


Theorem 43.] The focal surface of the general linear con- 
gruence is of the eighth order and^ in cartesian s/xtee, has the 
circle at infinity as a quadruple curce. 

This theorem will admit of special cases when the circles 
of the pentacycle have special positions. Let us pass over to 
the consideration of the surface of foci of the circles of the 
congruence. It will simplify our reckoning if we assume that 
(a), (fe), (c), {d) are circles of the pentacycle. The complex 
of central spheres will be parametrically expressed by the 
equations 

7/. = {id)) -f- Arl2; {ac) -f Apl2^* {ad) -f - (fee) 

+ fxpl2,^ {bd) -h rpl2j- {cd). (3G) 


* Cf. Jessop, Line Complex^ cit., p. 72. 
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It is to be noted also that the central spheres are the only 
ones on which lie circles of the linear congruence. The foci 
are thus the vertices of the null spheres of this complex. The 
spheres of this complex are in one to one correspondence 
with the points of a three-dimensional projective space. The 
points (1 0 0 0), (0 1 0 0), (0 0 1 0), (0 0 0 1) and one other are 
exceptional. They correspond to linear hypercomplexes with 
no central sphere, or rather each has a linear congruence of 
central spheres orthogonal to a circle of the pentacycle. The 
vertices of the null spheres of such a congruence are the 
points of the circle of the pentacycle. The five circles of the 
pentacycle are thus imbedded in the surface of foci. 

Again, if we write the equations 

{qy) = {ry) = {sy) = 0, 

we have three quadrics in our three-dimensional space with 
eight intersections. Five of these must be rejected as they 
correspond to circles of the pentacycle ; there will remain but 
three, so that the complex of central spheres is of the third 
order, and has an algebraic equation 

f{x) = 0. 

The surface of foci is thus a surface of the sixth order. 

Suppose, now, that {a') is the circle cospherical with (6), (c), 
and (cZ). The spheres through (a) cut (a') in pairs of points 
which are foci of circles in involution with (a), (Z>), (o), (cZ), so 
that {a') lies on the surface we seek. We thus find another 
excellent theorem due to Stephanos : * 

Theorem 44.] Fifteen associated circles lie oa a surface of 
the sixth order %chich is the surface of foci of the six linear 
congruences of circles in involution with those of the six 
2 )entacycles of the associated system. 

This is, of course, the surface of the sixth order previously 
found. 

In the three-dimensional projective space five points corre- 
spond to linear congruences of spheres orthogonal to the 


Qiiinze cerdes, cit., p. GJ54. 
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circles of the pentacycle. Lot us call these the notable 
points. For a point in a plane through three notable points 
we have such equations as 

^ = 0, y I — + \uili {ac) 4- fJivili (be). 

If these notable points correspond to the circles (a), (&), (r), 
since (d^) is cospherical with them, it is orthogonal to the 
common orthogonal spheres which they determine two by two 
(cf. XII, theorem 2), so that 

n = 4 

n =-() 

Hence these planes will correspond to the congruences of 
circles, orthogonal to the other ten circles of the associated 
system. 

Again, consider a line joining two notable points, say 
V = p = 0. All points of this line will correspond to a single 
central sphere, = 12^- (a6). It will be a double sphere in our 
variety. We see, in fact, that the intersections of the variety 
with a coaxal sphere system including such a sphere will 
correspond to the intersections of three quadrics through a line 
of this type. Three such quadrics have but four other common 
points, whereof three, in the present case, are notable. Every 
line of this sort contains two notable points, lies in three 
planes through three notable points, and intersects one plane 
through three such points, hence 

Theorem 45.] The pairs of foci of Jif lee ti associated circles 
lie by sixes on ten spheres, four of tvhich pass throngh each 
pair of focL These are the double spheres of the ten cubic 
complexes of central spheres corresponding to the six penta- 
cycles of the associated system. 

Each double sphere is orthogonal to two circles of our 
pentacycle ; there is thereon a coaxal system of circles in 
involution with these two and with two other circles of the 
pentacycle. 
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Theorem 46. J Ettolt of ilit toi double spltcTes oj the complex 
of central spheres contains a coaxal system of circles of the 
linear congruence,^ 

There is almost a transfinite number of special varieties 
of the linear congruence. The essential facts connected with 
some are obtained by remembering that such a congruence 
corresponds to the. lines in 8^^ which intersect four planes. 
We leave to the reader the proofs of the following theorems 
which are easily reached in this way. 

Theorem 47,] The circles in involution with four circles 
whereof two^ and only two^ are cospherical, while no three are 
orthogonal to one sphere, form a reducible congruence composed 
of a linear congruence of circles orthogomd to the sphere of 
the two circles, and a congruence of circles cospherical with 
a fixed circle. The complex of central spheres reduces to that 
of spheres orthogonal to the sphere of the two circles, and 
a quadratic complex. 

Theorem 48.] The congruence of circles in involution with 
four circles whereof three are orthogonal to one sphere, while 
no two are cospherical, consists in a linear congruence of 
circles on the given sphere. 

Theorem 49.] The circles in involution with four circles 
which are cospherical in tivo pKiirs, but no three orthogonal to 
one sphere, will consist in a linear congruence orthogonal 
to each of the given spheres, and the congruence of circles 
cospherical with the two circles on each of which he the foi% of 
hvo of the given circles. 

The last linear family of circles which we shall consider is 
the linear series. This is characterized by such equations as 

2 (f'ijPij = 2 = 2 CijPij = 2 dijPij = 2 e^^ij = 0 . ( 37 ) 

* This cubic complex of spheres has been quite thoroughly studied. Cf, 
e.g. Segre, ^ Sulla variety cubicacon dieci punti doppii^, Atti della RfAccaderma 
delle Scienze di Torino, vol. xxii, 1887. 
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A circle {2>) of the serie.s is orthogonal to = 0 if the five 
equations 

(a/ 2 )) = {b/p) = {c/ 2 i) = {d/p) = {e/p) = 0 

have a common solution which is also a solution of {p/p) = 0. 
A necessary and sufficient condition for this is 

(a/a) (a/6) (a/c) {a/d) {a/e) 

{b/a) {b/b) {b/c) {h/d) (6/e) ■ 

(c/a) (c/6) (c/c) {c/d) (c/e) = 0. 

{d/a) {d/b) {d/c) {d/d) {d/e) 

• (e/a) (e/6) (e/e) (e/cZ) (e/e) 

This, in turn, may be written in the co variant form 
{Q.{aa)oc) {^l{ah)x) {^l{ac)x) {Q.{ad)x) {^l{ae)x) 

(12 (f)a) x) ’ (12 (bh) x) (12 (be) x) (12 {bd ) x) (12 {be) x) 

{il{ca)x) {Q.{Gb)x) {il{cc)x) {£l{cd)x) {£l{ce)x) = 0. (38) 

{Q.{d(t)x) {0.{db)x) {£l{dc)x) {(l{dd)x) {Q.{de)x) 

{Q.{ea)x) {!D.{eb)x) {^l{ec)x) {il{ed)x) {D.{ee)x) 

Theorem 50.] The circles of a linear series (jeaerate a sur- 
face of the tenth order which, in cartesian 82 )ace, has the circle 
at infinity as a quintuple curve. 

The coordinates of the circles of our series satisfy five linear 
equations, and are linearly dependent on those of five of their 
number. Exactly the same is true of the coordinates of the 
circles in involution with all those of the given series. 

Theorem 51.] The circles of a linear series are in involu- 
tion with those of a second such series. The relation between 
the two is reciprocal. Each series tvill contain every p/enta- 
cycle whereof it contains four circles. 

Our linear series will correspond to a ruled surface of the 
tenth order in S^. In the series of planes which correspond 
to the foci of the circles of our series ten members will inter- 
sect any line. Consider any point on the curve generated 
by these foci. A circle through it is always cospherical with 
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the other focus, mate to the given one. There will also be 
two circles through this point in involution with four given 
circles, as we see from 42]. 

Theorem 52.] The foci of the circlets of a linear series trace 
a cimie of the tenth order which is a double curve of the surface 
traced by the linear series of circles in involution with the 
given onesJ^ 

Suppose that we have six linear equations 

^^ijPij 

All solutions of these will be dependent linearly on four 
such, whence 

Theorem 53.] Six circles of which each four determine 
a pentacycle not including either of the other two are in 
involution with the circles of a pentacycle and with no 
others,-^ 


§ 3. Other Simple Systems. 

Enough has now been said about linear systems of circles in 
space. We turn to certain other algebraic systems of almost 
equal simplicity. Tho first of these shall be the complex of 
circles lying on the spheres of a general quadratic complex. J 
We shall mean by the order of a complex of circles the number 
of circles on an arbitrary sphere, the linear complex being* * * § 
thus of order one.§ 

Theorem 54.] The complex of circles lying on pencils of 
spheres of a general quadratic complex is of order zero. O n 

* Cosserafc, loc. cit,, p. E. 70. 

f Richmond, loc. cit., and WeitzenbOck, loc. cit., reach the five-line figure 
which corresponds to the pentacycle originivlly in this way. 

X Cf. Fano, ‘ Sul sistema di rette di una quadrica dello spazio a quattro 
dimensioni’, Giomale di Matematica^ Series 2, vol. xii, 1905. 

§ For a study of complexes of orders one and two see various articles by 
Marietta, Rendiconti del Cercolo Matemaiico di P(dermo, xxviii, 1909, xxxiv, 1912, 
xxxviii, 1914 ; Atti delV Accademia di Catania^ Series 5, vol. iii, 1910, a^d voJ, vi, 
1913 ; also GiornaU di Matematica, Series 2, vol. xix, 1912. 
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each sphere of the complex will lie a conic series of circles 
of the circle complex. 

Other properties of this circle complex are reached by 
representing it as the totality of lines on an in 8^ , If two 
lines of such a hypersurface intersect they belong to a cone 
imbedded in the hypersurface ; if they do not intersect their 
hyperplane cuts the hypersurface in a quadric whereof one 
system of generators includes the two lines. 

Theorem 55.] Two circles of the complex tchich are 
cospherical determine a conic series of the complex which 
includes them ; two which are not cospherical determine like- 
wise one generation of a cyclide. 

We shall mean by the order of a congruence of circles the 
number orthogonal to an arbitrary sphere, that is, the order 
of the complex of spheres through them ; the class shall be the 
number cospherical with an arbitrary circle. Our general 
linear congruence of circles is thus of the second order and 
third class. A hyperplane in 8^^ tangent to 8^^ meets it in 
a cone whereof one generator will meet any chosen line 
of 8^. Thus two lines of 8.f meet any chosen line thereof 
and any arbitrary line. A hyperplane in 8^ meets 8f‘ in 
a quadric, two of whose generators will intersect an arbitrary 
line of ySg^. Three arbitrary lines of 8fy whereof no two are 
cospherical, meet one line in space. 

Theorem 56.] The circles lying on p)encils of spheres of 
a general quadratic complex which are cospherical with one 
of their number generate a congruence of the second order 
and class. Three circles of the compleXy whereof no two are 
cospherical y belong to one such congruence and only one. 
Two such congruences will meet in a conic series y or in one 
generation of a cyclide. 

An interesting algebraic congruence of circles is reached as 
follows. Suppose that we have three circles, no two of 
which are cospherical, nor are all three orthogonal to one 
sphere. The spheres orthogonal to them will form three 
linear congruences. Let a projective relation be established 
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between the members of these three congruences, the common 
orthogonal sphere to two of our given circles being in no case 
self-corresponding. We propose to study the congruence of 
circles, each orthogonal to three corresponding spheres in the 
three projective congruences.* In we have the lines of 
intersection of corresponding ti iads in three projective bundles 
or nets of hyperplanes. An arbitrary hyperplane will cut 
these three bundles in three projective bundles of planes. 
Corresponding planes in the three bundles will be con- 
current in the points of a general cubic surface. Analytically, 
if we express these three bundles in = 0 in the form 


X/ ^vT(, 

xC = \Yr^^zr^vT(\ 

I RYZ'T" 1 = -SV^) (X, M, v\ i = 0 ... 3.‘ 


If there be a line of the congruence in this hyperplane, 
three con'esponding pianos of the three bundles will pass 
through it. This will require 

X {vY,^qY(^rYr)^^(pZ,-^qZ(^rZr) 


Taking two sets of three equations from these four and 
eliminating q, r, we get two homogeneous cubic equations 
in X, fjL, V with nine common solutions. Three of these must 
be rejected, for the equations in X, fx, v arose from equating to 
zero the discriminants of two sets of three linear equations, 
two equations being the same in both sets. It is easy to see 
that there will be three values of X, /ut, r, which will make these 
two equations identical, yet will not correspond to solutions of 
all four equations. Six lines of the congruence lie in an 
arbitrary hyperplane. 


Theorem 57.] If a projective relation he established between 
the members of three linear congruences of 8p)heres with no 

♦ Cf. Castelnuovo, ^ Una congruenza di terzo ordine \ Atii del R. Istitutc 
VenetOj Series 6, vol. v, 1887. ♦ 
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common member y where no two of the congruences have more 
than one common member ^ and that one not set f -cor responding ^ 
then the circles orthogonal to corresponding triads of spheres 
will generate a congruence of the third order a nd sixth class* 


We shall call this the general congruence of the third order 
and sixth class. We may express such a congruence analy- 
tically in the form 


Pl^ij = I i = 0,..4. 


(39) 


The congruence is rational. If we connect A, /x, v by 
a homogeneous linear relation, we get a rational cubic series 
of circles. 


Theorem 58.] If a in^ojective relation he estaliished among 
the members of three coaocal systems of spheres ^ no two having 
a common 82 )herey nor are all three orthogonal to one same 
sphere^ the circles orthogonal to corresponding triads of spheres 
will generate a rational cubic series. Three circles of such 
a series will he in involution with an arbitram/ circle. 

A sphere {x) will be orthogonal to our circle (p) if 

- \ V ~ 4 

2 2 VjH^n = 0 - 

71 0 /f = 0 

If the coordinates (p) be homogeneous binary cubic forms, 
the resultant of these equations will be of the sixth degree 
in (x). 

Theorem 59.] A rational cubic series of circles will 
generate a surface of the tivelfth order whichy in cartesian 
space, has the circle at infinity as a sextuple curve. 

I^t the reader prove the following : 

Theorem 60.] The spheres orthogonal to pairs of adjacent 
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circles of a rational cubic series will generate a rational 
quartic series of spheres. The circles of curvature of the 
corresponding annular surface are in hi-involution with 
the ccn^responding circles of the cubic series, and will generate 
a rational sextic series. 

The rational cubic series of circles will appear in as 
a rational ruled surface of the third order, not lying in 
a hyperplane. If a hyperplane pass through a line which 
meets three generators of such a surface in three distinct 
points, this line will be a part of the cubic curve which the 
hyperplane cuts from the surface. If, further, the hyperplane 
include two of the generators meeting this line, the cubic 
curve must consist in these two generators and the line, hence 
all the generators meet this line. If three such skew gene- 
rators could not be found the surface would be a cone. This 
possibility is ruled out, as otherwise the congruence would bo 
composed of oo^ cones, an absurdity. 

Theorem 61.] The circles of a rational cubic series are all 
cospherical with one fixed circle. 

Reverting to our congruence, we see that two sets of 
parameter values for A, /x, r, which are essentially distinct, 
will be connected by just one linear relation ; hence 

Theorem 62.] Any two circles of the general congruence 
of the third order and sixth class will belong to just one 
rational cubic series of the congruence. 

The circles which determine our projective linear con- 
gruences of spheres do not belong to our given congruence. 
They have the coordinates 

P<lij = I Vk^ltm 1. P'qi/ = I VkH'tm l> P''plij' = I Vk^l'in" i- (^O) 

Vi = + 

Zi = lZi + mz{ 
h = Ui + tnt/ + 


We next write 
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If we replace {y) (z) (t) by (y) (z) (t) in (39) and (40) the 
coordinates of (j^) are unaltered in value, as are those of {q) 
and while (q) becomes any circle of a general congruence 
of the third order and sixth class which includes (q) {q') (g"). 
Any three circles of this congruence may be taken to replace 
(?) (?0 (?^ )• Gur new congruence is determined by a projec- 
tive relation among the linear congruences of spheres respec- 
tively including to {y) {y') {y"), {z) (z') (z'% and to (t) (t') {t"). 
The two congruences of circles bear a reciprocal relation to one 
another (analogous to that of the two systems of generators of 
a quadric) ; each shall be said to be conjugate to the other. 

Theorem 63.] There is associated with each general circle 
congruence of the third order and sixth class a conjugate 
congruence of like structure. Each congruence Is composed 
of circles orthogonal to the corresponding members of three 
projective linear congruences of spheres each orthogonal to an 
arbitrary circle of the other congruence^ the three not being 
members of one same rational cubic series. 

The last restriction amounts in the above case to the 
inequality 1^0. We see that otherwise {q) would belong to 
a rational cubic series with {q') and {q'f and = 0, It is 
thus a characteristic feature of three circles belonging to 
a rational cubic series that spheres oi’thogonal to them and 
to the same circle of the conjugate congruence are coaxal, 
the common circle which we shall presently find to be that 
appearing in 61]. Let us call this the directrix circle.* 

Let us take a cubic series of our congruence, and two circles 
of the conjugate congruence which are cospherical with the 
directrix circle. In we have a rational cubic series of 
lines, which meet a directrix line cZ, and two other lines I and 
Vy which also meet d. The lines of the first series will deter- 
mine projective pencils of hyperplanes through I and l\ 
Corresponding hyperplanes of these pencils intersect in planes 
through d (which lies in every hyperplane of each pencil) 

* Castelnuovo, Una congmen^a^ cit., calls the circles of the conjugate con- 
gruence directrix circles, while these are axial circles. 

K k 


170S 
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and the various lines of the series. If, now, be any lino 
of the cubic series of the second congruence which includes 
I and l\ it will intersect every plane which includes d' and 
a line of the first series, for the lines of the second series will 
determine with any line of the first a pencil of hyperplanes 
through the plane of the first line and d. 

Theorem 64.] Two conjugate general congruences of the 
third order and sixth class have the same congruence of 
directHx circles. 

Each circle of our congruence belongs to co^ cubic series 
and is cospherical with so many directrix circles. Each two 
belong to one such series and are cospherical with one same 
directrix circle. We shall prove presently that each two 
circles of the congruence are cospherical with but one directrix 
circle. Since a cubic series arises from a linear equation 
in the homogeneous variables A, /ut, r, each two of these series 
have a common circle, or each two directrix circles are 
cospherical with (at least) one common circle of the given 
congruence. 

We see that in the cubic hypersurface corresponding to 
the complex of spheres through our surface will meet a hyper- 
plane in a cubic surface which will usually be non-singular. 
This surface contains twenty-seven straight lines. Six of 
these are lines of the congruence in the hyperplane. We next 
notice that as each directrix lines meets a line of either con- 
gruence at each of its points, and through each point of a line 
of the congruence will pass one directrix line, the directrix 
lines generate the same hypersurface as the lines of either 
congruence. Hence of the twenty-seven straight lines six 
belong to either congruence, and constitute together a double 
six of Schlafli.* No two lines of the same double six intersect, 
but each line of one intersects four of the other. The remain- 
ing fifteen lines of the twenty-seven intersect the lines of each 
double six in pairs, and are the lines of the congruence of 
directrices which are determined by these pairs. This proves 

* ^The twenty-seven lines upon a surface of the third orderj, Quarterly 
Jouryial of Math, j vol. ii, 1868. 



xin 


ALGEBRAIC SYSTEMS 


515 


our statement that two circles of our congruence are co- 
spherical with but one same directrix circle. 

Theorem 65.] The congruence of directrix ciixles is of the 
third order and fifteenth class. 

There is one more type of algebraic congruence which is 
capable of complete and simple discussion. We ask this 
question, ‘What are the possible types of irreducible algebraic 
congruence of the first class'?’ We must lay stress on the 
fact that the congruence is supposed to be irreducible, as 
otherwise we might adjoin to any such congruence any 
number of congruences of cospherical circles. In the 
analogous question is this : ‘ What types of line congruence 
are there such that there are a series of lines in every hyper- 
plane which contains two lines of the congruence?’* Such 
a congruence will be dual to a congruence of planes whereof 
but one member goes through an arbitrary point. These will 
meet an arbitrary hyperplane in a congruence of lines of 
which but one passes through an arbitrary point. This 
congruence can have no focal surface but a focal curve, or else 
consist in concurrent lines. There are but four types of such 
congruence : f 

A) Concurrent lines. 

B) Lines meeting two skew lines. 

C) Secants to a cubic space curve. 

D) Lines intersecting a given line and a space curve of 
order n which meets the given line n—1 times. 

Working back to the congruence of planes we see that in 
the first case each two must be coaxal, i. e. all the planes go 
through one line. In each other case each plane is coaxal 

* Circle congruences of the first class have been studied by Fieri, ‘Sopra 
alcune congruenze di coniche*, Atti della R. Accademia delle Scienze di Torino, 
vol. xxviii, 1893. His work contains the vicious assumption that if but one 
circle goes through an arbitrary point it must be a congruence of the first 
class, without showing that the complex of null spheres might not be the 
complex of spheres such that the circles orthogonal to them fall together. 

f Cf. Kummer, ^ Ober algebraische Strahlensysteme *, Berliner Akademie, 
Ahhandlungen, 1866, pp. 8 If. 
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with 00 * others. There are thus oo' of these axes, and each is 
coplanar with one other in each plane of the system. Hence 
all the axes and all the planes pass through a point, or, in 
the original case, all the lines of the congruence are in a 
hyperplane. 

Theorem 66.] There are hut four types of irreducible 
algebraic congruence of the first class : 

A) Circles through two points. Order zero. 

B) Circles cosplierical with two distinct or adjacent non- 
cosplierical circles. Order one, 

C) Circles each containing two memJm'S of a rational cubic 
series of point-pairs anallagmatic in a given sphere. Order 
three. 

D) Circles which contain point-pairs of a series of order n 
anallagnmtw in a fixed sphere and point-pairs of a fixed 
circle containing 7i— 1 point-pairs in the series. Order n. 

Let us close our discussion of algebraic circle systems by 
exhibiting a transformation that is rather different from any 
that we have yet seen.* We saw frequently in the last chapter 
that if a circle be given orthogonal to a not null sphere, there 
is just one other circle orthogonal to that same sphere which 
is in bi-involution with it. This leads us to a new circle 
transformation as follows. We start with a fundamental not 
null circle (q) and transform each circle into the circle (p'), 
which is in bi-involution with it and orthogonal to the 
common orthogonal sphere to (p) and (q). If (jo) be deter- 
mined by the spheres {ai) and (y), 

I 

P'Pij i Vli Vl Vm 

I ^k<m) ^lin) 

= Plm % in) +2>mt in) +Vkl ipT- (41) 

Another way of stating this correspondence is to say that 
(p') is the circle which passes through the foci of {p) and is 


* See the Author’s Circle CrosSf cit., pp. 172 ff. 
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orthogonal to the sphere connecting these foci with those 
of (q). The transformation is involutory, and the only 
singular circles are those which are cospherical with (g). 
The most striking fact about the transformation is that it 
does not carry spheres to spheres, i.e. cospherical circles are 
not carried over into cospherical circles. Suppose, in fact, 
that we have the circle (p) determined by the spheres (x) 
and (y), and the circle (p) determined by (x) and (y). We 


find 


0 






0 

Vi 

yj 

Vk 

Vl 

2/m 




h 

Xi 

0 

If in 

Vi 

yj 

ilk 

Vl 

0 

0 

^hipq) 

^jim) 

^h(pq) 

illipq) il 

mipq) 

■mipq) ^k(pq) 

iijipi) 

^kipq) 

^lipq) 

0 


Assuming that (p) and (p) are cospherical so that 
iliipp) = 0, i = 0 ... 4, 


l -= 4 


KAp'P') = 2 

* ~ * [.PjJePmi PhiPmj PijPtitkli 

i,l^ \ 

+ 2 [%ipq)^kipq)-^hip<i)^j(p2)'] 

\.PmiPlin PmiPlm~\* 

This vanishes for all values of m and all pairs of cospherical 
circles where 

^iipq) = ^iipq)- 


Theorem 67.] The transformat ion which carries each circle 
not cospherical with a fundamental not null circle into the 
circle in hi-involution with it and orthogonal to the sphere 
orthogonal to the given and fundamental circle^ is single 
valued and involutory. It will carry cospherical circles into 
cospherical circles when, and only xvhen, they are orthogonal 
to the same sphere orthogo nal to the fundamental circle. 

It will be found that the relations of involution and bi- 
involution are not invariant, nor is the transformation usually 
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a contact transformation. Suppose that {p) traces a coaxal 
system including one cospherical with {q)^ we have 

= A Uij i,j=0... 4. 

When no member of the coaxal system is cospherical 
with (q) 

'Pij = + 2Xixbij + iJ.%-j, i,j = 0...4. 

All of these circles are orthogonal to the sphere traced by 
the coaxal circles. We need to impose three linear conditions 
upon a circle orthogonal to this sphere in order to make it 
cospherical with all circles of the system, hence : 

Theorem 68.] A coaxal system of circles including one 
member cospherical with the fundamental circle is transformed 
into another such coaxal system ; a coaxal system which in- 
cludes no member cospherical with the fiDidamental circles 
is transformed into one generation of a cy elide anallagmatic 
in the sphere generated by the coaxal system. 

It would be pleasant if the coaxal system cospherical and 
orthogonal to the given one transformed into the conjugate 
generation of the cyclide ; such is not, however, the case. We 
find the transforms of the circles of a sphere x^ = 0 (which, we 
may assume, bears no special relation to the fundamental 
circle) as follows, (p') will have (different from zero) only 
those coordinates which lack the subscript 4, for (^;) the only 
non-vanishing coordinates are those which do involve the 
subscript 4. We find also in the notation of the last chapter 
i'p'/q) = 0. 

Theorem 69.] The circles of a sphere not containing the 
fundamental circle non-orthogonal thereto are transfoimied 
into the circles orthogonal to that same sq)here and cospherical 
with that circle which is orthogonal to this sphere and meets 
in the same points as the fundamental circle. 

Consider the circles of the sphere CC4 = 0, which are ortho- 
gonal to x.^ — 0. The only coordinates which are not zero 
are and p^^. The transformed circles are found to 

generate a linear congruence. 
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Theorem 70.] The circles of a linear congruence on a 
sphere which does not contain the fundamental circle, and is 
not -orthogonal thereto, are transformed into those of a linear 
congruence orthogonal to the given sphere. 

Suppose that we have a bundle of circles through two 
points. Their foci will be any pair of points of the circle 
whose foci are the given points. 

Theorem 71.] The circles through two points not on the 
fundamental circle will transform into the circles through 
each pair of points on the circle with the given points as foci, 
and orthogonal in each case to the sp>here through the pair of 
2 )oints and the foci of the fundamental circle. 

Theorem 72.] The circles orthogonal to a 8])here which does 
not contain the fundamental circle are transformed into the 
circles through 2 )air 8 of 2 )oints of this sphere orthogonal in each 
case to the sphere through the pair of 2 yoint 8 ami the foci of the 
fundamental circle. 

Suppose that we have a fixed circle (r) and that { 2 ^) is 
cospherical therewith. The foci of {p>) and (r) are coney die, 
and conversely, if a pair of points be concyclic with the foci 
of {r) they are the foci of a circle cospherical with (?’). 
{p) transforms into a circle through the foci thereof and 
orthogonal to the sphere which connects them with the foci 
of {q). If we take any sphere through the foci of {q), the 
pairs of points thereon concyclic with the foci of (r) are 
mutually inverse in the sphere through (r) orthogonal to 
the given sphere. 

Theorem 73.] The circles cospherical ivith a circle ivhich is 
not cospherical with the fundamental circle transform into 
circles orthogonal to the spheres orthogonal to the fundamental 
circle at pairs of points which are mutually i nverse in the sphere 
through the given circle orthogonal to the sphere in question. 

When (r) and {q) are cospherical, every circle through the 
foci of (r) lies on a sphere through the foci of {q). 
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Theorem 74.] The circles cospherical with a circle which is 
cospherical ^vith the fundamental circle t7 ansform into circles 
in involution with the given circle^ and with the circle which 
contains the foci of the given and the fuKhdamental circle* 


It is superfluous to state that few parts of our subject offer 
better opportunities for further study than what we have 
taken up in the present chapter. There is much that has 
already been done in the line geometry of four dimensions 
which gives simple and interesting results in circle geometry, 
but which we have been forced to omit for lack of space. 
It seems certain that there is still a good deal left in the linear 
systems beside what we have taken up. The quadratic 
hypercomplex is an entirely undeveloped field ; no researches 
whatever seem to have been made there so far, and unless 
it belies entirely the reputation of the analogous quadratic 
line complex, there must be a large amount of treasure to 
be unearthed. Then a study of further congruences and com- 
plexes of low order and class would seem advisable. Lastly, 
the involutory transformation just described is after all of 
very special type. Is there not an interesting general theory 
of circle transformations which are not sphere transformations ? 
Truly, the harvest is ripe for the reaper. 



CHAPTER XIV 


ORIENTED CIRCLES IN SPACE 

§ 1. Fundamental Relations. 

We saw in Chapters X and XI what important changes 
were introduced into the geometry of circles in the plane and 
of spheres in space by orienting the figures, that is to say, by 
attaching a positive or negative sign to the radius. It is the 
purpose of the present chapter to study the oriented circle in 
space.* It will appear that the alterations introduced in this 
case are much less profound than before. The reason for 
this is that whereas formerly the non-oriented circle in the 
plane was treated as a point locus and the oriented one as an 
envelope, and the two had markedly distinct transformation 
groups, in the present case it seems impossible to treat the 
oriented circle in space fruitfully as other than a point locus 
and under the group of spherical transformations. 

We start with two points {x) and {x) of pentaspherical 
space. The circle with these as foci has the coordinates 

PPij = 

This circle will be null if 

^Pi/=-(xxf = 0. 

We next suppose that the circle has been oriented. This 
may be done for a real circle by attaching thereto a sense of 
description, or giving a sign to the radius, or, better still, by 

♦ About half of the results given in the present chapter were first worked 
out by Dr. David Barrow, and presented in his dissertation for the doctorate 
of philosophy in Harvard University in 1913. Many were subsequently 
published^n a short article, ‘ Oriented Circles in Space ’, Transactions American 
Math. Soc.f vol. xvi, 1915. 
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establishing an order between the two foci, calling one the 
first and the other the second^ this latter method holding 
even in the complex domain. We shall therefore define as 
an oriented circle in pentaspherical space a circle between 
whose foci there has been established a preference. When 
the r61es of the two foci have been interchanged, the resulting 
oriented circle is said to be the opposite of the original one. 
A null circle is its own opposite. An oriented circle shall 
have twenty-one homogeneous coordinates p^j p^ defined as 
follows : {p^^ shall be the coordinates of the circle not oriented. 
The first and second foci being (aj) and (x), 

PPij = XiXj-XjXi, P'P = {xx). (1) 


These twenty-six coordinates are connected by the sixteen 
relations 

1 -^ 4 

2>ji=-pij> = i = O..A, (2) 


Suppose, conversely, that we have twenty-six homogeneous 
coordinates, not all zero, which satisfy the equations (2). The 
circle, not oriented, is uniquely determined. The foci are 
found as follows. If {x) be the first focus, ( 0 ), (s), and {t) 
three points on the circles, we have 

{p:x) = {xz) = {xs) = {xt) = 0. 

/» = 4 

pXi = I Zj Sj^ ti I = 2 Pinin' 

/I — 0 


We have five homogeneous lineai* equations in {x) which 
are compatible if 

““P 2^02 1^03 1^04 

ViQ P\ 2 . Pn Pn 

P 20 P 2 I P 2 ^ P 2 A: ~ 

PZO PU P‘62 '~P P'64: 

2ho Ihl Pa2 P4‘6 '~~P 


Remembering our equation (2), 

P= ±^>• 
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If we substitute either of these values and find {x) from 
four of the five equations, we have an unsymmetrical result, 
A better plan consists in taking an arbitrary sphere (y\ 
multiplying the solution obtained by omitting the equation 
corresponding to subscript h by 2 /^, and summing, 

Vi Pi) Vik Pil Piin 

yj -P Pjh Pjl Pjm . ^ 

= Vk PhJ -P Pkl Pkm - p' = p'- 
Vl Plj Pile ““P Plm 
y m Pinj Pnik Pnil P 

If we reintroduce a symbol already used in the last chapter, 

/» “ I 

^ ^ PinPjtn 

- ,1 ~ 0 

WO find for the first and second foci respectively 

j = 1 

= 2 ippij - Vj • ( 3 ) 

7 = 0 

'^{pPij+Pij)yj- 

These formulae enable us to write at once the formula for 
paratactic circles, XIII. (15) 

/«. = 4 n — A /I 1 It = 4 

P ^'^ Pin^in P Pin ^ in PP PinPin J in^ in — 

0 /? = 0 ,t ~ 0 ,1. = 0 

( 4 ) 

n — A = 4 n — A n = A 

P ^^dPin^ in P Pin ^in ~ PP -2 Pin Pin ^ in^in ~ 

/i~ 0 It =0 ti =: 0 tt - 0 

i = 0 ... 4, 

When the first equation prevails, the circles shall be said 
to be* properly paratactic ; in the other case, improperly so. 
Propef parataxy occurs when the first foci are on an isotropic, 
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and the second foci on another skew to the first. In the case 
of improper parataxy each first focus is on an isotropic with 
the second focus of the other circle. We find for the angle of 
two circles from XII. (12) 


. e 

sin- = 


2pq 


Note that the angle of properly tangent circles is zero. 

Suppose now that we have a linear transformation of our 
homogeneous coordinates which leaves invariant our identities 
(2). Let us show that it must be a spherical transformation or 
such a transformation followed by reversal of orientation. 
We first ask, ‘ When will a linear combination of the coordi- 
nates of two oriented circles give the coordinates of another 
circle ? ’ Let us write 


Pij = A = Ary -h fxr, l,j z= 0 ... h 

Substituting in the identities (2) we see that the circles 
(q) and (r) must be cospherical and, if their common sphere 
be not null, they must be properly tangent. If the common 
sphere be null, the last condition is satisfied automatically 
for two oriented circles with the same first or second focus. 
Now a system of circles whereof each two are properly 
tangent could not depend upon more than two parameters 
at most, while the circles with a given first or second focus 
depend on three parameters. Hence a system of circles with 
a given first or second focus will go into another such system ; 
hence properly tangent circles on a not null sphere will go 
into other such circles. 

If two not null circles be cospherical they will be properly 
tangent to an infinite number of common circles. Conversely, 
when this is the case for two not null circles (in cartesian 
space), every point on the line of intersection of their planes 
must have the same power with regard to the two. Hence 
this line meets them in the same two points, and the circles 
are cospherical. Cospherical circles will, then, go into co- 
spherical circles, or a sphere goes into a sphere, and since 
none but a null sphere contains two sets of oo^ oriented 
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circles with a common first or second focus, a null sphere goes 
into a null sphere. A null and a not null sphere will have but 
one 'common oriented circle when, and only when, the vertex 
of the null sphere is on the not null one. Hence points 
of a sphere go into points of a sphere, and we have either 
a spherical transformation or such a transformation joined 
with a reversal of orientation. 

It is worth while looking a bit more closely at this question 
of linear dependence. Let us write 

= Aa - -f -f vc-j -f - pdij + a - ; 

p = \a-\- ixh = 0 ... 4. 

We then substitute in the equations 

12„ ipp) = ilj {2y}->) = ilg {pp) = ^Pr^+iy^ = 0. 

There are usually sixteen different solutions for A : /x : r : p : a-. 

The equations 

^^0 ( pp) = i'pp) = i>34 = ^Pif = 0 

have eight independent solutions, whereof two are solutions of 

~ “ P;i4 — 

The remainder are solutions of 

^2 iVP) = 

There are thus six solutions for the equations 

^KiPP) = {pp) = ^\{PP) = Pm = '^Pif-^P'^ = 0 . 

The remainder of our sixteen solutions will solve all the 
equations (2). 

Theorem 1.] The totality of oriented circles of penta- 
spherical space may he into one to one correspondence 
with that of the ]X)ints of a six-dimensional manifold of the 
tenth order space of ten dimensions. 

Theorem 2.] A necessary and sufficient condition that the 
coordinates of three distinct oriented circles should he linearly 
dependent is that they should he properly tangent, or else that 
they should have a common first or second focus. 
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Theoroni 3.] A necessm'y and sufficient condition that the 
coordinates of four distinct oriented circles should he linearly 
dependent is that all should be properly tangent to* one 
another, or else that all should have a common first {second) 
focus, while their second {first) foci lie on one same sphere 
through the co'trvmon focus. 

Theorem 4.] The necessary and suffikient condition that 
the coordinMes of five distinct oriented circles should be 
linearly dependent, while no four are dep)endent, is that they 
should have a common first {second) focus, while their second 
{first) foci do not lie on a sphere through the common focus. 

Theorem 5.] The contains two systems of straight 
lines. QO^ lines of the first, and two subsystems each of 
lines of the second, pass through each p)oint thereof 

Theorem 6.] The contains a first system o/’oo^' 
and a second system of The only lines of the 

vjhich lie in planes of the first system are lines of the first 
system, and the same is thus of lines and planes of the second 
system. Each point of the variety lies in oc^ planes of the 
first system, and 2(xA of the second. 

Theorem 7.] The 8^^ contains two systems of three-ivay 
linear spreads. Ttco spreads of the same system have no 
common point, Uvo of different systems have one common 
point. Through each point of the variety will pass one three- 
way spread of each system. The only lines and planes of the 
vaidety lying in these spreads belong to the second system of 
lines and planes. 


§ 2. Linear Systems. 

It is natural for us next to take up linear systems of 
oriented circles. We shall define hyp>er complexes, hypercon- 
gruences, complexes, congruences, and series of oriented circles 
exactly as was done for non-oriented circles. We begin with 
the linear hypercomplex. This is given by an equation of 
the type 


0 . 


(5) 
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The hypercomplex shall be said to be general if 

i = 4 j = 4 

; = 0 4=0 

Theorem 8.] Ten oi^nted circles will belong to one and^ in 
general^ only one linear hyper complex. 

Theorem 9.] The totality of oriented circles making a fixed 
angle with a given not null oriented circle will belong to 
a linear hypevcomplex. 

If in the equation of a linear hypercomplex such as (5) the 
coefficient a be equal to zero, the hypercomplex is said to be 
reduced. Each general linear hypercomplex is associated with 
a reduced hypercomplex : the two have the same null circles. 

Theorem 10.] If a linear hypercomplex contain a single 
pair of opposite circles which are distinct from one another^ it 
contains the opposite of each of its circles and is reduced. 

We shall define as the central sphere of a general linear 
hypercomplex that of the corresponding reduced hypercomplex ; 
the coordinates of this will be 

pZi = 0.1 (au). 

Substituting in (5) for (p) its value from (1), 

2 (tijXiXj + a(xx) = 0, ((j.. = -«,y. 

1,^=0 

If (y) be any sphere through the circle, we may put 

y. = + 

(xy) = fi{xx). 

2 = 0. 

If, thus, (y) be fixed, (x) will trace a sphere. The corre- 
sponding oriented circles will trace a linear congruence of the 
type discussed in Ch. X. 
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Theorem 11.] The oriented circles of a linear hyperconvplex 
which lie on a not null sphere in general position trace a 
linear congruence. 

With regard to the words ‘ in general position * we see 
that if 

i = 0 

there is no exception. When (y) is the central sphere, 

a (xy) = 0 . 

Theorem 12.] A general linear hypercomplex ivhich is not 
reduced will umcdly share with evemj not null sphere a linear 
congruence. In the case of the central sphere this is the 
congmtence of null circles. 

Let us write 

Xjf x{ 

Pi j ^ /; • 

I 

The equation of our hypercomplex is 


1 «// «/.' 

2 0 {x'r) {x's) 


II 

to 

O 

i H »'■/ V - 

1 (sx^) (sr) 0 1 


(r) and (s) being fixed points ; {x') traces some form of cyclide. 
Let us show that it is a Dupin cyclide. The equation may 
be written 

{bx'f — (ra') {sx') = 0 , 

with the conditions 

(br) = (bs) = (?’r) = (.s«) = 0. 

It is the envelope of the conic series of spheres 

yi = th'i + 2tbi + 8i. 

Putting (yy) = 0 we get = 0, showing that we have 
a Dupin series. 
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Tbeorein 13.} The oriented circles of a linear hypercom- 
plex through two points generate a Dupin series. 

We may find a canonical form for the equation of the 
linear hypercomplex exactly as we did in the last chapter, 
getting 

«oi Poi + a23^23 + ap = 0 . ( 6 ) 

Theorem 14.] The locus of the oriented' circles, the sines of 
whose half angles with the two oriented circles of a cross are 
connected by a linear relation, is a general linear hypercomplex 
and, conversely, every general linear hypercomplex may he 
described in 'this %cay. The cross is the axial cross of the 
corresponding reduced hypercomplex. 

Theorem 15.] The sines of the half angles of each circle of 
a linecir hypercomplex %vith any two properly oriented circles 
orthogonal to the central sphere, and mutually polar in the 
corresponding reduced linear complex of circles orthogonal to 
this sphere^ are connected by a linear relation. 

We pass to the figure next below, the linear hypercon- 
gruence, given by two equations of the type 

^ Tij + 2 hj Pij ■\-hp= 0 . (r) 

The oriented circles of the hypcrcongruence are common to 
all hypercomplexes of the pencil 

% - C = X(i-\-gb, i,j = 0 ... 4. 

Theorem 16.] In a pencil of linear hypercomplexes there is 
always one reduced complex. If there be more than one such, 
all hypercomplexes of the pencil are reduced, and the corre- 
sponding linear hypercongruence contains the opposite of each 
of its circles. 

Theorem 17.] If t%co hypercomplexes of a pencil corre- 
spond to different reduced hypercomplexes, yet have the same 
central sphere, this is the central sphere for every hypercomplex 
of their pencil, and the co7'resp>ondlng linear hyper congruence 

L 1 


1702 
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consists in tJie totality of oriented circles making fixed angles 
with hvo distinct or adjacent circles orthogonal to this sphere. 
When one or hath of these fixed circles are null^ the circles of 
the hypercongruence are invarva.ntly related to them. 

Theorem 18.] The oriented circles of a linear hypereon- 
gi'uence lying on a not null sphere^ which is not a central 
sphere for the corresponding pencil of linear hypercomplexes, 
are properly tangent to hvo distinct or adjacent oriented circles 
thereof 

Theorem 19.] Through two arbitrary points there will ^xiss 
just two oriented circles of a linear hypercongruence. 

This theorem will suffer exceptions for special positions 
of the points, but we shall not take the time to determine 
them. We pass rather to the linear complex given by three 
equations of the type 

+ 0 , 

2b.jp-j-tbp=^0, ( 8 ) 

The circles of the complex are common to the hyper- 
complexes of a net linearly dependent on three of their 
number which do not belong to a pencil. 

Theorem 20.] If three linear hypercomplexes not belonging 
to a pencil, nor corresponding to reduced hypercom2)lexe8 of 
a pencil, have the same central sphere, that is, the central 
sphere for every linear hypercomplex of their net, and the 
corresponding linear complex of oriented circles consists in 
those making fixed angles with each circle of one generation 
of a cyclide anallagmatic in the fixed spdiere. 

The phrasing of this theorem must be slightly varied when 
the fixed sphere is null or when the fixed circles are. The 
linear complex shall be said to be general when no two 
hypercomplexes of the net have the same central sphere. The 
null circles of the linear complex are those of the complex 
determined by the coiTesponding I’educed hypercomplexes. 
We thus get from XIII. 40] 
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Theorem 21.] The null circles of a general linear complex 
are those common to sets of three mutually tangent central 
sphe'^es. 

Consider the circles of our complex which are orthogonal 
to = 0, which we may assume is not a central sphere. 
They have seven homogeneous coordinates connected by three 
linear and two quadratic equations. 

If we adjoin one more quadratic equation, to make our 
circle intersect a chosen circle, we have eight solutions : 

Theorem 22.] The circles of a linear complex orthogonal 
to an arbitrary not null sphere generate a surface of the 
eighth order which^ in cartesian space^ has the circle at infinity 
a quadruple curve. 

Let us require (a;), the first focus of our oriented circle, to lie 
on a sphere {z). We get from (3) 

P Pij^iyi 

) = 0 /, ./ = 0 

There will bo eight solutions common to this and to the 
equations above. Of these, four must be rejected as extraneous, 
for this equation is equally well satisfied if the first focus lie 
on {z) or the second lie on (?/). 

Theorem 23.] The first foci of the circles of a general linear 
complex ichich are orthogonal to an arbitrary not null sphere 
generate a cyclic, the second foci generate a second cyclic. 

The linear congruence will be given by four equations of 
the type 

^aijpij + ap = 0 , 

+ = 0 , ( 9 ^ 

^CjjPij+(‘P = 0, 

+ = 0- 

If wo put 

* e-j = \a .j + n hjj + V c-j + p j , 

L 1 3 
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and write the equations 

(ee) = 0, i = 0 ... 4, 

we know from XIII. 41] that there are five solutions corre- 
sponding to the circles of a pentacycle. We shall say that 
the congruence is general when this pentacycle exists and 
none of its circles are null. Each circle of the pentacycle 
can be oriented either way, hence 

Theorem 24.] The general linear congruence of oriented 
circles may he described in thirty-hvo ways by an oHented 
circle making an assigned angle with each oriented circle of 
a pentacycle. 

Theorem 25.] The linear congruence of oriented circles is 
of the fourth class. 

Let us find the locus of the first foci of the oriented circles 
of our linear congruence. Let us determine our congruence 
by two circles of the pentacycle, and three other linear hyper- 
complexes. By a linear combination of the equations connected 
with the two circles we get a reduced hypercomplex whose 
equation can be written 

I xxr s t I + I iT r' s' r I = A + A' = 0. 

The other three linear hypercomplexes may be written 

?, J = 4 

2 (tijX,iXj + a{xx} = 0, 

<1 J ~ 

v,.;-=4 

2 h;^'i^j + b{xx) = 0, 

- 4 

2 % = 0, (««) = o._ 

; - 0 
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Looked upon as live linear equations in (a;), these will be 
consistent if 


SA J>A' 

< 

<1 


^ x^ ^ x^ 

Xq ... 

... 

i = 4 

+ • • • 

y = 4 

. . . '^a^^x^ + a^x^ 

i = 0 

l Z 0 

; 4 

y = 1 

"1" 

• • • 2^i4^i + ^4^'4 

; = 0 

1 =0 

1 s; 

/ = 4 



4 = 0 

6 = 0 


Expanding in terms of the first row and remembering the 
identities 

S J = 1 J = 4 

2 (C^j^iXj + a(xx) — 2 f^ij^iXj i^b(xx) 

/,j = 0 

I , ^ 4 

= 2 C.fjX^Xj + V {xx) = 0, 
h J == 0 

we get the equation of our surface 

(xx) 0 0 0 (xx) 0 0 0 

(rx) (dx) (ex) (fx) (r'x) (d'x) (ex) (fx) _ 

(sx) (gx) (hx) (lex) ^ I (s'aj) (g'x) (Jtx) (k'x) ^ 

(tx) (lx) (mx) (nx) i (fx) (Vx) (m'x) {}\fx) 

Theorem 26.] The first (secoml) foci of the oriented circles 
of a general linear congruence generate a surface of the sixth 
order which, in cartesian spetee, has the circle at infinity as 
a triple curve. 
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The last linear figure to consider is the lineai' series given 
by five equations of the type 

'2,ajjPij + ap = 0 , 

^hjPi] + k> = 0 . 

^CijPij+<^P = ( 10 ) 

^d^jPij + d'p=0, 

'^^ijPij + ^P = 0 - 

We know from (1) that there are usually ten equations 
derived linearly from those whose coefficients satisfy the 
identities (2). When ten such distinct circles can indeed be 
found and none are null we shall say that our series is 
general. The figure of these ten oriented circles shall be 
called a dekacyde. 

Theorem 27.] The general linear series of oriented cirdes 
is composed of the totality of such cirdes as make null angles 
taith all orioded cirdes of a dekacycle. 

We may, in an infinite number of ways, find an oriented 
circle all of whose coordinates but the last are linearly 
dependent on The circles, unoriented, generate 

a linear series. 

Theorem 28,] The oriented cirdes of a goteral Umar series 
make fioced angles icith all not null circles of a series which ^ 
when not oriented^ is linear. 

Theorem 29.] If a system of oriented circles make fixed 
angles with Jive oriented circles whose coordinates are li nearly 
independent, they make fixed angles tvith Jive other oriented 
circles which complete a dekacycle %vith the first jive. 

We next write the equations 

<lij = M hj + " % + P dij + O- Ci j , 

^ a h c d e 

+ 0 - 
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We get a new dekacycle. If (q) be an oriented circle thereof 
we have 

+ = 0 , 

when {})) belongs to our linear series. 

Theorem 30.] A dekacycle may he found whose ten oriented 
circles make any chosen angle other than an even integral 
multifile of tt, with every oriented circle of a general linear 
series. 

The condition that two circles should intersect is quadratic 
in the coordinates of each ; hence 

Theorem 31.] The oriented circles of a linear series will 
generate a surface of the twentieth order ivhich^ in cartesian 
spaccy has the circle at injinity as a tenfold curve. 

Theorem 32.] There are ten null circles in a linear series. 

The condition that the first focus of an oriented circle 
should lie on a preassigned sphere is quadratic in the coordi- 
nates of the circle ; it contains, however, extraneous elements 
which vanish when the second focus lies on another sphere. 

Theorem 33.] The locus of the first {second) foci of the 
oriented circles of a linear series is a curve of the tenth order. 

§ 3. The Laguerre method for representing 
Imaginary Points. 

One of the most important applications of the study of 
oriented circles in space is to the representation of imaginary 
points. The idea goes back to Laguerre.* We represent each 
real point of pentaspherical space by itself, i.e. by the totality 
of null circles having that point as vertex ; each imaginary 
point is represented by the real oriented circle whereof it 
is the first focus. Conjugate imaginary points are thus 

* ‘ Siir I’cniploi dcs iniaginaires dans la geometrio de Pespace Nouvelles 
Annales de Math., Scries 2, vol. xi, 1872. See also Molenbroch, ^Sur la repre- 
sentation g^ometriqne des points imaginaires dans I’espace’, ibid., Series 3, 
vol. X, 18^1. The correct spelling of this author’s name seems to be Molen- 
brook. 
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represented by opposite oriented circles. Analytically, let us 
write 

p^o p^i = 

px^ = = 27/^, px^ = 2zt. 

i^= -1; (11) 

the conjugate imaginary point, which we shall call (^), will be 
obtained by replacing Xy y, 0 , t by their conjugate imaginary 
values, and x^ will be replaced by their conjugate 

imaginary values, while will be replaced by the conjugate 
imaginary multiple of j. 

Theorem 34.] There is a perfect one to one correspondence 
between the totality of all complex points of pentaspherical 
space and that of all real oriented circles of the same space, 
ivith the exception that all null circles with the sanle real 
vertex represent that vertex. 

The simplest system of points in complex pentaspherical 
space which depend on a single real parameter is the chain. 
This figure we have already met on p. 202, and defined as the 
totality of points on a circle such that the cross ratio of any 
four is real ; the definition was there given only for the tetra- 
cyclic plane, but may be extended to pentaspherical space, 
as we see by noticing that the definition of cross ratio there 
given by means of the angles of circles orthogonal to the 
given circle may be included in a larger definition based on 
the angles of spheres orthogonal to a given circle. If the 
circle whereon lies the chain be not null, we easily find a 
spherical transformation to carry three points of the chain 
into three real points. The chain is thus carried into the real 
domain of a not null circle. In any case it is clear that three 
points of a chain may be taken entirely at random (when on 
a null circle they must be on the same isotropic), and that the 
chain is then completely determined. 

The importance of the chain appears very clearly in con- 
nexion with the Gauss representation of the complex binary 
domain. To begin with, we should notice that the Gauss 
representation is very closely allied to our present represen- 
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tafcion. For if we take the point x-^-iy as the first focus of 
a real oriented circle, the intersections of this circle with the 
Gauss plane are {x, y) and {x, —y)- If four values of the 
complex variable x-^-iy have a real cross ratio, the points 
representing them in the Gauss plane are on a real circle, and 
vice versa, so that a chain is represented in the Gauss plane 
by a circle. The corresponding circles in our present system 
generate a sphere or an anchor ring. 

If two points of a chain be (a) and (y), while the sphere 
through them is (/i), we see from IV. (8) that every chain on 
this circle connecting (a) and (y) may be expressed para- 
metrically in the form 

pXi = + + 

where t is real. For the conjugate imaginary chain 

0Xi = t^ai + t^i + yi. 

If (x') be a point of the circle whose foci are (x) and (x) 

(xx) = {xx') = 0. 

Eliminating 

{oix') (13 x') (ya/) 0 

0 (ax') (I3x) (yx') _ 

(OCX') i$x') (yx') 0 

0 (oLx') {^x') (yx') 

Theorem 35]. The yetteral chain on a not null circle is 
represented hy oriented circles (jenerating a surface of the 
eighth order. 

This surface will be notably simplified in certain cases. 
If (a) and (y) be real points we could remove the factors (olx')^ 
{yxf from (12), leaving a quadratic equation, i.e. a cyclide, 
with these points as conical and transformed into itself by 
2 qo’ inversions, i.e. a Dupin cyclide. 

Again, suppose that we have a chain possessing no real 
points yet lying on a real circle. If (a) and (y) be two 
real points of our circle, we may write our chain in the form 
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A point (x') on the corresponding oriented circle will have 
coordinates which satisfy the equations 



Eliminating in turn (yx') and (ax') 


On clearing of fractions we find that the coefficients of (a a;') 
and (yx') are the same. 

[ A„ (a*') + (/3a;')] f + [Ai(aa;') + {^x')] t 

+ [A,{ax')+B,{Hx')]^0. 

[A,(yx') + B.'ifix')] e + [A, (yx') + B'{lix')]t 

+ [A^(yx') + B,^' (fix^)] = 0. 


A„{ax') + B^{lix') Ai(ax') + B^{fix') A^{ax')+B^{fix') 0 

0 A^{ax') + B„(Ax') A^{a’Jlf) + B^{^x') A.^(ax') + B^{i3x') 

A^(yx') +£o'(;8a;') Ai(ya;') + £/(^a;') A^{yx’)-yB^(0) 0 

0 Afl iyx') + B^'i^x') Aj (yx') + B^ijix') A^{yx') + B^{^x^) 


It is easy to see that the second and third columns may be 
freed from the terms (aa;'), {yx')y so that the factor {^x'f may 
be struck off. We have left a cyclide which, as before, we see 
is a cyclide of Dupin. If the chain lie on a self-conjugate 
imaginary circle it may be put into the form 



The transformations to be effected in this case are almost 
exactly like those in the preceding one, and lead to a like 
result. 


Theorem 36.] Every chain which is not self-conjugate 
imaginary y hut contains two real points^ or lies on a real or 
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self-conjugate imaginary circle^ will he represented by oriented 
circles generating a Dnpin cyclide. 

A self-conjugate imaginary chain is still easier. Here we 
have 

pXi = + + 

Equation (12) becomes 

To decide between the two factors we have but to notice 
that all points of the circle {oix) = {olx') = 0 lie on the surface, 
yet for such points the second factor will not usually vanish. 
Hence the surface, which is irreducible, is given by the first 
factor. 

Theorem 37.] The points of a self-conjugate imaginary 
chain will he represented by coaxal oriented circles. 

The chains which lie on null circles, i.e. in isotropies, are 
much simpler. Here we have, in general, 

p^i = + p^i = + 

iyx') (oc'x') — (yx') {ax') = 0. 

Theorem 38.] The points of a chain in general position on 
a null circle with an imaginary vertex are represented by 
properly 2^ar atactic generators of a cyclide; when the vertex of 
the circle is real, the points are represented by properly tangent 
oriented circles generating a limiting form of a Dnpin 
cyclide when two conical points fall together. 

Let the reader prove 

Theorem 39.] The poitds of a chain including one real 
point and lying on a null circle will be represented by properly 
tangent orie nted circles forming a coaxal system. 

It is time to take up S 3 \steins of points depending analy- 
tically upon two real parameters. An analytic curve of 
complex space will be an example of such a system, though 
a peculiar example, as we shall see presently. Suppose that 
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a point traces a non-minimal curve, i.e, such a curve that 
there is not a tangent isotropic at every point. At each 
non-singular point of the curve where there is no tangent 
isotropic, each point in general position, there is a not null 
osculating circle. Conversely, suppose that we have a system 
of points in complex space (which we may assume to be 
cartesian, and in the finite domain) depending on two real 
parameters, and that the circle connecting a point in general 
position with two infinitely near points of the variety 
approaches one definite limiting position as the two points 
approach the original one in any way in the variety. At 
each general point in the variety there will be a definite 
tangent, and there will likewise be a tangent at each point 
in the projection of the variety on an arbitrary plane. The 
projection is thus a curve ; hence the variety is the total or 
partial intersection of two cones, and so a curve. Suppose, 
then, that we take a point P of the variety in general position 
while P' and P" are adjacent points of the variety. The con- 
jugate imaginary points shall be P, P\ and P'^ The circle 
through P, P', P" shall have Pj and as first and second foci 
respectively, that through P, P\ P" will have the conjugate 
imaginary points as foci. The three real oriented circles 
whose first foci are P, P', P" will be properly paratactic or 
tangent to the two real circles whose first foci are and 
These latter two are the only two real circles properly para- 
tactic to the three real oriented circles with the first foci 
P, P', P^\ and, if the two circles tend to approach definite 
limiting positions, the circle through P, P'^ P" approaches 
a definite limiting position. 

Theorem 40.] A necessary and sufficient condition that the 
oriented circles of a congruence should represent the points of 
an analytic non-minimal curve is that the two real oriented 
circles properly pKi'^^atactic or taiajent to a real circle of the 
congruence in general position^ and to two adjacent circles 
thereof y should tend to approach definite limiting 2 X>sitio 7 is no 
matter how the latter two circles tend to approach the circle in 
general position as a common limit . 
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The words ‘ in general position ’ mean that the circle 
PP'P" is not null, and the circles with the first foci P, P\ P" 
do* not behave in the manner presently described. The state 
of affairs is somewhat different in the case of a minimal curve. 
The osculating circle is hero an isotropic counted twice, and 
has QO^ foci. Infinitely near circles of the congruence tend to 
become paratactic, and to be cut twice orthogonally by oo^ 
generators of a cyclide, or else, perhaps, -they tend to become 
properly tangent. This latter case would arise could we find 
such a minimal curve that the tangent isotropic at each point, 
and the tangent isotropic to the conjugate curve at the con- 
jugate imaginary point, always intersected. Let us show that 
there can be no such curve except an isotropic. Suppose, in 
fact, that we had a curve of this sort in cartesian space. The 
isotropic tangent lines at the conjugate imaginary points P 
and intersect, and so lie in a real plane, and PP is a real 
line. There are qo‘^ of these real lines depending analytically 
on two parameters, and each intersects all lines of the system 
infinitely near to it. Hence each two lines of the system 
intersect, and all lie in a plane or pass through a point. If 
the lines lay in a plane the minimal curves would be plane 
curves, i.e. isotropies, an excluded case. Hence the real lines 
and planes pass through a real point. But the real lines 
project the complex minimal curves, and we cannot have an 
analytic curve which intersects every real line through a point 
unless at that point. 

Theorem 41.] A necessary and sufficient condition that 
the real oriented circles of a congruence should represent the 
^yoints of a minimal curve not an isotropic is that the circles 
cutting twice orthogonally a circle of the congruence in 
general position and neighbouring circles thereof should 
approach as limiting positions the paratactic generators of 
a definite cyclide^ as the neighbouring circles approach indefi- 
nitely near to the circle in general pos'ition^ or else appy^oach 
p)roperly tangent oriented circles of a coaxal system. 

The simplest congruence of this sort will arise when we 
undertake to represent the points of an isotropic. 
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Theorem 42.] The i^ointe of an isotropic tvhich does not 
intersect its conjugate imaginary will he represented hy the 
totality of oriented circles properly par atactic to two propeHy 
jmratactic oriented circles. 

The only exception to theorem 4l] is 

Theorem 43.] The points of an isotropic which intersects its 
conjugate imaginary will he represented hy the congruence of 
real oriented circles properly tangent at a real point. 

All circles of the congruence representing the points of an 
isotropic skew to its conjugate are cospherical with these two 
isotropies looked upon as null circles ; hence, by XIII. 66] 

Theorem 44.] The congruence of oriented circles whose 
real memhers represent ilie points of an isotropic skew to its 
co njugate is of the first order and class. 

We pass from the isoti'opic at once to a null circle. 

Theorem 45.] The points of a null circle with a real 
vertex will he represented hy the totedity of real oriented circles 
properly or improperly tangent to one another at a fixed 
point. 

Theorem 46.] The points of a real circle will he represented 
hy the congruence of real oriented circles in hi-involution 
therewith. 

Theorem 47.] The points of a self-conjugate imaginary 
circle will he represented hy the totality of real oriented circles 
through two real points. 

We get from VIII. 27] 

Theorem 48.] The points of a complex circle lying on 
a real sphere will he represented hy real oriented circles 
orthogonal to this sphere and connecting in a definite order 
pairs of points which correspond in a real indirect circular 
transformation on the sphere. 

If we undertake to represent the general complex circle, 
we see that each representing circle is properly paratactic to 
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the real circle whose first focus is the first focus of the given 
circle, while its second focus is the conjugate imaginary first 
focus of the conjugate imaginary circle. It will also be 
properly paratactic to a second real oriented circle whose first 
and second foci are the second foci of the given circles. 

Theorem 49.] The points of a general complex circle will 
he represented hy the totality of real oriented circles p)roperly 
paratactic or tangent to two real non-par atactic oriented 
circles. When the given oriented circle lies on a self conjugate 
imaginary sphere the representing circles are invariant in 
a real direct involutory spherical transformatio)b. 

This congruence of circles is surely of the second class, for 
two of its circles will be orthogonal to each real or self- 
conjugate imaginary sphere. To find the order we notice 
that the number of circles of the congruence whose coordi- 
nates satisfy the equations = P^^ = 9 will be the sum of 
the order and class, for every circle whose coordinates do 
satisfy these equations is either orthogonal to Xq = 0 or 
cospherical with the circle whose foci are (0, 0, 0, l,i). Analyti- 
cally we write 

= (r + sifa,^ + (r + si) ; x^ = {r-- si)^ + (r - si) + y,. . 

We see that these values substituted in the two equations 
above will give two cartesian cyclides in the (r, s) plane 
whose infinite intersections are unacceptable; hence 

Theorem 50.] The points of a general complex circle will 
he represented hy the real oriented circles of a congruence of 
the sixth order and second class. 

Theorem 51.] The points of a real sphere will he repre- 
sented hy the totality of real oriented circles orthogonal 
thereto. 

Theorem 52.]' The points of a self-conjugate imaginary 
not nail sphere will he represented hy the totality of invaHant 
real oHented circles in an involutory direct spherical trans- 
formation. 
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It is to be noted that in cartesian space we may describe 
these as the oriented circles with regard to which a real 
point has a real negative power. The general complex sphere 
is somewhat harder to grasp. It meets the conjugate imaginary 
sphere in a circle which is either real, or self-conjugate 
imaginary. Let us first suppose that the circle is real. We 
pick out a real point thereon and take all real circles through 
that point. Our imaginary sphere will be determined by an 
elliptic involution among the spheres through the first circle, 
and these will determine an elliptic involution among the 
points on each circle through the fixed point. Take two 
pairs of such a point involution, and through each pass 
a sphere oi*thogonal to the real circle whereon lie the pairs. 
The real circle common to these spheres, when properly 
oriented, will represent the imaginary intersection of the real 
circle bearing the pairs, with the given imaginary sphere. 
This construction fails when the circle is not real, and we 
are compelled to fall back upon the construction of a sphere 
by means of an isotropic gliding along three skew isotropies. 

Theorem 53.] The 2^ints of a general complex sphere will 
he re2yre8ented hy the real hy2)ercoagriience of oriented circles 
lyroperly paratactic to sets of three jyy'operly paratactic oriented 
circles, each circle of the three being properly 2y(^f^catactic to hvo 
given jyroperly lyaratactic circles. 

Theorem 54.] Tvjo adented circles of the hypyer congruence 
whose real members represent the points of a compilex s2Jhere 
will pass through two arbitrai'y 2^oints in 82yace, 

Theorem 55.] The real oriented circles which represent the 
totality of points of a null sphere with real vertex will be 
the totality passing through a real 2^oint. 


Theorem 56.] The oriented circles re2yresenting the 2^y^ds 
of a null sphere with a comiHex vertex will he the assemblage 
of cdl circles lyroperly paralactix or tangent to a real circle. 
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The subject of oriented circles in space certainly seems to 
offer quite as attractive a field for further study as does that 
of non-oriented circles. There are certain important points 
which should be cleared up as soon as possible. What is the 
focal surface of the linear congruence ? How do the circles 
of a dekacycle lie with regard to one another, and how is 
a dekacycle constructed when five of its members are known ? 
What are the fundamental properties of the general quadratic 
hypercomplex? Last, but not least, this method of repre- 
senting imaginaries should be pushed much further than it 
has ever been before, either here or elsewhere. 
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CHAPTER XV 


DIFFERENTIAL GEOMETRY OF CIRCLE SYSTEMS 
§ 1. Differential Geometry of Sg^ 

In this concluding chapter we propose to take up at length 
the differential geometry of systems of non-oriented circles in 
space. We begin with a study of the infinitesimal geometry 
of that point variety in higher space which represents the 
totality of all pentaspherical circles. We saw in Ch. XIII, in 
dealing with the pentacycle, that if we put 

Pji “ Pij — ^ "f” “f" j 0 , , , 4, 

there are five solutions for the five dependent equations 

^ = 0... 4. 

Theorem 1.] Tice totality of circles of j^entasphericxd space 
can he put into one to one correspondence %vith that of all 
points of an Sf in 

A necessary and sufficient condition that a linear combina- 
tion of the coordinates of two given circles should always be 
the coordinates of some circle is that the two should be 
cospherical. The coordinates of three coaxal circles are 
linearly dependent, and linear dependence is also a suflScient 
condition that the circles should be coaxal. Four circles 
have lineally dependent coordinates, each three being in- 
dependent when, and only when, the circles pass through 
a point-pair, or lie on a sphere, and are orthogonal to a circle. 
The coordinates of five circles are linearly dependent, each 
set of four being independent when, and only when, the five 
are on one sphere, but not orthogonal to one circle thereon. 
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Theorem 2.] The aS/ contains oo® straight lines^ ixissing 
through each i^oint of the variety. Tivo lines in general 
position will not intersect. 

Theorem 3.] The contains co® planes of the first sort, 
and oc*^ of the secoml. Through each point of the variety will 
pass 00 ^ planes of the first sort, and oo^ of the second. Tivo 
planes will not usually intersect. 

Theorem 4.] The contains oo^ S.^s. Through each 
point of the variety there will pass of these, and each two 
S.^s will intersect in one pohit of the variety. 

Two infinitely near points of will determine a tangent, 
or a direction on the variety. On the other hand, if we have 
two non-cospherical circles, the spheres through one will meet 
the other in pairs of points of an involution. Each tangent 
to aS/* at .a chosen point will thus correspond to a point 
involution on the corresponding circle, projectively related 
to the spheres through the circle. We mean by this, that 
there is a projective relation between the spheres through the 
circle and those through any two points, and the pairs of 
the involution. Suppose, conversely, that we have such a 
projective relation between the pairs of an involution on 
a circle and the spheres through it. The circle being (q), 
consider the linear hypercomplexes 

2 qij Vij = 2 ai- pij = 0, ill («?) = 0 . i = 0 . . . 4. 

The hypercongruence common to these two hypercomplexes 
is the limit of that consisting of circles in involution with {q) 
and {q + dq), where dq^j = a^^dt. The ten quantities ciij are 
subject to five linear equations which, however, are not inde- 
pendent, for it is easy to show that 

= 4 

2 Pin («i>) =0. ^ = 0 . . . 4 ; 

n ^ 0 

hence we have at least five free parameters. The spheres 
through {q) will cut {q'\-dq) in pairs of an involution pro- 
jectivel;^ related to these spheres, which will approach 
a definite limiting position as an involution on (q) when dt 

Mm2 
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approaches O as a limit. We may make use of our five free 
parameters to make this projective correspondence between 
spheres through {q) and pairs of an involution on (g') exactly 
the correspondence given. Now every linear hypercongruence 
will correspond to a line in and if the hypercongruence 
consist in circles in involution with two given circles, the line 
will intersect twice, while a hypercongraence of the present 
type will correspond to a tangent to We thus see that 

there is a one to one correspondence between the tangents 
to and the projective relations connecting spheres through 
circles with pairs of involutions on the same circles.* 

Suppose that we have a series of circles. We may express 
them in the form 

Pij =Pij{'^)- 

There are four different types of circle series : 


A) 


^ = 4 

2 ^Hp'p')^ 0 . 

; r^O 



^pij . 

du 


This is the general case. Adjacent circles have no common 
point. In Sq we have a curve of the variety ; the tangent at 
each point corresponds to a projective relation between the 
spheres through the circle of the series and pairs of an involu- 
tion thereon, t 

Theorem 5.] If a surface he generated by a general series 
of circles, each sphere through a circle in general position is 
tangent in two places to the surface, and the pairs of 2 ^oints 
of contact trace pairs of an involution projectively related to 
the system of spheres, 

* This correspondence of tangents and involutions is the fundamental idea 
in the first part of tlie article by Cosserat, cit. See also a difficult article by 
Moore, ^Infinitesimal Properties of Lines in S 4 with applications to circles in 
S 3 Proceedings American Academy of Arts and Sciences, vol. xlvi, 1911. 

i* Cf. Demartres, ^ Sur les surfaces a gdn^ratrice circulaire Annates de 
Vlkcole Normale, Series 3, vol. ii, 1885. For the surfaces contained in linear 
hypercomplexes, hypercongruences, and complexes seeBompiani, ^ Contribute 
alio studio dei sistemi lineari di rette nello spazio a quattro dimensioni*, AtH 
del R, IsUluto Veneto, vol. Ixxiii, 1914. For an interesting recent article on 
series of circles see Hanum, ‘ On the Differential Geometry of Ruled Surfaces 
in 4 Space, and Cyclic Surfaces in 3 Space*, Transactions American l^aih, Soc., 
vol. xvi, 1915. 
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B) 2 ip'p') = 0, ii,/ (2>V) ^ 0. 

. I = 0 

Here adjacent circles have one common point, but are not 
cospherical. This point will trace a locus on the surface 
generated by the circles, and it seems likely that the circles 
of this series will be tangent thereto. Let us show that this 
is verily the fact. Our surface may be expressed by the 
parametric equations 

pXi = (Xi (u) P + (u) t + yi {u), 

(««)•= (yy) = (a/3) = (/3a) = (^^) + 2(ay) = 0. 

Let us assume that the locus in question corresponds to 
^ = 0. An adjacent circle will contain the point (y) if dx 
vanish with t, 

l^i = Ay /. 

But (y') is a sphere through (y) orthogonal to its line of 
advance, while (f3) is the sphere through (y) orthogonal to the 
given circle. 


Theorem 6,] If adjacent circles of a series tend to inter ^ 
sect, all circles of the series are tangent to one curve, and 
conversely. 

C) iLi{pY) = 0. 

Here adjacent circles are cospherical, and we have an 
annular surface. For if (s) be the sphere through our circle 
and an adjacent one, 

(soc) = (s^) = (sy) = (sdoc) = (sdlS) = (sdy) 

= (dsOL) = {ds(3) = (dsy) = 0, 

which shows that this circle is a characteristic one for the 
sphere of x, i. e. the limiting position of its intersection with 
an adjacent one. 

D) Hi ip'p') = 0, +p'‘^ = 0. 

Adjacent circles are tangent, and we have the osculating 
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circles of a curve, or else the surface is generated by null 
spheres. 

We pass to congruences of circles, which we express in 
the form 

Ihj = Pij (w> v). 

The condition that adjacent circles should intersect 

/ = 4 

2 idpd2>) - 0 

; = 0 

is quariic in dii/dv. The general case being that where the 
roots are usually distinct 

Theorem 7.] The circlet^ of a general congruence are tangent 
to four surfaces, some of which may shrink to curves inter-^ 
secting the circles* 

Consider the equations 

^^i{^pdl>) = 0 . 

These have not, usually, any common solutions. When, 
however, the five equations are all equivalent to one another, 
there are two sets of values of du/dv which solve all five 
(unless they be satisfied identically), and the congruence is 
said to be focal. Such a congruence can be generated in two 
ways by the circles of curvature of a one-parameter family 
of annular surfaces. As a matter of fact the largest part of 
the theory of circle congruences deals with focal congruences. 

A complex of circles may be expressed in the form 

Pij = Pij (^. V, w). 

How many circles of the complex adjacent to a circle in 
general position will be cospherical therewith ? Let us write 

px^ = (Xi{u, V, + V, w)t + yi{u, V, w), 

Yk Yl Ym 


^Pij = 
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An arbitrary sphere through the circle can be written 

^ ' i ^ * i 

where (y) and (z) are arbitrary spheres, not linearly dependent 
on (a), (/?), (y). This will contain all points of an adjacent 
circle, if 

X\d(X(X^yy\-^lx\d(X(x^yz \ = 0, 
X\dl3oc^yy\+fx\dl3(X/3yz\ = 0, 
X\dy0Cl3yy\-{‘ix\dy0Ll3yz\ = 0. 

Here we have three linear homogeneous equations in 
du : dv : dwl The condition of compatibility will give a cubic 
in A : /X. When the roots are distinct we shall say that we 
have the general case. 

Theorem 8.] An arbitrary circle of a general complex is 
cosphericdl with three adjacent circles thereof. The complex 
is generated by the circles of curvature of a two-parameter 
family of annular surfaces.^ 

We pass to a hypercongruence. Here we have 

Pij = Pij («. V, w, <o). 

Each circle is cospherical with go^ adjacent circles. In 
we have a four-parameter family of lines, and through each 
will pass 00 ^ planes containing each an adjacent line of the 
system. In an arbitrary hyperplane there will be a con- 
gruence of these lines, and through each will pass two focal 
planes, the two planes of the sort just mentioned that lie 
in this hyperplane. The series of planes is thus of the second 
order and algebraic. 

Theorem 9.] The lines connecting the pairs of points where 
a circle of a general hypercongruence in cartesian space meets 
the adjacent circles of the hypercongruence envelop) a conic, f 

* Cf. Segre, ^ Un^ osservazione siii sistemi di rette degli spazi superiori *, 
Eendiconti del Cercolo Matematico di Palermo^ vol. ii, 1888, p. 148. 

t This theorem and the next seem to be due to Moore, ‘ Some properties of 
lines ill a space of four dimensions", American Journal of Math.y vol. xxxiii, 
p. 151. *His excellent article can be consulted with profit in connexion with 
all that we have done in the present section. 
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We turn lastly to the hypercomplex. This is written 

We may assume that our circle (p) is determined by (x) 
where = x^ {u, v, w) and (y) where y^ = y^ {w, co, o)'). The circle 
orthogonal to the spheres (x), (y), and {y + dy) has coordinates 
of the form 

. ^ij = 

This circle will trace a coaxal system if (x) be fixed. Its 
foci are on {p) and are the pairs of points where {p) meets 
adjacent circles of the hypercomplex which lie on (x). But if 
a circle trace a coaxal system, its foci move on the circle 
whose foci are the points common to all circles of the coaxal 
system, and are harmonically separated by the vertices of. 
the null circles of the coaxal system, i. e. they trace an 
involution. 

Theorem 10.] The circles of a hypercomplex adjacetii to 
a given circle ami lying with it on a chosen sphere meet the 
chosen circle in pairs of points of an involut ion, 

§ 2. Parametric Method for Circle Congruences. 

Of all systems of circles in space indubitably the most 
interesting is the congruence. There is comparatively little 
that can be easily reached in this connexion, however, if we 
stick to our Pliicker circle coordinates. In the next two 
sections we shall develop two other methods which will be 
found to yield ample returns.* The first of these is called 
the ‘ parametric ’ method, and consists in expressing the 
coordinates of a point on a circle of a congruence through 
the fundamental equations 

OL^ = OL^ {u, v\ (u, v), yi = y^ (u, v), (1) 

(aa) = (a/3) = (^y) = (yy) = 0, (/3^) = 1, (ya) = 

* A good part of all that remains in the present chapter will be found in 
an article by the Author, ‘ Congruences and Complexes of Circles’, Transactions 
qf the American Math. Soc., vol. xv, 1914. * 
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It appears from these that (oc) and (y) are two arbitrary 
points of the circle, while (^) is the sphere through them 
orthogonal to the circle. For the Plucker coordinates of this 
circle we have 

0(k 

PPij ~ l^h • (^) 

Yk n Ym 

If we remember that in >84 the circles orthogonal to one 
sphere appear as lines in a hyperplane, and that the lines of 
a congruence in any are tangent to two surfaces (or meet 
a curve or curves), i, e. each intersects two adjacent lines, we 
reach 

Theorem 11.] If the circles of a comjTueme he all ortho- 
(jonal to 07ie sphere the congruence is focuL 

There is a second type of congruence, or rather a sub-type 
of the focal congruence, which is of special interest. This is 
called the normal congruence, and consists in oo^ circles 
orthogonal to the members of a one-parameter family of 
surfaces.* In counting the number of surfaces to which a 
circle is orthogonal we count the number of points where 
a circle meets an orthogonal surface. Thus the circles ortho- 
gonal to a fixed sphere are said to be orthogonal to two 
surfaces. Let us find the analytical conditions for a normal 
congruence in terms of our various parameters. In ( 1 ) we 
wish t to be such a function of u and v that if clx^ be the 
corresponding increment for while is the increment 
along the circle, 

(t/x6a;) = 0. (3) 

From ( 1 ) 

{(xdoi) = (/3cZ/3) = {ydy) = (acZ/:l) + (/fc/a) = (yd/i) + (/3ci!)/) 

= {(xdy) + {yd(x) = 0 . 
dXn = t^doL^^ + td^^^^-dy^^ + {2toL^-\- jif)dt. 
hx^ = {2 0Lj + ^,,)ht. 

{dxhx) = ht[{(xdtI)i^-\‘2{(xdy)t-\-{l6dy)-\'dt\. 

* Some writers, as Eisenharfc, Differential Geometry ^ Boston, 1909, call normal 
congruences ^ Cyclic Systems 
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1 ^ ( 


<iv 

!^^v) 


These are compatible if 

s) - (“ li) lo - (?“ M) - ill '■ 

The last equation, being quadratic, is identically satisfied if 
it have three solutions. We thus get the fundamental theorem 
of Ribaucour.* 

Theorem 12,] If the circles of a congruence be orthogonal 
to more than two surfaces y the congruence is a normal one. 

Theorem 13.] If a congruence of circles orthogonal to 
a fixed sphere have any other orthogonal surface it is a normal 
congruence. 

When the fixed sphere is null we imagine that we are in 
cartesian space, and prove the theorem by inverting into 
a normal line congruence. It is to be noted that a focal 
congruence will go into a focal congruence under every 
transformation of the twenty-four-parameter linear sphere 


* The theorems of Ribaucour cited in the present chapter are in the follow- 
ing notes in the Comptes Rendus : ^Sur la deformation des surfaces', vol. Ixx, 
1870, p. 330 ; ^Sur les syst^mes cycliques ’ and ^ Sur les faisceaux de aercles \ 
vol. Ixxvi, 1873, pp. 478, 830. 
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group, while a normal congruence will go into a normal 
congruence under every spherical transformation. 

When we start with the hypothesis that the circles of our 
congruence are surely orthogonal to two surfaces our equa- 
tions are vastly simplified. We assume at the .outset that 
(ot) and (y) trace two orthogonal surfaces 

(ocdfi) = (^doc) = (yd/s) = i/3dy) = 0. (5) 



Tho condition for a normal congruence is then simply 

Two isolations correspond to the values 0 and oo for t; 
if a third solution be ^ ^ (tt, v) a fourth will be rt, where r 

is any constant. But this constant gives the cross ratio of 
the four corresponding points upon the circle, by IV (9). 
We thus get another admirable theorem of Ribaucour’s. 

Theorem 14.] Any four orthogonal surfaces of the circles 
of a normal congruence will meet them in sets of points having 
a fixed cross ratio. 

We next turn back to the more general focal congruence. 
Let us so choose our parameters u and v that making the one 
or the other constant, gives us the annular surfaces. If two 
circles be cospherical, their foci are concyclic and vice versa ; 
if two circles be cospherical with a third, the six foci are 
cospherical. We thus get Ribaucour’s third theorem. 

Theorem 15.] The foci of the circles of a focal congruence 
will generate the two nappes of the envelope of a congruence of 
spheres. In cartesian space the planes of the circles will 
envelop the deferent of the sphere congmience. 

With regard to the last part of the theorem we have merely 
to notice that the points where a sphere meets two infinitely 
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near spheres are symmetrical with regard to the plane through 
the centres of the three. Let us proceed to prove the converse 
of 1 5]. Let the congruence of spheres be 

= I3i (u, V). 


We may always find six such quantities A, B, C, jO, F 
that /^o /^4 linearly independent solutions of 


A . -f- B H- C r— 2 + ^ X h T F = 0» 

cu" dudv OV^ on OV 


Let us now assume explicitly that this differential equation 
is not parabolic, and define our sphere congruence likewise as 
)ion-paraholic. Our differential equation can then be reduced 
to the form 


'dVj <>V 


^10 dv ^ 


(7) 


The points of contact of the sphere (/3) with the envelope 
lie also on the spheres and The points where 

touches the envelope lie on 

(^) + (^) ’ (^) ’ 

linearly dependent, there is (at least) 

one sphere orthogonal to all, and the circle whose foci are 
the points of contact of (/3) with the envelope is cospherical 

with that whose foci are the points of contact of (j3) 4- 
The same will hold for (IS) and (/3) hence 


Theorem 16.] If the foci of the circles of a congruence be 
the points of contact of the spheres of a congruence with the 
two nappes of the envelope^ the congruence of circles is fScaL 
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When we surely know that our congruence of circles is 
focal, we may introduce notable simplifications by choosing 
as and v the focal parameters^ i. e. those which give the 
annular surfaces. We shall take as (y3) the sphere whose 
points of contact with its envelope give the foci, for such 
a sphere is surely orthogonal to our circle : {y) and {z) shall be 
the foci of the circle. We have the equations 

( 2 /a) = (yfi) = ( 2 /y) = {yd^) = O, 

(zot) = {z0) = (zy) - (zd^) = 0. 

The first* set of these equations leads to an identity of 
the type 

Aai + B/3, + Cy, + D^^ = 0. 


Multiplying through by f3,i and summing, we find 

|| = aa, + cy,, = + 

Since each of two pairs of points {a)-\-{dd)y (y)-^{dy) lies 
on a sphere through our circle, we find 


y^^ = loc,+ml3, + ny, + r-^^^^ 


( 8 ) 


If, now, we inquire under what circumstances our focal 
congruence shall also be a normal one, we must substitute 
in (4). The coefficient of and the constant will be found to 
vanish automatically, and there remains 


We first assume 


r = p. 
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Then every solution of the equations 

{xa) = (xj3) =: (ojy) = (xdoc) = 0, 
where du and dv are variable parameters, will be a solution of 
{xd^) = {xdy) = 0 . 

Hence every series of the congruence will generate an 
annular surface. Any two infinitely near circles are co- 
spherical, hence any two whatever are cospherical, and all 
lie on a sphere, or pass through a point-pair. But the circles 
on a sphere could not certainly be a normal congruence. 
Hence we must have the circles through a point-pair, distinct 
or adjacent. We take up now the other hypothesis, 



we may take for the focal $2^heres, i.e. the spheres* through 
a circle in general position which contain adjacent circles 
of the congruence. 






i^k yi 


'dv 


It then appears that these two are mutually orthogonal in 
view of the equation above. 

Theorem 17.] A mcessai'y and sufficient condition that 
a focal congruence should be normal is that it should consist 
in circles through a point- pair or else that the focal spheres 
through evei'y circle sho%dd he mutually arthogonal. 

Having shown that a focal congruence can be normal, let 
us proceed conversely to show that a normal congruence must 
be focal. Starting with (5) we have the additional equations 

/O- A /a ^ 7 \ _ 
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We may in two different ways, usually distinct, find such 
a pair of values, dUy dv, that the following equations are 
compatible : 

(sa) = (s^) = (.9y) = (s^Za) = (sdy) = 0. 


We change our parameters u and v so that these shall 
correspond to the equations du = 0 and dv = 0. We then 
have r = z; = 0 . 

The condition of orthogonality ( 6 ) will give 



If 71 = p we should have 


dyi = Loii + My. + Ndoci. 


If we consider the circles whose foci are (a) and (y) we see 
that each is cospherical with every adjacent circle of the 
same sort. Hence all pass through a point-pair, and (a) and 
(y) lie on a fixed circle — an absurdity — or all lie on a fixed 
sphere, to which the circle through (a) and (y) is orthogonal. 
But by 11 ] a congruence of circles orthogonal to a fixed 
sphere is focal. There remains the possibility that n 7 ^ p. 


Similarly, 




= 0 . 



= 0 . 


The conditions for compatibility of the equations for 

'^y\ 
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Multiplying through by oc^ and summing, we find E.= 0. 

We have, thus, four equations : 


— ^ 0 - - + C -r — , r— — d (Xj + 0 + r* ~ 

dticv *• ^16 ' dll ov 


7 ^Xa ^Va . ^(Xa 

= '«( + »»■( + >• j-j' = *»i + W, + » 


(9) 


The equations 


<*«=(4D=(4:)=(-^li)=« 

have two distinct solutions (a) and (y), so that 

Again, from the equations 

(“ ss) = (““) = <“'*> “ (“ ss) = (“ li) 


Multiplying through by /3,; and summing, M — 0, 

'^OL 

Multiplying through by - and summing, i2 = 0. 

= L(Xi + N = //«; + if' . 






Hence, in the above partial differential equation for 
r = 0, and we have 


(ill du 


(10) 
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We see from the equations 

a'l = 8 ^ = {— —'I = 


that ^ focal sphere, and similarly is a focal 

sphere. 


Theorem 18.] Every normcil congruence is focal. 

Again, suppose that we have a focal congruence with two 
orthogonal surfaces, not consisting in one fixed sphere twice 
counted. TIiq intersections with these surfaces shall be (a) 
and (y), while u and v are the focal parameters. 

7 ^OLi 


i>V 


— + H-Vi + P • 






Theorem 19.] If the circles of a congruence have two 
orthogonal trajectories, not a fixed sphere counted twice, the 
congruence will he focal if it be normal, and vice versa. 

We easily see from (9) that the pai;*ameters u and v give 
curves on the (a) and (y) surfaces which are both orthogonal 
and conjugate. We thus reach another important theorem, 
also due to Ribaucour. 


i7oa 


N n 
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Theorem 20]. In a normal congruence the lines of curva- 
ture corre8po)icl to one another on all orthogonal surfaces^ 
and give the annular surfaces of the congriience. 

If we take the two focal spheres through a circle of 
a normal congruence they are orthogonal to one another, and 
each touches one annular surface all along that circle, whence 


Theorem 21.] The orthogonal surfaces of the circles of 
a normal congruence and the annular surfaces determine 
a triply orthogonal system. 


Theorem 22.] The lines of cuh^vature of the orthogonal 
surfaces of a normal congruence of circles in cartesian space 
correspomd to the focal developables in the congruence of axes 
of these circles.^ 

We next seek a converse to 20]. Suppose that we have, 
such a congruence of not null spheres (/3) that the lines of 
curvature correspond to one another in the two nappes 
of the envelope. We take these to determine the parameters 
u and V. The first two equations (9) will hold, (a) and (y) 
being the points of contact of (/3) with its envelope. We have 
also the equations 


^u 








dv 


hi 

^v 




iu 




i>V 


Differentiating the first equation to v^ and substituting in 
the second, we have, with the aid of (9), 


iiV^ 








^u 


Multiplying through by 13^ and summing, 



* The congruence of axes of the circles of a normal congruence has been 
extensively studied under the name of ^cyclic congruence Vide, winter a?ia, 
Eisenhart, loc. cit., pp. 431 ff. 
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I£ the second factor vanish, {(i) would be the osculating 
sphere for one lino of curvature, and so generate a one-nappe 
envelope, which is not the case. Hence r = 0 and, similarly, 
r = 0, Under these circumstances, however, we easily see 
that our congruence is focal, u and v being focal parameters, 
whence, from 19], 

Theorem 23.] If a congruence of spheres establish such 
a point to point correspondence between the two distinct 
nappes of the envelope that the lines of curvature correspond 
in the two^ then the circles orthogonal to the various spheres at 
their points • of contact with the envelope will generate a 
normal congruence. 

We next vary our hypotheses by assuming that the circles 
of th§ congruence have two orthogonal surfaces, traced by the 
points (a) and (y), and that the surfaces v = const, are 
annular. We have at our disposal equations (1) and (5) as 
well as 


^u 






Since (a), (/:/), (y), orthogonal to one sphere 


Aa, + B^. + Cy, + D^-^i + E^^ 




0 . 


Multiplying through by and summing, B = 0. Multi- 
plying through by and summing, C = 0. It is easy to see 
that we could not have = 0, hence we may take E = 1. 
Our parameter u shall now be so chosen as to give with v 
an orthogonal system of curves on the surface (a). We have 
the equations 

/<^oc /ii/3 c)a\ / \ _ /^/3 

\dU€iV/ \^u^v/ \ ^u^v/ \^v ^u/ 


N n 2 


/ \ 



564 


DIFFERENTIAL GEOMETRY OF 


CH. 


We next obwerve that (a) and (/3) are independent solu- 
tions of 


(* jiJl;) = to = ('■ 5?) = <*“) = 


2) a 




Hence 


dU dv on ov 


This, however, combined with the condition of compatibility 
and 

OU ov 


of the equation for ^ and gives r = 0, and our con- 


gruence is focal. 


Theorem 24.] If the circles of a congruence he orthogonal 
to two surfaces other than a sphere counted twice^ and if they 
constitute the circles of curvature of a ome-parameter family 
of annular surfaces^ the congruence is normal,^ 

Let us see if we can find the condition for a normal con- 
gruence in terms of (/i) alone. We begin with a slight change 
of notation, writing 

/^i = l>^i, 1 = Aw = F -/ {zz). 


Differentiating, and substituting in (10), we see that our 
quantities are solutions of a differential equation of the 
type 

B +D^ +e\^- +F6=0. 
ou ov ou ov 


Since the expression 1 = V{/3/3) is a solution of (10), so 
will V (zz) be a solution of the last equation. In other words, 
the six coordinates of the oriented sphere (z) are solutions of 
one same non-parabolic partial differential equation of the 


* This theorem is sometimes stated without the restriction upon the two 
orthogonal trajectories, but a moment’s reflection shows that this restriction 
is necessary. * 
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second order. Suppose, conversely, that we have a non- 
parabqlic equation 

A r — o + B ~ — r h G -f D V — h FO — 0, 

du^ Trndv ov^ oVj dv 

B^-^4AC^0, 

'v(rhereof six solutions are given by the coordinates of an 
oriented sphere ( 0 ). If we change variables so as to write 

we see that and V = 1 are solutions of an equation of 
like type, so that by a suitable change of the parameter it and v 
we find is a solution of (10). If (a) and (y) be the points 
of contact of (/3) with its envelope, 

(* II) = (““) = = (“ ^ = (“ ^) • 

<^li % r % 

Multiplying through by and summing, 5=0. 


Multiplying through by and summing, 5 = 0. 

Differentiating to v and substituting in (10) we get to the 
first equation (9). The second equation (9) comes similarly. 


Theorem 25.] A necessary and sufficient condition that 
a congruence of oriented spheres should establish such a point 
to point correspondence between the two nappes of the envelope 
that the lines of curvature correspond to one another is that 
their coordinates should be the solutions of a non-parabolic 
partial differential equation of the second orderJ^ 


* Cf. Darboux, Theorie generate des surfaces, vol. ii, Paris, 1889, p. 382. 
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We derive an interesting corollary from this by means of 
the line sphere transformation of Ch. XI. A congruence 
of lines which establishes a correspondence between the 
asymptotic curves on the two nappes of the focal surface is 
called a W congruence. 

The Pliicker coordinates of the lines of a W congruence ami 
of no other are solutions of a partml differential equation of 
the second order and non-parabolic type. 

We saw that in the case of a focal congruence the foci of 
the various circles generated the two nappes of the envelope 
of a congruence of spheres whose deferent is the envelope of 
the planes of the circles. This suggests that perhaps, in 
certain cases, the locus of the centres of the spheres might 
also be the locus of the centres of the circles. Suppose that 
this is the case. The annular surfaces of the congruence must 
correspond to the lines of curvature of the deferent", and the 
centres of the focal spheres must be the centres of curvature 
for the deferent. Since the locus of the centres of the circles 
is the envelope of their planes, the distances from the centre 
of a focal sphere to the centres of the adjacent circles lying 
thereon will differ by an infinitesimal of the second order, 
as will the radii of the two circles. The circles of the 
congruence have thus a constant radius. 

Theorem 26.] If the envelope of the planes of a congruence 
of circles in cartesian sjiace he the locus of their centres, 
a necessary and suficient condition that the congruence 
should he focal is that the circles should have a constant 
radius. 

We now suppose that the congruence is normal. The focal 
spheres are mutually orthogonal, by 17]. If and p^ be the 
radii of curvature of the surface, while r is the constant radius 
of our circles, 

P1P2 = 

Theorem 27.] If with each real point of a real surface in 
cartesian space as centre a real circle be drawn in the tangent 
plane, a Tiecessary and sufficient condition that these circles 
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should generate a normal congruence is that the surfcLce should 
be pseudospherical^ and that the radius of the circle should he 
eqfial to the square root of the negative of the reciprocal of the 
measure of total curvature.^ 

Suppose that we have two points A and B and a not null 
sphere. It is easy to show that a necessary and sufficient 
condition that the two spheres with centres A and B ortho- 
gonal to the given sphere should be orthogonal to one another 
is that the sphere on {AB) as diameter should be orthogonal 
thereto. Secondly, if two lines intersect, the circles orthogonal 
to a non-planar sphere and having these lines as axes are 
cospherical, whence 

Theorem 28.] If the spheres on the focal segments of a line 
congruence as diameters intersect orthogonally a fixed sphere 
luhich iff non^p)lanai\ the lines are the axes of the circles of 
a normal congruence orthogonal to the fixed sphere A 

Theorem 29.] If the circles of a normal congruence be 
orthogonal to a fixed non-planar sphere^ the spheres whose 
diameters are the focal segments on their respective axes are 
orthogonal to the fixed sphere. 

Every focal congruence is associated with a congruence of 
spheres. We start with the equation (7). There will be 
a similar equation with solution Z;^ where 

Zq = + = if^Q ^1? ^2 ~ ~ ~ ^4* 

If, thus, we assume that we are in cartesian space, and 
that our points are determined by special pentaspherical 
coordinates, while = 1, then z^, z^, z^ will be the rectan- 
gular cartesian coordinates of the centre of the sphere. 

Theorem 30.] In a focal congruence in cartesian space 
the focal parameters give conjugate systems of curves on the 


* Cf. Bianchi, ^ Sopra alcuni casi di sistemi tripli ciclici \ Oiornale di Mafe- 
matichey%\oh xxi, 1883, p. 278. 

+ Eisenharfc, loc. cifc., p. 443. 
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deferent of the system of spheres whose envelope is generated hy 
the foci of the given circles. 

An interesting and difficult question connected with normal 
congruence is the following: given a surface, to determine 
a normal congruence having that surface as an orthogonal 
surface.* Let us suppose that we have a n on-developable 
surface of cartesian space, and that it is expressed parametri- 
cally in terms of the lines of curvature. Then, by the 
formulae of Olinde Rodrigues, the two equations 

U ^ 'ise ^^0 ^ 

:r — Pi \ ^ P2 \ ~ ^ 

^V ^ dV 

have the four pairs of solutions 

(x, X), (y, Y), (z, Z), xX + yY-^zZ). 

Eliminating 0, 



(n 

^ ( 


'dV ^ 


~ iu\ 

iv) 


This has the solutions X, F, Z, ^{xX ‘^yY-\-zZ). 
Similarly, the equation 



(1 


- ^ ( 

ri 

i>0\ 

'^v ^ 


i)U/ 


^P2 



will have the solutions — 2ir, — 22 /, — 20 , 

and these are the coordinates of a sphere with {x, y, z) as 

centre. There is but one equation of the type 

Tiv bu 'dv 

which has the solutions X, Z hence we get all surfaces, 
with the same spherical representation as our given surface, 
by taking the envelope of all planes with the coordinates 
X, F, Z, 0, where the latter is a solution of (11). It appears 

* This development is taken direct from Darboux, Surfaces^ cit., vol. iv, 
pp. 187 ff. ' 
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also •from the Codazzi equations that the lines of curvature 
will correspond in any two such surfaces. Suppose, then, 
thjtt we have a surface enveloped by the planes X, F, 0', 
and write 

0 = 0 ' — Yy^-Zz). 

Here 0 and 0' are both solutions of (11). The equation of 
the tangent plane will be 

To find the envelope we differentiate to u and v respectively, 
remembering 








'bV 

^ ^ bv 


We transform these by means of (11) and the Codazzi 
equations, getting 

^ . baj bO , bx b6 

^ ^ bu bu bv bv 


where ^ is a solution of (12). These equations give us also 
the secant of contact of the points of contact with its envelope 
of the sphere 

If, thus, two non-developable surfaces have the same 
spherical representation, the normals to the one are secants 
of contact with the envelope of spheres whose centres lie on 
the other. Conversely, the orthogonal trajectories of such 
secants of contact will be a surface of the form required, 
provided the square of the diameter is a solution of (12). 

We next suppose that P and P' are two infinitely near 
points on a line of curvature of that surface which is the 
locus of the centre of the moving sphere ; UK and H' K' 
the corresponding pairs of points of contact of the sphere 
with its envelope. Since the lines of curvature correspond 
in the* two surfaces, the lines HK and H'K' meet (to the 
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fourth order of infinitesimals), let us say, in J?, while, the 
normals at P and P' meet, let us say, in Q. The four points 
K, K' are concyclic, by 16] ; hence R has the satne 
power with regard to the circles PHK and P'H^K'. Again, 
PQ is tangent to the first of these circles at P, and P'Q 
touches the second at P' while PP' is orthogonal to PQ, so 
that Q also has the same power with regard to both. It 
follows that the two circles are cospherical, their common 
sphere being orthogonal to the other line of curvature at P. 
A similar state of affairs will hold if we proceed infinitesi- 
mally along this other line of curvature. Hence the con- 
gruence of circles P, jH, K is focal, and, since the focal spheres 
are mutually orthogonal, it is normal, the given surface being 
one orthogonal surface. 


Theorem 31.] If a ) ton-developable surface he given in 
cartesian space^ and a second having the same spherical 
re^mesentation as the firsts then the normals to the latter are 
secarUs of contact with the two nappes of the envelope of spheres 
whose centres lie at the corresponding points of the former. 
The circles^ each inverse to one of these secants^ ivith regard 
to the corresponding 8p)here, generate a normal congruence, 
having as one orthogonal trajectory the given surface. 

It is not at all clear that all normal congruences with 
a given orthogonal surface can be obtained in this way. 

Any triple orthogonal system of surfaces will lead to a 
nonnal congruence in the following simple way. Let the 
parameters giving the various surfaces of the system be u, v, w. 


X- = {u, tv), i = 0 ... 4. 




= a 


^7^ 


+ h 


i)W 


H-ca,- 


'hw iu 


. 1/^^i 


CW du 




<>u ^v 


a" +b"^^ +G"xi, 
^U <iv 


a 


/// ^ 
<iw 


l-C 

ou 


x^ 4- d'* 
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The sphere (s), where 

- I , 

7^w‘^ 

contains all points of the osculating circle to the.w curve at 

(x) and at (x) + orthogonal to the u, v surface, 

and to the v curve thereon. A similar, sphere is found by 
interchanging the parameters u and v ; and these two spheres 
are mutually orthogonal, whence 

Theorem 32.] If a triply orthogonal s^y intern of surfaces he 
given, the osculating circles to one system of trajectory curves 
at the points where they meet one orthogonal surface form 
a normal congruence. 


§ 3, The Kummer Method. 


There is a totally different method of analysis which may 
be profitably applied to congruences of circles, and which 
leads to theorems of a different sort from the classical ones 
which we have just proved. We have frequently had occasion 
to point out that the circles of a pentaspherical space could 
be treated as lines in an of elliptic measurement. If, then, 
we are interested, not only in the points on a circle, but also 
in the spheres through it, there is much to be gained by 
copying the standard methods of line geometry adapted to 
a space of elliptic measurement, and of four dimensions.* 

A circle of a given congruence shall be determined by two 
mutually orthogonal not null spheres {y) and (z), whose 
coordinates are analytic functions of two independent para- 
meters u, V, 


Vi = Vi {u, v)> Zi = Zi {tt, v), = 0 ... 4, 

(yy) = = L (y^) = o- 


(13) 


* For a discussion of the corresponding formulae for line geometry in 
elliptic geometry of three dimensions, see the Author’s Non-Euclidean Geometry ^ 
cit., Oh, XVI. 
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We have three fundamental equations 

(dydy) — (zdy)^ = Edu^ + 2 Fdudv 4 - Odv^, 

( 14 ) 

(dzdz) — (ydzY = E'du^ + 2 F'diidv + G'dv^, 

{dydz) = edu^ + (/-f f')dudv + gdv^. 


More specifically 



These various coefficients are connected by a symmetrical 
syzygy. We apply the Frobenius identity to the six spheres 


iy). 


«. (ID’ O’ O’ O 




'bz^ 




E F e f 
F G f g 
e f FJ F' 
f 9 G' 


( 16 ) 


We saw in Ch. XII that if two circles be given in general 
position, i.e. no focus of one lying on an isotropic with a focus 
of the other, there are two circles of a cross cospherical and 
orthogonal to both. Let us find this cross for two adjacent 
circles of our congruence. Let the spheres through the first 
circle be cos {y) -f sin (/> (2^), — sin (y) + cos (0), ^ while 

those through the adjacent circle are l{y-\- dy) + m (0 -f dz)^ 
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dy) + ^ 4- dz). Writing out the conditions for criss- 

cross orthogonality, and remembering 

^{ydy)= -{dydy), 2{zdz):=z ^{dzdz), 

{ydz)^-{zdy)p^ ^{dydz), 

we have two linear homogeneous equations in I and m. 
Equating the discriminant to zero, and neglecting infini- 
tesimals of a higher order, 

[y-'hidy dy)'\ sin </> - {zdy) cos <#>, 

iydz) sin (^ — [ 1 — ^ {dz ^? 0 )]cos ^ 

— [1 — i {dz dz)^ sin </> — {ydz) cos </>, 

{zdy) sin <|> + [1 — 4 {dy dy)^ cos </> 

Expanding, and casting aside higher infinitesimals, 

[edu^-^ (/+ f) du dv + gdv^] (sin^^ — cos^(/)) -f E') du^ 

4-2 {F’-F') dudv-\-{G—G')dv'^^^\n<t>Qos(l> = 0 . ( 17 ) 

In order to discuss this equation, we write two others : 

{E-^ E') dxi? 4 - 2 {F- F') du dv + ((? - &) dv^ = 0 , 

edu^ 4- (/4- /O du dv -^gdv^ = 0. 

These are the expanded forms of 

{dy dy) — {dz dz) = 0, {dy dz) = 0. 

Let the foci of our circle be (oc) and (y). We may write 


= 0 . 


— 2 ^ ““ 2 

( 18 ) 

yi = = (^f yi)> ^ 0 ,,, 4. 

Our differential equations amount to the pair 

{doidoL) = {dydy) = 0 . 

With regard to these two we have the following pos- 
sibilities : 

A) They have, in general, no common root. The isotropic 
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curves do not correspond to one another on the two surfaces 
of foci. We shall say that the congruence is non-con- 
foi'mal. 

B) The equations have, in general, one common root. Then 
the surfaces of foci (which must not on any account be con- 
fused with the focal surfaces) are so related that one system 
of isotropic curves on the one surface corresponds to one such 
system on the other. These congruences shall be called Semi- 
co nformaL 

C) The equations are equivalent to one another. The 
surfaces of foci are conformally related, and the congruence 
shall be called conformal. 

Let us begin with the non-conformal congruence. Here, ii 
du/dv be given, we usually get a unique value for tan2<^, 
that is to say, two mutually orthogonal spheres, and sO the 
cross required. On the other hand, if </> be given, we have 
a quadratic equation in du / dv^ so that on each sphere through 
a circle of a non-conformal congruence will lie two circles 
orthogonal thereto, orthogonal and cospherical also to an 
adjacent circle of the congruence. These two circles will fall 
together if this equation in du /dv have equal roots, i.e. if 

[egf- J(/+/T] (tan2</)- 1)2 

+ - &) - r) (/+ /) + (j (tan2(/> ~ 1 ) tan (/> ( 1 9) 

4 . ii;') O') _ r)^] tan2 ^ ^ q. 

This equation is unaltered if we replace tan</) by — ctn<^. 

Theorem 33.] In a non-conformal congruence, through 
each circle in general position will pass two pairs of mutually 
orthogonal spheres, on each of which there is hut a single circle 
orthogonal to the given circle, cospherical and orthogonal to an 
adjacent circle of the congruence. 

The words ‘ in general position ’ mean that the two quad- 
ratic differential equations just written have no common 
solution. We shall call these the limiting spheres through 
the circle. They correspond to maximum or minimum Values 
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for tan</) in (17). We see, in fact, that if we equate to zero 
the partial derivatives to du and dv^ we get 

diP^ {tan^(t>- 1) + [{E-E') du 

+ F') (I'd] tan (#> = 0. 

du + gdv^ (tan‘^ </> — 1 ) + \{F— F^) du 

+ (6^— tan</) = 0. 

Eliminating du/ dv we fall back upon (19). In the case of 
a real congruence the real spheres containing real circles ortho- 
gonal to the given circle and a next neighbour will lie in 
specific angular openings determined by the limiting spheres. 
We next suppose that our congruence is focal. We have 
for the focal sphere 

G 08 (jyy^ + sin = cos (<l>-hd<t)) (y^ + dy^) + sin ((/> -f c? </>) {^i + dz,^. 

dy^C08(f}’j-dz^sin<f)--{y^9in(l>-‘Z^G08<f>) dif) = 0 . 

Multiplying through by y^, summing, and neglecting higher 
infinitesimals, 

d^ = iydz) = —{zdy). 

[(^^C0S.^+ - {!/iHin4>-7,coH<l>)(y^£)]dn 


^Z,: 


Multiplying through by and summing, then doing the 


r 

same for — 
ov 


(>U 


[edu + fdv^ cos </> + [F'du + F'dv] sin (jf) = 0. 
[f'du + gdv] cos (f> + [F'du + G'dv] sin (f) — 0. 
Similarly 

\edu +f^dv^ sin </> + \^Edu + Fdv^ cos </) = 0. 
[fdu + gdv] sin </> + [Fdu + Gdv] cos </>=:: 0. 
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EliiuiDatiog </>, 

{E'f-F'e) du^ + [E'g - F' (/-/') - Q'e] dudv 

+ (F'g-0'f)dv^= 0. 

( 20 ) 

iEf-Fe)du^'+[Eg-Fit'-f}-Oe]diulv+(Fg-Gf)dv^=0. 
Eliminating du/dv, 

{E'G'-F'-^) tan*</> + [-E'g - F' (f +f) + G'e)]tan 0 + (eg-ff) = 0. 

( 21 ) 

(eg -ff) tan^,#, + [Eg - F(/+/) + Ge] tan <i> + {EG- F^) = 0. 

e\iKii<^-\‘\{EG — F'^) — {eg—ffy\ = 0. (22) 

In order that a congruence should be focal, it is necessary 
that the two equations (20) should be equivalent, and the 
same for the two equations (21). It should, further, be noted 
that the middle coefficient is the same in (19) and (22). This 
vanishes when, and only when, the pairs of solutions make 
equal angles with {y) and ( 0 ). 

Theorem 34.] In a focal congruence the spheres of anti- 
similitude of the focal spheres are also spheres of a ntwimilitude 
of the limiting spheres in pairs. 

The conditions that a congruence should be focal can be 
written in better shape. The foci of the circle being (ex) and 
(y), which coordinates we find from (18), the condition for 
a focal congruence is found from (16), 


This gives 


Squaring 
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What additional requirements must be fulfilled if our focal 
congruence is to be a normal one? We take as u and v the 
focal paTameters, then 


^ = + ^^ = a'yi + a'c% + Q'^^. (26) 

E'=ice, F'=cf', — c' f, G'=c'g; cE — e, cF=f, 

c'F^f, c'0 = g. 

Then, since the expression 


is a linear combination of (y) and (z), the focal spheres are 

c( 2 /)-( 2 ) and c'(y)-{z). (26) 

The condition for a normal congruence is thus, by (17), 

cc'-h 1 = 0 . 

This gives 

(EO^F^) = (E'G^^r^) = ^{eg-^ff). (27) 

These equations are invaidant, and our reasoning is rever- 
sible. They will, therefore, give necessary and sufficient con- 
ditions that a focal congruence should be a normal one. 

The normal congruence of circles seems, at first sight, the 
most natural extension of the normal congruence of straight 
lines, which is after all but a special case of the other. There 
is, however, another extension of the normal line congruence 
which possesses not a little interest for us. Interpreting our 
circles as lines in > 84 , what sort of a congruence of circles will 
correspond to a normal line congruence in this space? We 
mean by a normal congruence of lines in a two-parameter 
family orthogonal to an analytic surface. What will such 
a line congruence give us in circle geometry? The measure- 
ment in 8^ being elliptic, we see by a little reflection that in 8^ 
we must have such a circle congruence that through each 
circle we may pass a sphere whose pairs of points of contact 
with the two nappes of the envelope are mutually inverse 
in that circle. Suppose that such a sphere has the coordinates 

• 2 // = 2 /,: cos (f) -f sin (/), i=0...4. 

o o 


1702 
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Then every sphere through the points of contact of {y') with 
its envelope cuts {if) in a circle orthogonal to the given circle, 
i.e. such a sphere is orthogonal to (— 2 /) 0 + (^) cos <^, .the 

sphere through our circle orthogonal to {y'). We thus get 
the equations 



/ = /. (29) 

The differential equations (28) are equally well satisfied 
if we replace ^ by </> + A;, where k is any finite constant. 


Theorem 35.] If through each circle of a congruence it he 
possible to pass a sphere tvhose points of contact with its envelope 
are mutually inverse in that sphere ^ then an infinite number 
of such spheres may be passed through each circle. These 
spheres will generate a one-parameter family of congruences ; 
corresponding spheres of any ttvo congruences pass through 
the same circle of the circle congruence and make a fixed 
angle. 

A congruence of circles which possesses this property is said 
to be pseudo-normal. 

Suppose that we have a congruence of circles which is both 
focal and pseudo-normal. We find from (25) and (29) that 

(c-c')f- 0. 

We could not have c = c\ for then would 
dz^^py^ + qz^ + rdzi, 

and we should have a set of circles through two points, or one 
sphere, an uninteresting set. Hence 

/ = /= 0 . 
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Substituting in (17) we get an equation whereof (26) gives 
two solutions. 

Theorem 36.] A necessary and stijfficient condition that a 
focal congruence which does not consist in circles through 
a poinUpair or on a sphere should he pseudo-normal is that 
the focal spheres should coincide with a pair of limiting 
spheres. 

Let us see what relations subsist among the foci of the 
circles of a pseudo-normal congruence. We return to (18). 
If, then, 

\<iu (^u/^ 

we have also 

/^OL ^y\ /^CX <^y\ 

^^U civJ \<>V^U/ 

and vice versa. If, now, (/3) be a sphere touching its envelope 
at (a) and (y), we see, by (6), that the circle orthogonal to (p) 
at (a) and (y) (in bi-involution with the given circle) will 
generate a normal congruence, and vice versa. Moreover, 
u and V will be the focal parameters for this normal con- 
gruence, i.e. give the lines of curvature of the surface (a) 
and (y). 

Theorem 37.] A necessai^ and sufficient condition that 
a focal congruence of circles should he pseudo-normal is that 
the lines of curvature should correspond in the hco siirfaces 
of foci. 

Let us follow further the relation between the normal and 
pseudo-normal congruence. The focal sphex'es are 

The spheres orthogonal to our circle through the pairs of 
focal points are 

These* will be mutually orthogonal if F = f — f'=. 0. 

/-k /-V O 
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When, however, these spheres are mutually orthogonal, the 
pairs of focal points separate one another harmonically, and 
conversely, whence 

Theorem *38.] A necessary and sufficient condition that 
a focal congruence should he pseudo-normal is that the pairs 
of focal points on each circle should separate one another 
harmonically. 

We get at once from (28) 

Theorem 39.] If a normal congruence of circles he given, 
the congruence of circles tvhose foci are the pairs of inter- 
sections of the circles of the normal congruence ^vith any two 
chosen orthogonal surfaces is focal and pseudo-normal. 

Theorem 40.] If a congruence of circles he both focal and 
pseudo-normal, the foci are the pairs of intersections of the 
circles of a normal congruence with two orthogonal surfaces. 

When a normal and a pseudo-normal congruence are related 
in the fashions described in the last two theorems, we shall 
speak of them as associated. The normal congruence has the 
parametric form 

Xi = i2a. + i/3. + y.. 




Vi 




<^V 


i = 0 ... 4. 


Here we suppose that u and v are the common focal para- 
meters of the two congruences. Let one of the spheres whose 
points of contact with its envelope are mutually inverse in the 
(y), (z) circle be (j/'), where 

y/= COB <f)Pi + sin i = 0...4. 

'f' ^ S + O' • 
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as see by the aid of (28). We also find from (18) and the 
above value of (/3) that all points of the associated circle of 


the normal congruence lie on the spheres 


in particular, the points of contact of ( 2 /O with its-envelope lie 
on this associated circle, and this circle is oi’thogonal to {y')^ 




Theorem 41.] If a focal and 'pseudo-normal congruence he 
given, the spheres whose pairs of points of contact with their 
envelopes are mutually inverse in the circles of the given con- 
gruence will envelop the orthogonal surfaces of the circles of 
the associated normal congruence. 

Since u and v give the focal parameters for both con- 
gruences^ 

Theorem 42.] If a normal and pseudo-normal congruence 
he associated, the annular surfaces correspond in the two. 


Theorem 43.] If a normal congruence he given, not con- 
sisting in the circles through a point-pair, pairs of inter- 
sections with any two orthogonal surfaces may he taken as the 
foci of the circles of an associated pseudo-normal congruence. 
The other orthogonal surfaces will then he paired in such a way 
that the intersections of each circle with a pair of surfaces are 
mutually inverse in the corresponding circle of the associated 
congruence. 

The pseudo-normal congruence enjoys a sort of indestructa- 
bility akin to that of the normal line congruence. Let one 
such congruence be given by the spheres {y) and {z). We may 
then determine (z') so that, d being fixed. 


(sV) = 1, (z'y) = 0, 


(z'z) = cos d, 



The spheres {y) and {z') will determine a second pseudo- 
normal congruence of such sort that each of its circles is 
cospherical with one of the given circles, and makes therewith 
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a fixed angle. The sphere through the circle of (z) an.d (z') 
making an angle with the former is (z"), where 

_„_sin(^-^)_ . sin^_, 

* Sin 0 ^ sm 0 ^ 

This cuts (y) in a circle coaxal with the previous circles, 
and making an angle </> with the first of these. If, then, he 
constant, 

^ 

c)u/ 


Theorem 44.] If two pseudo-normal congruences be so 
related that corresponding circles are cospherical and make 
a constant angle, then each circle coaxal with both and making 
constant angles with them tvill generate a pseudo- normal, 
congruence. 

We reach another theorem of the same sort in the. following 
manner. Suppose that we have two correlative complexes of 
spheres, given by the equations 


pXi=^ (u, V, w), 0 - 0 ?/= 


^ cu 


<>V 'dw 


We assume also that we have a pseudo-normal congruence 
of circles. Through each circle will pass at least one sphere of 
the first complex, and this we shall take as {y). The corre- 
lative sphere is (^) where 




^U 'dv i 


s^ is a function of u, v, and w. Further, let 

8in(</)~0), , sin<#)^ 

^ - sin^ sin6» 


so that <f> is the angle of (z') and (t), while 0 is the angle of 

(z) and (t), and let us assume that =: k, a, constant. 
' ' ' ' sinfl 

We have 
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Theorem 45.] Through each circle c of a pseudo-normal 
congruence a sphere is passed belonging to a given non-de- 
velopable complex in such a way as to generate a congruence 
of that complex. This sphere meets the corresponding sphere 
of the correlative complex in a circle c\ and a circle c" is so 
taken as to be coaxal with the circles c and c' while the sines 
of the angles which c and c" make with c' have a constant 
ratio. Then the circles c" will also genexate a pseudo-normal 
congruence,^ 

It is now time to take up some of the hitherto excluded 
types of congruence. The semi-conformal type has the pro- 
perty that each circle in general position is paratactic or 
tangent to one adjacent circle. The circles are, however, 
necessarily imaginary, and we prefer to pass to the more 
interesting type of conformal congruences. Here we have 

E-E':F-F':G-0'= e/-^= g. (30) 

Equations (17) take the form 

\edu^ -F (/-t- f') dudv -h gdv‘^'] [sin2</)— cos^<#) + k sin (f) cos ((>] = 0. 

The roots of the second factor give two mutually orthogonal 
spheres, which we may take for (y) and (z), A circle cospherical 
and orthogonal to our given circle, and to one infinitely near, 
must lie on (y) or (z). The sphere (y) is, then, orthogonal to 
(z) and (z + dz). 

(ydz) = (zdy) = -%{dydz) = 0. 

e =/+/=«7 = 0 . 

But if we return now to our equations (18) we find 


/<)a c)a\ 


/'dOL _ 


\bu ^u) 


\<iu ”” 

y'du ^v/ 


c)a\ /^y ^y\ 

\bv ^vJ \bv <^V/ 

(dadoc) = (dydy), 

* This is the interpretation in terms of circles of the four-dimensional 
extension of the Malus-Dupin theorem. 
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If these vaiious expressions do not all vanish identically, 
the two surfaces of foci are conformally related. If they do 
vanish identically, (a) and (y) trace two minimal curves*, given 
respectively by the parameters u and v. Suppose, conversely, 
that (a) and.(y) are corresponding points on two conformally 
related surfaces, 

(d(xdo^ = p{dydy), 2 (ay) = — 1. 

Replacing by ^ and y^ by Vpy^, 

{doidoi) = (dydy), 2 (ay) = — 1, e =/+/'= 9=0. 

Equation (17) reduces to 

[{E ~ E') dii^ + 2 (A^ — F') diidv -f- ((r — G') dv^ sin </> cos (/> = 0, 

a circle orthogonal and cospherical with our given circles, and 
one of its next neighbours must lie either on {y) or (z). ’ We 
next write 

2//=2/< cos + sia <#>. Vi cos (f>-Zi sin ^ = const. 

idy'dy’) = {dy"dy"). 

Conversely, if this equation hold, and if </> be constant, 

(dydz) = 0. 

We shall say that two congruences of spheres are con- 
formally related if they be in one to one analytic correspon- 
dence (at least in some continuous region), and if the angle of 
two adjacent spheres of the one be equal to the corresponding 
angle in the other. We thus get 

Theorem 46.] If the foci of the circles of a congruence be 
corresponding points on two conformally related surfaces, or 
trace two minimal curves^ then^ through each circle of the 
congruence we may, in an infinite number of ways, pass two 
spheres which shall make a constant angle ivith otic another, 
and describe confoi'mally related congruences. 

Theorem 47.] If corresponding spheres in two conformally 
related congruences make a constant angle, then will their 
circle of intersection generate a conformal congruence. * 
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Let us now make the additional assumption that our con- 
gruence is focal. The isotropic curves will correspond on the 
two ’surfaces of foci. If we take these to determine our 
parameters u and we have two conceivable cases 


(A) 


(tic 


2^<Xi + qy,, 


+ r^»- 


hi 

2)v 


p'<Xi + q'yi + r 




(B) 




poci + qyi + r 




<>v 


p'oii+(l'yi+'>'‘ 


j 


c)i; 


Leaving aside for the moment the question of whether both 
cases are- possible, let us consider them in turn. In (A) 
we have 

/^CX ^y\ /^Oi ^y\ 

'bV/ ~~ \bv bu) 


Our ’congruence is pseudo-normal ; the focal parameters U/' 
and v' will, by 42 ], give the focal directions for the associated 
normal congruence, so that they give mutually orthogonal 
linos of advance for (a) and (y). We have the partial differen- 
tial equations, analogous to those previously found for a normal 
congruence, 


hi 

bu' 




hi 

bu'" 




The relation between the coefficients of (a) and (y) comes 
from the equations 

The condition that our surfaces (a) and (y) should be con- 
formally related is 



+ 



This gives Now, if c = c', we have at once 

dy^ = Poc^'VQyi-^Rdoii. 
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Each two adjacent circles are cospher^ml, and we have 
circles thi'ough two points or one sphere, cases which we may 
exclude. Hence 

c + c'= 0. 

This shows ‘that the focal spheres c((x) — (y), c'(a)~(y) are 
mutually oithogonal, and so, by 17], 

Theorem 48,] If a congruence he both conformal and 
pseudo^normal it is normal. 

Theorem 49.] If a congruence be both normal and con-- 
formal it is pseudo-normal^ or consists in circles touching 
a given circle at a given point. 

Congruences of this type are well known. On the other 
hand, in congruences of type (B) the focal parameters are also 
the isotropic ones. We thus see that each circle is tangent 
to two adjacent ones, or the circles of the congruence are the 
osculating circles to two different one-parameter families of 
curves. This much is true if such congruences exist ; unfor- 
tunately, the present writer has signally failed in all his 
attempts to find an example of such a congruence.* 


§ 4. Complexes of Circles. 

Our leading object in attempting the Kummer method for 
the study of circle congruences was to follow the methods 
which are fruitful in line geometry, or, rather, to study line 

* The problem of finding a conformal focal congruence is sometimes called 
the problem of Ribaucour ; it amounts to finding a congruence of spheres 
which establishes a conformal relation between the two nappes of the en- 
velope. For an interesting discussion of congruences of type (A) see Darboux, 
^ Sur les surfaces isothermiques % Annales de vAcole Normale^ Series 3, vol. xvi, 
1899, pp. 498 ff. Darboux here proves that this is the only type of conformal 
congruence, but his proof is erroneous, as he subsequently acknowledged in 
a letter to the Author. He doubted, however, whether any congruences of 
type (B) really existed. The theorem that congruences of type (A) are normal 
was casually mentioned by Cosserat in a short article, ‘ Sur le problftme de 
Ribaucour*, Bulletin de VAcademie des Sciences de Toulouse^ vol. iii, 1900, pp. 
267 IT. * 
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systems in S^. The idea lies close at hand that if in our line 
geometry we move up one in the number of dimensions, we 
should do well to allow ourselves an extra parameter. In 
other words, will not these same methods yield interesting 
results when applied to the study of circle coptiplexes? We 
start with the equations 


tJi = Vi z.i = 

{yy) = {zz) = 1, iyz) = o. 


(33) 


s.y-3 


{dydy)-{zdy)'^ = a^du^dup 


(■Hj = 


'J=3 


{dzdz)-(ydzY = ^ b^dUiduj, b^j = b^. (34) 

i.J = l 

i,J = 3 

(dydz) = 2 

‘,j = 1 

(ly • 

Vsw,. MiJ V - »* ’ 

I f C 

(it ~ - "“j*' ■’ * *• 


* J 


/'dz <iZ\ / dZ\^ , 




- (^ iz) = V. i (55) 


'bZ\/ ^0 


Qy^)=c,,. 
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These coefficients are connected by the following identical 
relations 


^yj 

^2/fc 

'^yi ' 

i 


! 


.c)Uj 


i 


c>«, j 

32/, • 

'^yic 

S2/J 

f ^Zj 

l^k 

1 

^ Zj ' 


^•M'2 


^ 't< 2 


; 

'^y.i 


^Vl 

^fi 



aUg 

d-itj 




^^'3 , 


’ll 

^12 

^‘l3 

21 

^*22 

^23 

31 

^*32 

^33 


( 30 ) 


i ^y_ ^ 

I 


2 

[ ^ 

= !«</ 1. 

1 <5^(3 


i^vl* 


From 


<"i'> = ^-) = (" ii) - (' si;) = "• 




^Vk ^vi ^y,, 


i ^ C)U1 I 

?/;= - 


y 


^_ik 


vl 


^ij 


h;j 1 


If we write 


^id = 


— ^ 1 


y 


L^a 


Jhl = 


Id 


^ hi 


J(,l = 2 

2 (^ik^jl^kl 


hi = 


i, i = l 


k, I ^ 3 

2 ^ik^jl^kl 


\h 


’ h = ~ 


k,l--l 


ilx 


• ( 37 ) 
'( 38 ) 


1 11^1 = 1 <^i3 1" 
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Let us find the circles cospherical and orthogonal to a circle 
in general position and to one immediately next. We pursue 
exactly the same calculation which led to (17), and reach the 
equation 

i, J ~ 3 

2 — (a^j — h^j) sin ^ cos (l>]du^duj = 0. (39) 

i, j = 1 . 

As in the case of a congruence we are thrown back upon 
the equations 

(da da) = 0, (dy dy) = 0. 

When these equations are not equivalent the relation 
between {a) and (y) does not give a conformal transformation 
of space, and the complex shall be said to be non-conformal. 
When the two equations are equivalent we have a conformal 
transformation of space established by (a) and (y), and the 
complex shall be called conformal. There is no intermediate 
case corresponding to the semi-conformal congruence, unless 
(a) or (y) be restricted to lie on a surface, since the equations 
are irreducible. We start with the non-conformal complex, 
and notice that there will be two circles cospherical and 
orthogonal to each circle and each of its next neighbours, 
unless the two be cospherical or paratactic. Analytically, we 
have trouble in finding these orthogonal circles when 

ly } -3 /, } — 3 

2 Cijduiihij = 0, 2 0. 

i, J = ^^ ' j = 1 

Let us see whether the solutions of these equations give us 
cospherical or paratactic circles. We know from 8] that each 
circle of a complex is (usually) cospherical with three adjacent 
circles. On the other hand, the equations as they stand are 
irreducible quadratics, with four solutions, distinct or coin- 
cident, and in the case of each solution </> is indeterminate; 
hence 

Theorem 50.] A circle in general position in a non-con- 
formal complex is paratactic with four distinct or coincident 
adjacent circles of the complex^ 
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The qualification pseudo-normal may be applied to com- 
plexes as well as to congruences. We wish to find those 
complexes of circles which correspond to the normals to 
a hypersurface in ^ 4 . A little reflection shows that such 
circles must be the intersections of corresponding spheres in 
two correlative complexes. Let the corresponding spheres be 
( 1 /') and (s'), 

y/ = yi cos 4) + sin </>, 0 ^. cos </,. 

We wish to have 

(y'dz') = (zUb/) = 0 . 

Proceeding exactly as before, we find 

(ydz) = d(f>. ( 40 ) 

= 0 *’ ^ 

We note also that if (fy be one solution of the differential 
equation, so is const. 

Theorem 51.] If through each circle of a complex it he 
possible to pass a pair of spheres which correspond in two 
correlative complexes^ then we may 2 )as 8 an infinite number 
of such pairs of spheres generating as many pairs of corre- 
lative complexes. The spheres of any two of these complexes 
through each circle make a fioced angle. 

We shall define circle complexes of this type as ^;s 6 UcZo- 
normal. We next choose for Uj, Ur^ such parameters that 
by holding two constant we get the annular surfaces of the 
complex. We can repeat almost word for word what we did 
in the previous case of pseudo-normal congruences, and find 

^12 ~ ^21 ~ ^23 ~ ^*32 “ ^ 31 ^ ^13 ~ 

Tbe spheres (^^ ,)(*)_ (it). (it) are 

mutually orthogonal, hence 

Theorem 52.] A necessary and sufficient condition that 
a complex of circles should be pseudo- normal is that the pairs 
of focal paints should separate one another harmonically. * 
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On an arbitrary sphere there will lie a finite number of 
circles of a given complex of order greater than zero. Suppose 
that two pseudo-normal complexes are determined respectively 
by {y) and (y) (z'), and that {z) and {z') make a constant 
anorle 0. Then, if 

o / . « 


// 

i 


sin sin <f) , 

sin 6 ^ sin 0 " ’ 


1=0 ... 4 , 


where (j) is constant, wo see that (y) and (z^') determine a pseudo- 
normal complex. 


. Theorem 53.] If tivo pseudo- normal complexes he so related 
that corresp)6nding circles are cospherical and make a constant 
anglcy then the complex of circles, each coaxal with two corre- 
sponding circles of the given complexes and making with 
thexjfh a fixed angle, is also pseudo-normal. 

Suppose next that (s) corresponds to {y) in the complex 
correlative to that generated by the lattei*. If, then, we write 

s\n{4>-e) sm<f> 

* “ sin^ 

and if be constant, wo find, as before, that (y) and (z') 

gin^ \c;/ \ / 

generate a pseudo normal complex. 

Theorem 54.] If through each circle of a pseiulo- normal 
complex a sphere be passed belonging to a given non-developable 
complex, and if the original circle be replaced by such a circle 
coaxal ivith it, and the circle cut by the corresponding sphere 
of the correlative complex, that the sine of the angles of the 
original and the replacing circles with the circle on the corre- 
lative sphere have a fixed ratio, then will the replacing circles 
also generate a pseudo-normal complex. 

The consideration of circles adjacent and cospherical with 
a given circle presents certain special features in the case 
where the complex is conformal. Let the foci of a circle in 
general position be P and P', while those of an adjacent 
sphere cospherical with the first are P-f AjP, P' + AP'. If we 
follow the conformal transformation of space established by 
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our complex by an inversion which interchange P and P\ 
we have a spherical transformation which leaves invariant P 
and the circle through our four points. We are thus led to 
the consideration of the invariant line-elements in a spherical 
transformation which leaves P invariant. We have four 
possibilities : 

1) One proper and two isotropic line elements fixed. 

2) One proper line element fixed, and all line elements 
orthogonal thereto fixed. 

3) All line elements orthogonal to an isotropic fixed. 

4) All line elements fixed. 

Remembering that a necessary and sufficient condition that 
two circles on a not-null sphere should touch is that the circle 
through their foci should be null, we have 

Theorem 55.] If a circle of a conformal complex he 
cospherical with hut three adjacent circles of the complex^ 
the common sphere being in no case null, it will tcnich two 
of them. 

Theorem 56.] If a circle of a conformal complex he co-- 
sphericed with three adjacent circles, and he not tangent to any 
one, nor lie with one on a null sphere, it will he cospherical 
with a series of adjacent circles. 

Theorem 57.] If a circle of a conformal complex he neither 
tangent nor on a null sphere with more than one adjacent 
circle, it will he cospherical with a series of adjacent circles. 

Theorem 58.] If a circle in general position, in a conformed 
complex touch three adjacod circles, the complex %cill consist 
in the totality of circles on one sphere. 

Of course these statements in terms of adjacent circles 
could be translated into terms of annular surfaces and oscu- 
lating circles if we chose. 

The following theorems are deduced by methods exactly 
analogous to those used in the case of circle congruences. 
Two complexes of spheres shall be said to be conformally 
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related when their members are in a continuous one to one 
correspondence, and the angle of two adjacent spheres in one 
is -equal to the corresponding angle in the other. 

Theorem 59.] If a conformal circle complex he given ^ we 
may, in an infinite number of ways^ pass two spheres through 
each circle which shall make a constant angle with OTie another ^ 
and describe conformally related complexes. 

Theorem 60.] If two sphere complexes be conformally related, 
and two corresponding spheres meet always at a fixed angle, 
then will their circles of intersection generate a conformal 
complex. 


The subject-matter of the present chapter offers quite as 
much opportunity for fruitful further study as did that which 
preceded it. We only managed to prove known theorems 
with the aid of the parametric method, but it is a method of 
great power and, skilfully handled, seems likely to furnish 
new and interesting results. What will be found if we 
attempt to extend this method to the study of complexes of 
circles? On the other hand, the Kummer method which has 
done so much for the differential geometry of the straight line 
is certainly capable of much larger development than it has 
here received. Other writers will prefer to study directly the 
infinitesimal properties of the Sq^ by the methods which are 
proving so fruitful in modern projective differential geometry. 
What is certain is that the circle has been diligently studied 
for two thousand years, and that it will be similarly studied 
for many thousands more. The methods of attack here ex- 
hibited are no more in advance of those known to Euclid and 
Apollonius than will be those of future geometers in com- 
parison with the best that we have been able to show. This, 
at least, is what we have a right to hope and expect. For 
ourselves, ‘ Let us shut up the box and the puppets, for our 
play is played out.’ 
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Adjoint circles, 215, 216. 

Altitude line, 20. 

Altitude of triangle, 20. 

Altitude, foot of, 20, 227. 

Anallagmatic curves, 24, 27, 228. 

— cyclics, 206. 

surfaces in oo ^ ways, 268. 

Angle, 19. 

— of triangle, 19. 

— dihedral. 227. 

— double, 313, 314, 321, 366, 420. 

— invariant for inversion, 24, 228. 

— Brocard, 61, 63, 78, 79, 126, 127. 

— of two circles, cosine, 109, 132, 
189, 251. 

— of two spheres, cosine, 245, 283. 
409. 

— of two circles in space, 479, 491, 
492, 524, 527, 529, 530, 532, 534, 
535. 

non-Euclidean, 452, 

456, 457, 465, 478, 555, 564, 566. 

Annular surface, 265, 437, 463, 549, 
550, 562, 564, 592. 

Anticaustic, 388, 426. 

Antiparallels, 65, 66, 69, 376. 

Associated circles, 484, 486, 504, 505. 

Asymptote, of hypercyclic, 389, 390. 

Asymptotic lines, of Kummer .sur- 
face, 439. 

Axis, radical of two circles, 96, 97, 99, 
101, 102, 103, 105, 106, 111, 121, 
126, 128, 165, 166, 158, 169, 168, 
171, 172, 173, 207, 366, 366, 361. 

— of circle in space, 315. 


Bi-involution, circles in, 314, 316, 
841, 449, 460, 451, 455, 466, 473, 
481, 492, 601, 612, 516, 617, 642, 
679. 


Centre, of circle, 20. 

— of cyclide, 800. 

— of inversion, 22, 23, 24, 26, 27, 30, 
111, 228, 337. 

— of circumscribed circle, 21, 62, 67, 
74, 78, 123. 

— of iAscribed circle, 64, 66, 56. 

pp 


Centre, of circumscribed sphere, 231, 
235. 

— radical, 96, 100, 107, 171, 173, 175, 
186, 233, 239, 242. 

— of similitude, 27, 28, 29, 63, 66, 

107, 110, 111, 129, 146, 169, 171, 

172, 173, 186, 186, 229, 230, 237, 

243, 246, 246, 247, 261, 265, 270, 

364, 365, 356, 409. 

— of gravity of triangle, 53, 65, 56, 
57, 60, 65, 77, 83, 84, 95, 106. 

tetraliedron, 235, 287, 239. 

Chain, 202, 536, 537, 538, 639. 

— congruence, 471, 472, 473. 

Characteristics, Cay 1 cyan, 204. 

Chord of circle, 20, 45. 

Circle, defined, 20, 129, 130, 189, 
284. 

— of inversion, 22, 25. 

— of similitude, 28, 29, 96, 97, 107, 
155, 176. 

— of antisimilitude, 28, 29, 110, 111, 
112, 120, 133, 148, 156, 169, 174, 
182, 183, 191, 200. 

— Nine.point, 40, 41, 44, 52, 63, 66, 
57, 59, 60, 94, 100, 101, 107, 113, 
121, 122, 123, 238, 247. 

— Hart, 43. 

— ■ circumscribed, 41. 45, 49, 51, 53, 
56, 58, 59, 64, 65, 77, 87, 88, 89, 
95, 113, 115, 116, 117, 118, 127. 

— inscribed, 40, 41, 43, 45, 56, 72, 
88, 115, 117, 121, 122, 142, 175, 
176, 177, 376. 

— Tucker, 68, 69, 70, 71, 72, 112, 124, 
125. 

— cosine, 70. 

— triplicate ratio, 71. 

— MacKay, 83, 84, 128, 129. 

- Neuberg’s, 79, 80, 84, 127, 128, 129. 

— Taylor’s, 71, 72, 73, 74. 

— radical, 105, 106, 107, 108, 165. 

— P, 56, 66, 57, 102. 

— escribed, .40, 63, 116, 181, 182, 376. 

— pedal, 49, 60, 62, 69, 107, 123. 

— Hagge’s, 68. 

— Fuhrmann’s, 58. 

— Brocard’s, 58, 83, 126, 126. 

— Lemoine’s first, 70, 71, 74, 125. 

O 
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Circle, Lemoine's second, 66, 70. 

— proper, defined, 130. 

— null, defined, 180, 189, 284. 

— osculating, 156, 157, 204, 205, 214, 
215, 216, 217, 218, 221, 893, 400, 
401, 404. 

— fundamental of cyclic, 206, 207, 
208, 217, 218,. 289. 

— polar, with regard to cyclic, 211. 

— antipolar with regard to cyclic, 

211 . 

. — directrix, of rational cubic series, 
513, 514, 515. 

— parabolic, 468. 

— oriented in plane, defined, 351, 
858. 

in space, defined, 621, 522. 

Class of congruence of circles, 609. 
Coaxal circles defined, 98, 154. 

— spheres, defined, 242. 
Collineations, conformal, 210, 211, 

310, 337, 339, 341, 369, 415, 438. 
Compass, geometry of, 186, 187, 188. 
Complex, of spheres, 275, 277, 503, 
504, 582, 683, 691, 692, 593. 

linear, 243, 263, 265, 276, 

277. 

— — — quadratic, 276, 277, 278, 279, 
286, 801, 608, 609. 

cubic, 279, 280, 281, 282. 

developable, 277. 

non-developable, 277. 

^correlative, 277, 278, 582, 

583, 590, 591. 

polar, 276. 

tangent, 277. 

homothetic, 278. 

confocal, 278, 279, 302. 

oriented spheres, 428, 429, 433, 

440, 441. 

linear, 428, 429, 430, 431, 

432, 433, 434, 435, 436, 437, 440, 

441, 446. 

quadratic, 443, 444, 445, 

446. 

— of circles in space, 462, 494, 508, 

509, 550, 561, 686, 589, 590. 

linear, 468, 459, 460, 

461, 462, 497, 498, 601, 602. 

conformal, 589, 692, 

693. 

non-conformal, 689. 

pseudo-normal, 590, 

691. 

— of oriented circles in space, linear, 
680, 631. 

Concurrent circles, 62, 69, 85-92, 94, 
123, 149, 289. 

— spheres, 240, 241, 247, 262. 
Concyclic points, 89, 86-92, 94, 100, 


102, 149, 194, 215, 217, 218, 219, 
391, 449. 

Confocal congruences and com- 
plexes. See Congruences and Com- 
plexes. 

— eyclics, 220, 221, 222, 224, 226., 

— cyclides, 802, 303, 304. 
Conformally related complexes, 692. 

congruences, 584. 

Congruence of circles in piano, 160, 

161, 382. 

quadric, 161, 162, 163, 

203. 

— homothetic, 163. 

confocal, 163, 164, 221. 

correlative, 160, 161. * 

— of oriented circles in plane, 394, 
400, 401, 402, 403. 

— — — - — linear, 394, 395, 

396, 397, 398, 401, 402, 628. 

quadratic, 404, 405, 

406. 

— of circles in space, 463, 468, 494. 
606, 609, 615, 516, 550, 553, 671, 
574, 584. 

focal, 660, 665, •566, 657, 

668, 561, 567, 576, 679, 580, 581, 

585. 

conformal, 574, 584, 

586. 

normal, 554, 555, 668, 

561, 562, 663, 564, 567, 568, 670, 
571, 580, 681, 586. 

pseudo-normal, 578, 579, 

580, 581, 582, 583, 586. 

linear, 461, 502, 503, 

506, 519. 

chain, 470, 471, 472. 

— third order, sixth class, 510-15. 

— of oriented cii-cles in space, 540, 
541, 542, 

linear, 532, 633. 

— of spheres, 274, 494, 555, 566, 567, 
578. 

linear, 243, 244, 253, 273, 

277, 281, 601, 504, 510. 

quadratic, 273, 274, 275. 

central, 498, 499, 601. 

— of oriented spheres, 432, 437, 438, 
439, 442. 

Conjugate coaxal systems, 99, 107, 
316. 

— Dupin series, 264, 437. 

— chain congruences, 471, 472. 
Coordinates, trilinear, 114. 

— cartesian, \130, 248. 

— special tetracyclic, 130. 

— general tetracyclic, 140. 

— of notable points, 123, 124. 

— of circle, 180, 134, 188. 
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Coordinates, tetrahedral, 248. 

— df sphere, 250, 283. 

— special pentaspherical, 251, 398. 
general pentaspherical, 257, 399. 

— complex, 370, 371. 

— of oriented circle in plane, 358, 
398, 399. 

— of oriented sphere, 410, 433, 434. 

— of circle in space, 475, 476, 477. 

— Plucker, 484, 458, 454, 457, 469, 
.476,-476, 477. 

— Klein, 436. 

— of oriented circle in space, 522, 523. 
Cospherical circles, 448, 455, 477. 

— points, 234, 238, 239, 240, 262. 
•Coresidual cones, 128. 

— points, 215, 216. 

Coupled circles, 145. 

— spheres, 261. 

— ruled surfaces, 438. 

Cross, 460, 464*-71, 629, 572. 

^ axial, 460, 467, 491, 492, 493. 

Cross ratio, invariant, 23, 228. 

— for a cyclic. 209, 213, 219, 223, 225. 
^tetracyclic, 194, 195, 197, 536, 

537, 555. 

Curvature, Hue of, on cyclide, 2(>5, 
266, 303, 139. 

on hypercyclide, 427. 

on singular surface of quad- 
ratic complex, 444. 

Cyclic, 203-25, 262, 275, 288, 289, 
291, 292, 295, 304, 391, 392, 405, 
412, 428, 631. 

Cyclide, 286-305, 404, 405, 406, 439, 
443, 446, 461, 472, 474, 484, 497, 
509, 518, 530. 

— Dupin, 266, 267, 268, 270, 302, 343, 
345, 407, 529, 637, 538, 639. 

— Confocal, 303, 304, 305. 

Deferrent, 25, 229. 

— of cyclic, 206, 207, 208, 209. 

— of cyclide, 269, 288, 297, 298, 299, 

300. 

— of hypercyclic, 387, 388, 390. 

— of hypercyclide, 426. 

Dekacycle, 534, 535, 645. 

Desmic configuration, 231. 

Diameter of circle, 20. 

Direct circular transformation, 311. 
Directrix, of rational cubic series, 
613, 614, 515. 

Divisors, elementary, 203, 204, 286, 

301, 302. 

Edge, of tetrahedron, 227. 

— line, 227. 

Equitangential, 380. 

Exactitude, 167. 


Pace, of tetrahedron, 227. 

— plane, 227, 

Focal, points on circle, 502, 603. 
579. 

— surface, for circle congruence, 503, 
674. 

— curves on cyclide, 288, 304, 305. 
double, 299. 

of circles, definition, 449. 

coordinates, 523. 

Foci, of cyclic, 207, 209, 221, 225, 
289. 

1 double, 207, 389. 

Form, Hermitian, 201. 


Groups, of circular transformations, 
311, 330-6, 384, 385. 

— of Laguerre transformations, 869, 
370, 383, 384, 385. 

— of spherical transformations, 340, 
348, 349. 


Half-line, 19. 

Harmonic separation, 23, 194, 199, 
227, 314, 323, 327, 377, 391, 424, 
580, 590. 

Hyperboloid, associated with tetra- 
hedron, 235, 237. 

Hypercomplex, of circles, 487, 552. 

linear, 487-98, 527, 529, 

547. 

— of oriented circles, 526. 

— linear, 526-30. 

Hyporcongruence, of circles, 494, 551. 
linear, 494-7, 647, 548. 

— of oriented circles, 526. 

linear, 544. 

Hypercyclic, 385-93, 405, 424, 426. 
Hypercyclide, 424-8, 443. 


Identity, of Frobenius and Darboux, 
135-47, 263-61, 360, 361, 572. 

Invariance, of cross ratio, 23, 228. 

— of angles, 24, 185, 228, 253, 310, 
311, 338. 

— of tangential segment, 356, 366, 
369, 370. 

Invariant, of circular transformation, 
313, 321, 322, 333. 

— of Laguerre transformation, 382. 

— of four oriented lines, 372, 373, 
374. 

planes, 420, 421. 

— of two linear congruences, 396, 
397. 

— of linear complexes, 480, 459, 460. 

hypercomplex, 487. 
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Invariant of two circles in space, 457, 
460, 478. 

Inverse, of centre, 30. 

point, 22, 184, 190, 227, 284. 

circle, 25, 26, 134, 136, 190, 

228. 

— — line, 26. 

plane, 228.. • 

sphere, 228, 253, 284, 

Inversion, defined, 22, 190, 227, 284. 

— analytic formulae, 134, 135, 190, 
252, 258, 284. 

— Laguerre, 355, 366, 360, 376, 378, 
383, 387, 388, 389, 390, 391, 897, 
409, 416, 423, 424, 428. 

— in linear congruence, 397, 398. 

— in linear complex, 431, 432. 
Involution, on a circle, 197, 198, 199, 

200, 374, 544, 647, 648. 

— MObius, 316, 317, 319, 320, 324, 
327, 828, 329, 342, 345, 346, 347, 
378. 

— of oriented lines, 374, 375. 

— of linear congruences, 396. 

— of linear complexes, 430, 433, 437. 

— of circles in space, 449, 465, 466, 
474, 477, 482, 48o, 497, 601, 502, 
604, 506, 507, 508, 511, 520. 

Isogonal conjugates, 49, 50, 51, 52, 
59, 62, 86, 107, 123, 232, 233, 234. 
Isotropic, defined, 190, 284. 

Limiting, points of coaxal circles, 97, 
99, 100, 151, 155. 

— spheres, 242. 

Line, defined, 19. 

— oriented, defined, 351, 358. 

— Simson, 49, 59, 78, 78, 88, 98, 101. 
and Addenda. 

Notation, explained, 20, 21. 

Opposite, oriented circles, 522, 527, 
529, 636. 

Order of complex of circles, 508. 

— of congruence of circles, 509. 
Orthocentre, of triangle, 21, 40, 41, 

53, 56, 57, 59, 60, 73, 101, 102, 123, 
141, 234, 237, 238. 

— of tetrahedron, 234, 237, 238, 
257. 

Orthocyclic points, 100, 194, 314, 
421. 

Orthogonal circles, analytic condi- 
tion, 132, 189. 

— crosses, 466, 470. 

— spheres, analytic condition, 252, 
283. 

— system, 289, 267. 


Parallel lines, proper defined, 352. 

improper, defined, 352. 

— planes, proper, defined, 408. 

improper, defined, 408. • 

Parameters, elliptic, 219, 220. 

— focal, 667, 661, 563, 567, 577, 679, 
680, 586, 686. 

— isotropic, 190, 201, 209, 223, 318, 
417. 

Paratactic lines, 164, 344, 453. 

— circles, 344, 151, 466, 467, 468, 48P, 
523, 640-4, 583, 589. 

— crosses, 467. 

Pentacycle, 482-6, 502, 604, 507, 508, 
532, 546. 

Pitch, of double spiral, 334. 

Plane, defined, 226. 

— cartesian, defined, 114. 

— tetracyclic, defined, 189. 

— half, defined, 227. 

— oriented, defined, 408. 

— radical, 239, 242, 245, 246, 257, 
409. 

Point, 19, 189, 283. 

— improper, 192, 285. 

— Brocard\s, 60, 62-8, 74,. 86, 123, 
124. 

— Gergonne’s, 53. 

— Miquel’s, 87, 88, 89, 90, 92, 101, 
122. 

— Nagel’s, 53, 55, 56, 57, 58. 

— ’ Steiner’s, 77, 78. 

— Tarry’s, 77, 78, 79. 

— syinmedian, 65-70, 88, 123. 

Polarization, in linear complex, 459, 

461, 489, 491, 529. 

Polygon, inscribed, 48, 116. 

Poristic systems of circles, 31-4. 

Power, of point with regard to circle, 
<lefined, 30, 131. 

sphere, defined, 230, 

252. 

— of oriented line with regard to 
oriented circle, defined, 354, 359. 

plane with regard to oriented 

sphere, defined, 409, 411. 

Projection, minimal, 367, 868, 414. 

— orthogonal, of circle on sphere, 479, 
492, 493. 

Projective ranges, tetracyclic, 197, 
198, 199, 200. 

Pseudo-conjugate coaxal systems, 161. 

Pseudo-cylindroid, 468, 469, 472. 

Quadrilateral, inscribed and circum- 
scribed, 46, 118. 

Quaternion, 343. 

Radius, of circle, defined, 20, 130, 131. 

— of inversion, defined, 22, 
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Ratio, double, 813, 814, 821, 867, 420. 
Reduced hypercomplex, 527, 529, 
582. 

ReflecMon, in line, 27, 30, 309, 876, 
'424. 

— in plane, 837, 340, 376, 424. 

— in hyperplane, 416, 424. 

Residual points, 215, 216, 219, 220. 

— circles, 294. 

— cones, 428. 

Secant, of circle, defined, 20, 
Segment, defined, 19. 

Series, of circles in plane, 156, 157. 

» conic, 157, 158, 159, 

509. 

cubic, 159, 160. 

oriented circles in plane, 400, 

401, 403. 

— of spheres, 262, 263, 265, 286, 494. 

conic, 263, 264, 270, 301, 495. 

Dupin, 264-70, 271, 282, 436, 

437, 528, 529. 

cubic, 270, 271, 272. 

quartic, 272, 273, 512. 

— of oriented spheres, 437. 442. 

— of circles in space, 463, 472, 494, 
502, 548, 549. 

linear, 506, 507, 508. 

rational cubic, 511-14. 

— - of oriented circles in space, 526. 

linear, 534, 535. 

Shoemaker’s knife, 36. 

Side of triangle, defined, 19. 
Side-line of triangle, defined, 19. 
Similar, three figures, 81, 82, 83. 
Simplicity, of geometrical construc- 
tion, defined, 167. 

Singular, oriented circle of congru- 
ence, 403, 405, 406. 

— oriented sphere of complex, 141, 
443, 444. 

— curve, 405, 406. 

— surface, 444. 

Sphere, defined, 227, 250, 283. 

— of inversion, defined, 227. 

— of similitude, 230, 244. 

— of antisimilitude, 230, 243, 246, 
247, 284. 

— radical, 233, 245. 

— null defined, 254, 283. 

— inscribed, equation, 259. 

— circumscribed, 234, 235, 239, 240, 
241, 250, 254, 258, 262. 

— sixteen- point, 234, 247. 

— twelve-point, 237, 238, 289, 247. 

— singular, of complex, 278. 

— polar, with regard to cyclide, 292. 
— - antipolar, with regard to cyclide, 

292? 


Sphere, fundamental of cyclide, 287, 
290, 292, 297, 299, 801, 808. 

— limiting in circle congruence, 574, 
675, 576, 579. 

— focal, 558, 562, 566, 576, 576, 679. 

— central, for linear hypercomplex, 
488, 489, 490, 493, 495-8, 501, 504, 
505, 627, 528, 529, 530. 

— oriented, defined, 408, 410. 

Spiral, double, 821, 334. 

Substitution, orthogonal, 140, 337, 

342, 343, 349. 

Symmedian, 65, 75. 


Tangent circles, succession of, 81, 82, 
33, 34, 35. 

Casey’s condition, 37, 38, 39. 

Hart systems, 43, 147, 150, 151, 

152, 165, 407. 

formula, 132, 189. 

Apollonian problem, 145, 147, 

167-72, 185, 186, 200. 

Malfatti’s problem, 174-82, 

tetracyclic, 189. 

proper, defined, 352. 

iiiiproper, defined, 352. 

— s2)heres, formula, 252, 284. 

five to a sixth, 259. 

Hart systems, 261, 282, 446. 

proper, defined, 409. 

improper, defined, 409. 

Tangential segment of point with 
regard to circle, defined, 28. 

common to two circles, defined, 

28. 

Tetrahedron, defined, 227. 
Transformation, circle, 306, 307, 308, 
335. 

— circular, 308-35, 338, 342, 346, 
378, 379, 381, 382, 383, 384, 385, 
407, 542. 

— Cremona, 307, 308, 335, 336. 

elliptic, 321, 822, 325, 327, 328, 

335, 342, 381, 382, 385. 

hyperbolic, 321, 822, 325, 327, 

328, 355, 381, 382, 385. 

parabolic, 320, 322, 325, 827, 

328, 333, 336, 379, 381, 385. 

loxodromic, 321, 334, 335, 381, 

385. 

— Laguerre, in plane, 366, 370, 372, 
374-85, 393, 407. 

parallel, 381, 384, 385. 

elliptic, 381, 382, 385. 

hyperbolic, 381, 382, 385. 

parabolic, 381, 382, 385. 

loxodromic, 381. 

in space, 416, 416, 420, 422, 423, 

424. 
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Transformation, sphere, 336. 

— spherical, 337-60, 894, 476, 493, 
621, 626, 648, 665, 692. 

— equilong, in plane, 366, 370, 871, 
872. 

space, 409, 417, 419, 447. 

— line-sphere, 434-8. 


Triangle, defined, 19, 49, 127. 

— pedal, 48, 49. 

— Brocard’s first, 76-88, 83, 124. 

— Brocard’s second, 76, 83, 124. 

Vertex, of null circle, defined, 189, 

— of null sphere, defined, 283. 



INDEX OF PKOPEE NAMES 


A if oiler, 108. 

Allardice, 39. 

Amaldi, 330, 348. 

Apollonius, 167-72, 185, 200, 375, 
593. 
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172, 210, 262, 274, 344, 360, 407, 
• 419, 435, 436, 438, 452, 464, 465, 
468, 479, 491, 516, 552, 571, 586. 

Barrow, 51, 86, 479, 521. 

Beck, 191. 

Benedetti. See Addenda. 

Bianchi, 567. 

Blaschke, 370, 373, 386, 405, 419, 424, 
444. - 

Bochor, 191. 

Bodenmiller, 101. 

Bodenstedt, 170. 

Bompiani, 548. 

Bonnet, 416. 

Bouton, 308. 

Bricard, 52, 375, 376. 

Brocard. See Angle, Circle, and 
Point. 

Bromwich, 204. 

Burgess. See Addenda. 

Biitzberger, 22. 

Casey, 37, 44, 112, 114, 116, 259, 289, 
297 375 

Casteinuovo, 496, 497, 498, 510, 513. 
Cauchy-Biemann, 371. 

Cayley, 204, 270, 349, 351. 

Ceva, 29, 81, 376. 

Chasles, 29, 101, 205, 315. 
Clebsch-Aronhold, 201. 
Clebsch-Lindemann, 114. 

Clifford, 90, 153, 164, 344. 

Codazzi, 569. 

Cole, 312. 

Cosserat, 490, 498, 508, 548, 586. 
Cranz, 168, 172. 

Cremona, 307, 308, 335, 336. 

Darboux, 135, 208, 222, 253, 291, 293, 
299, 303, 309, 338, 416, 432, 565, 
568, 586. 

Bemartres, 548. 

Desa^ues, 100. 


Dixon, 210. 

DOhlemann, 262, 306, 312. 

Dupin, 266, 303, 432, 583. 

— See also under Cy elide and Series. 

Eisenhart, 553, 562, 567. 

Emch, 32. 

Emmerich, 60, 79. 

Enriques, 186. 

Epstein, 353. 

Euclid, 593. 

Euler, 46, 112, 138. 

Fano, 331. 

Feuerbach, 39, 41, 62, 247, 376. 
Fiedler, 183, 185, 186, 422. 
Finsterbusch, 27. 

Fonteno, 41, 52, 123. 

Forbes, 457, 459. 

Frobenius. See Identity. 

Fuortes, 90. 

Fuhrmann, 58. 

a, 123. 

Causs, 101, 313, 314, 318, 536, 537. 
Gerard, 172. 

Gergonne, 53, 171, 172, 186, 247. 
Grace, 92. 

Grebe, 65. 

Greiner, 69. 

Griinwald, 370. 

Hadamard, 268. 

Hagge, 68, 90, 102. 

Hamilton, 343. 

Hart, 43, 175, 176, 182. 

— See also Tangent Circles and Tan- 
gent Spheres. 

Heath, 36. 

Ilermite, 201. 

Humbert, 208, 300. 

Intrigila, 234, 240. 

Jessop, 212, 439, 444, 503. 
Joachimsthal, 266, 269, 432. 

Kantor, 59, 90, 92. 

Kasner, 201, 204, 210. 

Kempe, 22. 

Killing-Hovestadt, 168. 

Klein, 330, 400. 
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Klein-Fricke, 380. 

KoenigS; 437, 479, 602. 

Rummer, 439, 444, 615, 571, 586, 698. 

Lachlan, 89, 69, 135, 160, 151, 220, 
263. 

Laguerre, 224, 363, 356, 376, 386, 536. 

— See also under Inversion and Trans- 
formation. 

Larmor, 150. 

Leibnitz, 66. 

Lemoine, 66, 166, 168. 

— See also Circle. 

Lewis, 422. 

Lie, 394, 416, 434, 440. 

Lie-Engel, 348. 

Lie- Scheffers, 330, 832, 307. 
Liouville, 388. 

L6hrl, 419. 

de Longchanips. See Addenda. 
Lorenz, 422. 

Loria, 162, 276, 287. 

McCleland, 81, 84, 86, 101. 

MacKay, 88, 84, 128, 129, and Errata. 
Malfatti, 174, 176, 177, 179, 180, 182, 
247, 282. 

Malus-Dupin, 583. 

Mannheim, 122. 

Mascheroni, 186. 

Menelaus, 29, 64. 

Mertens, 177. 

Mesuret, 494. 

Miquel, 85, 87-90, 101, 122. 

MObius, 27, 309, 813, 316. 

— See also Involution. 

Molenbroek, 536. 

Monge, 338, 438. 

Moore, 443, 458. 

Morley, 163. 

Moutard, 24. 

Muller, 188, 262, 369, 361, 424. 

Nagel, 63, 55, 56, 57. 

Netto, 849. 

Neuberg, 79, 80, 84, 127, 128, 129, 
288, 247. 

Newson, 834, 336. 

NOther, 164, 215, 401. 

Orr, 149. 

Page, 416. 

Pampuch, 180. 

Pascal, 849. 

Peaucellier, 22. 

Peschka, 262. 

Pesci, 92, 168. 

Picquet, 27. 

Pliicker, 177, 215, 364, 406. 


PI ticker . See Coordiiiiites. 

Poncelet, 106. 

Prouhet, 237. 

Ptolemy, 38, 138, 315. 

Ranum, 648. 

Keusch, 172. 

Reye, 248, 262, 274, 276, 279. 
Ribaiicoiir, 664, 655, 661, 686. 
Richmond, 484, 608. 

Roberts, 107, 226, 233, 240. 
Rodrigues, 668. 

Salmon, 201, 248, 266. 

Saltel, 215. 

Sawayama, 39, a^id Addenda. 
Scheffers, 367, 370. 

Schellbach, 177. 

Schlilfli, 514. 

Schoute, 127. 

SchrOter, 177, 217. 

Schubert. 261. 

Segre, 287, 481, 606, 551. 

Simon, 36, 46, 167, 174. 
vSiinson. See Line and Addenda. 
Smith, 397, 424, 431, 432, 433, 441 
446. 

Snyder, 400, 135, 444. 

Sobotka, 396. 

Spieker, 53. 

Stand en, 348. 

Steiner, 31, 32, 34, 35, 77, 78, 173 
175, 176, 177, 179, 182, 232. 
Stephanos, 231, 476. 482, 484, 487. 
Study, 142, 147, 152, 196, 196, 326 
384, 419, 436, 465. 

Sturm, 30() 

Swift, 309. 

Tarry, 77, 78, 79. 

Tauberth, 159. 

Taylor, 81, 32, 71, 72, 73. 

Thebault, 113. 

Tliompson, 22. 

Timerding, 159, 262, 272. 

Tucker, 68-73, 112, 124. 

Vahlen, 31, 33, 232. 

Vigari5, 61. 

Von Staudt, 199, 202. 

Von Weber, 319, 326. 

Weber, 224 
Weber- Wellstein, 166. 

Weierstrass, 203. 

Weill, 105. 

WeitzenbOck, 484, 485, 608. 
Whitworth, 114. 

Wiener, 199, 819, 328, 878. 

Wilson, 422. 



ERRATA AND ADDENDA 


• • 

P. 37. In problems dealing with four circles tangent to a fifth, a straight 
line and a point must be treated as limiting forms of circles. 

P.^89, note. For Swayama read Sawavama.^ 

P. 83. Here, and later* tlie name MacKay should be spelt McCay. The 
.Author stupidly confused the names of two different writers on elementary 
properties of circles. 

P. 92. Theorem 164]. The credit for discovering this is, apparently, due to 
de Longchamps. See his ^Note de g^om<Strie*, Nouvelles correspondances de 
mathematiqueSf vol. iii, 1887, pp. 306 ff. 

P. 94. Theorem 166]. This is contained implicitly in an elaborate theorem 
due to Burgess, ^ Theorems connected with Simson’s Line % Proceedings Edin- 
burgh Math, Soc,j vol. xxiv, 1906, p. 126. 

P. 113. Theorem 222]. For side road side lines, 

P. 143. ‘ The condition that there should be a real circle,’ &c. This holds 
only in the case where the given circles have non-collinear centres. When 
the centres are collinear, the second factor of the left-hand side of the equation 
at the bottom of the page, which is stated, p. 144, to be negative, is zero. 
Conversely, suppose that three real circles are cut at preassigned real angles 
by a circle with real radius and imaginary centre. They will meet the circle 
with the same real radius and conjugate imaginary centre at the same real 
angles, and so have collinear centres. 

P. 165, second note. The proof here suggested is invalid. 

P. 167. ‘ Let us begin by examining/ &;c. See remark above about P. 143. 

P. 221, line 3. Fur — ~ read — 

o o 

P. 328. Theorems 30] and 31], The conditions given in these theorems 
that two circular transformations should be commutative, are necessary but 
not sufficient. A hyperbolic or elliptic indirect transformation will be com- 
mutative with a system of real ones depending on one real parameter. See 
Benedetti, ‘Sulla teoria delle forme iperalgebriche Annali della B, Scuola 
Normale di Pisaj vol. viii, 1899, p. 62. 
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